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Differentiation Rules Slaadl delgs
Examples
Function f(X) Derivative f,(.X')
Function f(x) Derivative f’(x)
f(x) = c,constant ff(x)=0 f(x) =3 ff(x)=0
f(x) =x" f'(x) = nx"1 f(x) =x° f'(x) =5x*
y=f®.9(x) % = ' (0g(x) + f(x).g'(®) y=@*+53x+1) % =2x(3x + 1) + (x* + 5)(3)
ic) dy f(x)g®) —f(x).9'X) X3 +1 dy 3x*(5x—2)— (x*+1)(5)
Y= gx) dx (g(x))2 Y = 5x—2 dx (5x — 2)2
__c dy W <f — dy _ 3(2x)
YTF® dx ()’ Y =¥ 12 dx (22 +2)2
dy _ f'®) dy  10x
-3 V=ures dx  2.[f(x) y=ysaitd dx~ 2Vsx2 41
ga dy 3 5 dy 3 4092
o2 y = (flg) = Fe@).9@ y=(*+8) = =5G3 +8)4(3x)
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Function f(X) Derivative f,(.X) Function f(X) Derivative f’(x)
1 d
g( )=f""(x) f! g(x)
f(x) dy
_ e — f (x) ef ) = cscx —cscxcotx
dy f'0)
lnlf(x)l = 1 y=sin‘1x A —
dy -1
— f(x) _ f(x) = -1 A
dy 1
—smx — =tan_1x _=_
1+ x2
_ | | . i 1
“m _ 1 + x2
= tanx d—y—seczx =sec‘1x —=;
Y 0o L y dx |x|Vx2 -1
_ dy £ -1 ﬂ — —1
5 Yy =secx %=secxtanx s U4 dx  |xWxZ—1
55
S
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O
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CHAPTER 4
Applications of Differentiation
ALY Oliuas

Lesson 4-1 (Al
Linear Approximations and Newton's method

gl A8y pk g Agdadl) iy A1)

fx)T
y = )} o - i — - - .
¥ = M) 7 (xg)lx — xp) v = flxg) + 7 (xg)(x — xp)

i

fxg) T

> -~ .\'Io Xy T
Linear approximation of f(x;) Increments and differentials
DI Jasedl oyl MLl il
DEFINITION 1.1 1.1 el
The linear (or tangent line) approximation of x= x9 3= f(x) Wl (ebaall) 5 adl) i

f(x) at x = x, is the function

L(x) = f(xo) + f'(x0)(x — Xo)

[
=5
= ~ — !
=8 fx1) =y, = f(xo) + f'(x0)Ax
20
%3
o=
=
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H Example 1
Find the linear approximation to

and use it to approximate cos(1).

T

f(x) =cosx at f(xq) = 3 die

Ja
J bl cyEl aa

c0os(1) il dexiinl

Imad Odeh™—

H Example 2

2 Jhe

Find the linear approximation to

f(x) =sinx forxto0

Al oy jE an

https://www.lmaths-academy.com
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EXERCISES  (m_

Ex1

Find the linear approximation to.

Use the linear approximation to estimate the given number.

1) f(x)=+vVx,xo=1,+V12

f(x)atx = x,

ka3l ol sl il pasial o

1opas Yw
Al el il aa
5
e
@)
) F) =+ DV x =0, VT2 E

3) f(x)=+v2x+9 ,x,=0,+/88 4) f(x)=§,x0=1,2

0.99

[
=
22
C8
o=
=
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5 f(x)=sin3x ,x, =0, sin(0.3)

6) f(x)=sinxx,=m,, sin(0.3)

7) f(x) =sinxxy = g sin(1)

Ex2

PRI

Find the linear approximation to

1) f(x)=e3*,x,=0

2)  f(x) =\/m,x0 =1

Al g jE) an
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H Example 3 Jle
Use a linear approximation to approximate ol Glad Gy 85 andiul
1) 3802 2) 3807 @
@)
s
ks
3) 8.5 4) 252
5
55
sa
=0
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o=
=
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EXERCISES  (nuld
| Exercise Cpoes
Use linear approximations to estimate the quantity. el o) Apladl) iy jall aadiul L
(]
1) 796 2) 316.04 8
£
3) V16.08 4) V16.16
5) sin(0.1) 6) sin(1.0)
9 -
| 7) sin (_) 8) sin(3)
_ 4
S8,
S
o
8=
=
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‘ Example 4

4 Jba

given in the accompanying table.

at ADE 7.

Suppose that based on market research, a
company estimates that f(x) thousand small
cameras can be sold at the price of ADE x, as

oSy 51 Lo A58 )38 «(3l Y1 (§ Gy o 2l ST (2,8 e
o WS ADE X yau Bpie pouad AT 1 f (%) o

X

6

10

14

fx)

84

60

32

Estimate the number of cameras that can be sold

ADE 7 s lems (S ) g gusill i) 220 38

EXERCISES  (mo

RIS PLEN]

Imad Odeh™—

‘Ex9

9 (e

A company estimates that f(x) thousand software
games can be sold at the price of ADE x as given in

el dane g Al Qall F(X) @ oS 4l e S 5 )38

the table.
X 20 | 30 | 40
fo |18 ] 14| 12
Estimate the number of games that can be sold at e L (S (Al alll e 38
(a) AED24 (b) AED36.
| Ex 10 10 a3

is x°F as given in the table.

A vending company estimates that f(x) cans of
soft drink can be sold in a day if the temperature

o2 S A Wby e dde f(X) am oSer 4l a A8 )35
Jstall b kg LS xF 5 all da o cals 13)

MWQ&@J\M‘J.&)&@

https://www.lmaths-academy.com

X 60 80 | 100
- fx) | 84 | 120 | 168
Eg Estimate the number of cans that can be sold at
gg (a) 72° (b) 94°.
S8
o=
=
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| Ex11

11 iyl

given in the table.

An animation director enters the position f(t) of & b duass (el f(t) a8gall J5d &yie pgas) Zse
a character’s head after t frames of the movie as

[

200

220

240

()

128

142

136

the position of the head at frame numbers
(a) 208

If the computer software uses interpolation to
determine the intermediate positions, determine

Jdodd) q\:&l.ﬁl ISl Sty O gunlod) ol o813
OhbYI sde s Gul)l aBge ddmd (dlaws giall adlgell

(b) 232.

gl § moge 90 LS wludll (g 5]

Imad Odeh™—

| Ex12

120503

A sensor measures the position f(t) of a particle £
microseconds after a collision as given in the table.

O AB9ySun tdmy peann) f(D)@dg0ll sadidins sy

Joadl (3 Jass 9o LS polas

Ztmj)” Jie M\ cé}o):@

https://www.lmaths-academy.com

t 200 | 220 | 240
f@) | 128 | 142 | 136
Estimate the position of the particle at times
@t =28 (b) t=12.
5
55
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43,11.“ &ﬁ\\g:\u 4..‘.\“‘3 Q:\JLAS
QL  Let oS
f(2) = -5, fl2)=1 =
the linear approximations of f(x)is s» J sl sl -8
a) Lx)=7-x @)
S
b) Lx)=x-7 'g
c) L(x)=11-5x
d Lx)=-3-x
Q2  Find linear approximations of J bl il as )
f(x) =sinx f(x) at xg = e
a) Lix)=m—x
b) Lx)=—-m—x
c) Lix)=m+x
d) L(x)=—-m+x
Q3  Find linear approximations of J Bl il as
fC)=Vx + 8, xg =1
a 17
) L(x) = cX+—
b 1, .Y
) L) = cxX+—
c . o L
) L(x) = oy A
d L) = %x + %
Q4 Find linear approximations of J bl cu Eill as gl
fx)=vx+3,x,=1
a) L(x)=2—i(x—1)
150 L(x)=2+i(x—1)
8. .
S _
80 c) L(x)—l—z(x—Z)
& .
%:‘d) Lix)=1+-(x—2)
~ 4
Mr. Imad Odeh 0507614804
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Q5  Find linear approximations of J bl cual as )
f(x) =V6x+16,x%, =0
a —4_1
) L(x) =4 X L
S
3
b) L) = cXx—4 O
he
c — 3 S
) L(x) =4+ X 'g
d) L(x)=16—-3x
Q6  Find linear approximations of J bl cual as )
2 .
fO)=2F@) at xp =1
a) L(x) =4-2x
b) L(x)=6-2x
C) L(x)=2x—2
d Lx)=4-4x
Q7  Use linear approximations of Vx + 1 J Al sl aadin)
to approximate 31.01 8 alay
a) 601
600
b) 301
300
c) 901
900
o 1201
1200
Q8 Approximations the value of V15 J Ay El dagdll aa )
Using f(x) = W at x, = 16 2c ehi:‘“l-.‘
a) 129
| 32
==
Eb) 127
20w
8o 2
o=
= d) Z
8
Mr. Imad Odeh 0507614804
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Q9 Let 4
f@&=7, [f@B=2
Use it to approximate £(3.02) Sl A aasiiu)
a) f(3.02) = 7.04 =
QO
b)  f£(3.02) ~ 3.06 b5
0 f(3.02) ~ 1.76 g
d)  £(3.02) ~ —70.4 =
Q10 Find linear approximations of J bl cual as )
f(x)=In(x+1) at xy=0
Use it to approximate In(1.1) REN T JPREN
a) Lx)=1-x, In(1.1) = 0.9
b) L(x)=2x, In(1.1) = 0.2
c) L(x)=x, In(1.1) = 1.1
d L) =x, In(1.1) = 0.1
Q11 Find linear approximations of J Bl cual as )
f(x)=In(1+2x) at x,=0
Use it to approximate In(1.05) gy il aasil
a) L(x) = 2x, In(1.05) = 0.05
b) L(x)=2x, In(1.05) = 2.1
C) L(x) = =2x, In(1.05) = —0.05
d Lkx)=1+2x, In(1.05) = 1.05
Q12 ‘ : |
A company estimates that f(x) thousand A p Al Gl () an OSa 4d) DS Al (gaa) s
software games can be sold at the price of $x Jsall (8 manga g8 WS HY 50 $x e
as given in the table. ‘
Estimate the number of games that can be 23$ srew Lerw &8 G el sae Sl ol padil
sold at 23%
E‘ a) 10.5
S : 20| 30 | 40
S p) 128
=0 fxy| 18|14 12
C% 16.8
%5_. C) .
=
d 65
Mr. Imad Odeh 0507614804
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Newton’s Method (g dis,b

Newton-Raphson method Qo) (g A% ha
f(xn)
Xpi1 = Xpn + 5, n=0,1273....
f'(xn)
| EX5 Je
Use Newton’s method to approximate Al (go,8d) yauall d
fx)=x5—x+1. /\U
1
2
3
4
5
6
H Ex6  Use Newton’s method to approximate

V7

DI o8l Hauall > Jbe

https://www.lmaths-academy.com
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=

Mr. Imad Odeh 0507614804
https://t.me/lomaths12 http://www.youtube.com/@imaths2022
L

Imad Odeh™——



Flmad Odeh
| Example? Jle
The Effect of a Bad Guess on Newton’s Method Oige Ayl (s £ ol el iy
Use Newton’s method to find an approximate zero of DI (0585 ya0 3l (3905 ddyylo puseinn |
flx)=x3—-3x2+x—-1
-
(]
he)
O
he
<
S
e
| Example 8 Jbwe
Unusually Slow Convergence for Newton’s Method Oi9s Aoy g Bolall 8 s s Jadl oyl
Use Newton’s method to try to locate the I (085 yauo dlowY (g0 Ayl pusiwl
zero of
flx)=x3—-3x2+x—1
g i,
1
2
3
4
5
6
I
1
2
3
4
5
6
3) X0 = 0
=) 1
==
S 2
S
Q0 3
& :
o 5
= 6
Mr. Imad Odeh 0507614804
https://t.me/lomaths12 http://www.youtube.com/@imaths2022  https://www.Imaths-academy.com
| 8 I
L Imad Odeh==d



Flmad Odeh

EXERCISES  (m_\ad

Exercise 1

use Newton’s method with the given x, compute

x1 and x, to

Jxz 9 X1 Qlud X 18 @0 s Ayl pusil

10ype3 1
-
o
s
£

1) x2 +3x2-1=0,xy=1
n Xn
1
2
2) B+4x?—x-1=0xy=-1
n Xn ]
1
2
3) xt—3x2+1=0,x=1
1
2
4) x*—3x2+1=0, xo=-1
5 n Xn
— 1
: z
cs
g5
o
=
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2 (pyel
A (585 Hdar sl g diyybo pudsciul
-
Q
o
O
kS
£

n

[SSRESAFESIS
=

https://www.lmaths-academy.com

H Exercise 2
Use Newton'’s method to find an approximate root
1) x3+45x—1=0 x,=0
2) x3 =e”* X0 — 1
_n
1
2
3
5
(=
S
oSS
=)
&
o=
=
Mr. Imad Odeh 0507614804
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Lesson 4-2 (Al
Indeterminate Forms and L’Hépital Rule

THEOREM 2.1 (L'Hépital’s Rule)

Suppose that f and g are differentiable on the interval (a, b), except possibly at the
point ¢ € (a, b) and that g’(x) # 0 on (a, b), except possibly at c. Suppose further that

lim M has the indeterminate form — or x and that
x—c g(x) 0 o
tim 2% _ I (or +00). Then,
X—cC g"(x)
fim £ — fim L&

xX—c g(_);) x—c g"(};) )

The conclusion of Theorem 2.1 also holds if lim JACY is replaced with any of the

x—c g(),)
fo @ S

limits lim , lim , lim r lim m
x—ct g(x) x—c g(x) x—o00 g(x) x—>—o0 g(x)
make appropriate adjustments to the hypotheses.)

. (In each case, we must

The Indeterminate Form 8sd=xoll A8 auall
0 H p—— 00 — 00 0 o
0 | o
00?0 1 0°
The Indeterminate Form 0 dd3a0ll pe dinall
0
H Ex1  Evaluate
~ 1—cosx
et lim -
_ x>0 sinx
o
=2
[0
%3
o~
=
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oD peWI

EXERCISES  (nuld
' Ex  Find the indicated limits AW Ll e S Azl
1) lim -~ + 2 2) . x?—4
x-2x%2 — 4 x1$x2—3x+2
3) . e?t —1 4 sint
t1—>n;)1 t t=0 e3t = 1
5) ~ tan”lt 6) W sing
lim— m-——7
t-0 sint t-0sin™t
7) 8)
 tanlx _ x?
lim— lim——
x>0 sinx x-0In(secx)
9) . sin2x 10) ,. 1—cosx
lim — lim———
x-m sinx x>0  x?
[
:
Q
o
=
Mr. Imad Odeh 0507614804
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H Ex  Find the indicated limits AW GLldl cpo Sdzgl o
11) . sinx —x 12) ,. tanx-—x
lim—— lim ———
x=0  x3 x-0  x3
-
Q
o)
@)
kS
£
13 - 14 Int
) lim\/E 1 ) lim
t-1 t—1 t-1t—1
15) lim sin(sint) 16) NG TN
= lim
t-0 Ssint E i m o
17) . x3—1 18) . sinx
xl—l;rixz -1 x~0x% + 3x
[
—= 19)  tan"'x
35 lim — —
S x-0 sin~1 x
[0
%3
o=
=
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EXERCISES  (m_\ad

The Indeterminate Form * B83a0)l e danall
o0
-
Q
| Ex2  Evaluate Jie | O
e* o
lim — '%
x—oo X
£
| Ex3  Evaluate Jbs
2
lim —
x—-00 eX

H Ex  Find the indicated limits

Blazall cililedl) as S

3) . 3x2 +2
xl—r>£lo x2 —4

lim

4) x+1
x—>-00x2 +4x + 3

5) 3 BRI~ e
x—o00 @X X—00 X
A3 7) e?* 8) lim x%e~
= lim x—00
8%. x—00 x4 + 2
S
C8
o=
=
Mr. Imad Odeh 0507614804
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| EX5

Evaluate

In x

lim
x—0%t CSC X

EXERCISES  (m

' Ex  Find the indicated limits Bl SUEl a0
1) . XCosx —xinx 2) . Inx
m — lim —-

x-0  xsin?x x—0 X
3 Inx 4 Inx

X—00 [ x x—0% cot x
5) lim (tanx Inx)

x—-0t
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H An Erroneous Use of L'Hopital’s Rule

Ex4  Find the mistake in the string of
equalities

lim
x-0e* —1

EXERCISES  (mo

Jbwg) Bacld) ¢ bl plasul w
e¥slaall Ak glasllazr Jlo | L
S
@)

E

H Ex Find the indicated limits

Blana)l blgdl d G

1) . cos 1x 2) mln(ln t)
xott X2 — 1 t>1 Int
The Indeterminate Form 00 — 00 dd3a0ll pe dinall
H Ex6 Evaluate A Jle

b [ 1 1]
230 In(x+1) x

https://www.lmaths-academy.com
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H Ex

Find the indicated limits

1)

lim (tan x +

x—0

X —1n/2)

2) lim(Inx —x)
X—00

EXERCISES  (m_ Yw
G
o
o
kS
£

1 1
lim < - — —)
x-0\sinx x

The Indeterminate Form 0.0 dd3all pe dsall
| Ex7  Evaluate dr  Jle
1
lim [— In x]
X—o | X
H Ex  Find the indicated limits
1
lim xIn (1 + —)
[ X—00 X
=3
=8
%8
g5
¢
=
Mr. Imad Odeh 0507614804
https://t.me/lomaths12 http://www.youtube.com/@imaths2022 https://www.lmaths-academy.com
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| Ex8  Evaluate A Jle

lim x(x_il)
x-1t

Flmad Odeh
H The Indeterminate Form . 1% _ o5l pe dauall w
6!
o
o
E
E

EXERCISES  (n

H Ex  Find the indicated limits AW Ll (po S dgl a3
1) bR . ¥
lim (1 + —) lim (1 + —)
X—00 X X—00 X
3) o (£ 3 t 4) . (2x—5)"
tl—glo(t+2) 0w \2x + 5
E
<
o
=

oD peWI

Mr. Imad Odeh 0507614804
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5 1 6 Vx2—4
) lim(1 + x)(x) : lim (x + 1) w
x-0 x—00 \X — 2
K~
Q
o
@)
=
E
The Indeterminate Form 0° dd5anll pné diuall
H Ex9 Evaluate > Jle

, Y
xll)r(r)1+ (sin x)
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' Ex  Find the indicated limits

; 1/x
,}L%‘+ (cosx)

Dlgdl v yed w
3
he)
O
=
=

The Indeterminate Form

dd32all p dauall

| Ex10 Evaluate

lim (x + 1)%/*

X—00

EXERCISES  (m\

| Ex  Find the indicated limits

1) ) 1\*
lim <—)
x-0t \Xx

2)

2
lim (x)x

X—00
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1 1
3) lim (1 + x)x 4) lim (x)x
X—00 X—00
1 1
) lim omz g X2+ 1\%
xX—00 lim
x>0\ X + 2
7) x U
li
x-2% |x — 2
)
55
S8
20
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=
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H Rewrite as one fraction abslued! LS ale ) w
H Ex  Find the indicated limits gl (pyed | AL
1 x+1 2 Q
b lim (cotx - —) 2) lim ( —— ) o
X0 x x>0\ x  sin2x O
=
£
3) limte™ 1) B ; (1)
x—00 lim ¢ sin (-
X—00 t
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|Ex  Find the indicated limits A9 pyald
D lim (Va2 +1-x) N
x—00 lim — =0
x-0*In x
3) y 1 x 4) - L 3\¢
oot \Vx  Nx+1 05 <2t + 1)
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Q1 Evaluate —)
sinx — x
lim 3 "%
x—0 X y-c
a 1 O
6 he]
b 6 S
) £
C) 0
d) 00
H Q2 Evaluate - - RENY
x —sinx
lim 3
x—0 X
a) B 1
b) 1
6
C) 0
d) oo
| Q3 Evaluate =)
. 1—cosx
lim———
x=0 X + x2
a) B 1
b) 1
2
C) 0
d) does not exist 335> &
| Q4 Evaluate )
I sin x
xl—r}g) x%2 —4x
a) 0
b) 1
4
c) B l
4
e . .
—= d)  doesnot exist B, 50 s
S
gsh
R0
%3
o~
=
Mr. Imad Odeh 0507614804
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H Q5 Evaluate )
e*—1
im
x-0sin(2x)
a) 0
S 3
) 1 i)
2 O
o 1 S
2 S
e
d) doesnot exist 33550 £
H Q6  Evaluate - B
: sin(2x)
im
x-0 ., _ E
X — CO0S (x + 2)
a) 2
b) 1
C) -1
d) does not exist 335> e
H Q7  Evaluate
secx
lim. 38— —
x_% 1+ tanx
a) 2
b) 1
C) -1
d) doesnot exist 335> &
| Q8  Evaluate =)
1
lim(e* + x)x
x—0
a) e?
b) e?
C) 2
d) doesnot exist s &
H Q9 Evaluate o - 2 )
lim(1 + x)/*
- 5 x—0
A5 a) e
S 2
QQ- b) e
[0
g% c 2
o= .
= d) doesnot exist sism s s
Mr. Imad Odeh 0507614804
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MAXIMUM AND MINIMUM VALUES

Lesson 4-3 (Al
s sl a5 alaall oud)
-
=
S
3
E

DEFINITION 3.1

For a function f defined on a set S of real numbers and a number ¢ € §,

(1) f(c) is the absolute maximum of f on § if f(c) = f(x) forall x € § and
(i1) f(c) is the absolute minimum of f on § if f(c¢) < f(x) forall x € §.

An absolute maximum or an absolute minimum is referred to as an absolute
extremum. (The plural form of extremum is extrema.)

3-1 Casyas

CES o Y5 a0aal MYl do sene o § 8 Al o A8 s f(x) A2 5V
f(©)=f(x)forallxeSJSINS ol o f Al e Ailhe i af(0) M (1
fo) = f(x) forallxeSysis sl Jo f Al 5 juadilhadad 2f(c) 94 (2

An absolute maximum or an absolute Lall of dalhal) _alaall dagall ) L
minimum is referred to as an absolute Adladll (g guadl] assll any Zalhadl) (g jpall

extremum. (The plural form of extremum is (extrema s extremum (x aeall)
extrema.)

&m‘:,‘hs' da g Y Hasno | 4
| absolute / Absolute dilha alie

maximum maximum

[
=
: .I
....... L i) e . Has no \
80 filha 5 jiua Absolute 4ilha 5 ua 229 Y ,-"’I absolute
C% NI / minimum
8=
=
Mr. Imad Odeh 0507614804
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| EXAMPLE 4.1
(a) Locate any absolute extrema of

f(0) = —9 Adllas (5 yrm dad 2a 53 Aa gida 5 yid

f(x) = x? — 9 on the interval (—oo, o).

4-1 Jia
diﬁhﬁ}dwgi 22

No absolute
maximum

Alha alie 22 Y

o =9
{Absolute minimum)

(b) Locate any absolute extrema of

Jdadka L;,...as”f\.n...égi Aa

f(x) = x* — 9 on the interval (=3, 3)

f(0) = —9 dallas (5 yrun daf 2x 5 4n i b
.~..” ). 3.4..}33;}..3\2[

¥y 4athaa u.nhc ey
4 No absolute
maximum

1o =-o
{ Absolute minimum)

(c) Locate any absolute extrema of

f(x) = x? — 9 on the interval [—3, 3].

2 5o Al 5y Absolute maximum A Allbs gl
f(0) = =9 4illas (5 yoa dnsd A-31=f3)=0
B A - “ d o . _3 -
F(=3)'= £(3) = 0idlan pabe 1od i s
» Trm=—o
i’ { Absolute minimum)

EXAMPLE 4.2

4-2 Jba

Locate any absolute extrema of
f(x) = %on [=3,0) U (0, 3].

e Al oy Ladie AlgiWle (s 1) ns Lgdl Jaadl s

d&d}mﬁwgidh

IS O el e Lesie B Lo Gyl e il m: B B e S
S Ol T 4 ;
25 N
Yo \ +
Qu L
S0 |
o=
=
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H THEOREM 3.1 (Extreme Value Theorem) (5 3l ol 4, i)

A continuous function f defined on a closed, bounded interval [a, b] attains both an
absolute maximum and an absolute minimum on that interval.

5l ol b Aillaa (5 jan G s dilka alic Aad 3 [q, b ] Adlall 3l 8 38 5eal f Alaiall 1

EXAMPLE 4.3 4-3 Jda
Locate any absolute extrema of J dillae (5 gad dad gf 22

fx) = % on the interval [1, 3].

f3) = 3 il 5 e T -
f(1) =1 Al odie 4ad ~——,
]I t _i » X
H Exercise Ol
Use the graph to locate the absolute extrema (if they =~ sy o) Adlladll (5 suaill adll ppaail U ass )l a2siu
exist) of the function on the given interval. 3Uaxall 3 yidll 4 4llall
D 1
f (x) - xz _ 1
a) (0,1) U (1,00)
v
&
10
b) (-1,1)
5 1
9 01 - : 4

11
@ |-53]
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QL
%<
o=
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2) X
f0) =0

a) (—o,1) U (1,%)

ot
b) (_11 1) 8+

6__
c) (0,1 4

24
d) [-2,-1] D T
DEFINITION 3.2

(i) f(c)is alocal maximum of fif f (¢) = f (x)forall x in some open interval containing c.

(i) f(c)is alocal minimum of fif f (¢) < f (x)forall x in some open interval containing c.

In either case, we call f(c) a local extremum of f .

3.2 diy p
i

oo gsinidagiie 358 AJAf (0) = f () <l 13 f Al ddae abie dad af(C)

e ssinidagides yi 4 K F (0) < f (x) <S5 Al ddas 5 pa dad AF(C)
AU Aglan 5yl e (3llad (il LS s

4 Local maximum Llaa (5 guad dah f(d)
[f'(d) is undefined ]

35230 £ f'(d)
Adag 5 guad dad f(b) Local maximum

f'(b) =0 Lf(b) = 0]

https://www.lmaths-academy.com

[e—
=3
E%.. Lo 5 g Aad f(a) Locz_lrl miTm11111
Q'o fl@=0 ['(a) = 0] Alaa 5 guad dad f(o)
Qu . .
go Local minimum Basase = f'(0)
o = [f"(c) 1s undefined]
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REMARK 3.1
Local maxima and minima (the plural forms of

maximum and minimum, respectively) are
sometimes referred to as relative maxima and
minima, respectively.

i
) s laall Liall 5 (5 gl il ) Blial L
sl e Fasdl Liall 5 5 gucsl

and describe the behavior of the derivative at
the local extremum.

EXAMPLE 4.4 4-4 Ja
Locate any local extrema for JAdaa (5 guad dadh gl 20a
f(x) =9 — x?
and describe the behavior of the derivative at sl (5 gl dasl) vie A8LLAN &l gl Ciia

the local extremum.
| EXAMPLE 4.5 4-5 Jia |
Locate any local extrema for J Alaa (5 gaad A gl 20a
f(x) = |x]|

el (s guail) dal die AdLAA) O gl Cia

DEFINITION 3.3

A number c¢ in the domain of a function f is called
a critical number of f if f'(¢) = 0or f'(c) =0 is
undefined.

Fx) Al da a Al f(x) A Jlaa A € 23l 068
33sase 32 f'(c) =05 f'(c) s

THEOREM 3.2 (Fermat’s Theorem)

Suppose that f (c) is a local extremum (local
maximum or local minimum). Then ¢ must be a
critical number of f .

ilasd ka5 3.2
A O f(x) Dl Al 5 guad dad A () s )
Taa s uSall g A ja Adal
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| EXAMPLE 4.6

4-6 Jua

Find the critical numbers

f(x)=2x3-3x*—-12x+5.

—t+—H—»x
—1 \2/

| EXAMPLE 4.7

4-7 Jda

Find the critical numbers

f(x) = 3x + 1);

SEPSNERTINY

| EXAMPLE 4.8 4-8 JVia
Find the critical numbers Jas jall Llaidll as g
ja. ¥ . af
[ EXAMPLE 4.9 4-9 JGa |
Find the critical numbers Jas jall Llaill as
1
[ —
i f() =5,
S8 v
mﬂ_‘ F Y
Q-o 24
S& |
o~
= —+— ———>x
_2 =+
Mr. Imad Odeh 0507614804
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| EXAMPLE 4.10 4-10 Ja |
Find the critical numbers Jas jall Lladll as
(=22

f)= X+ 2 —E)

e

O

g

£
THEOREM 3.3 3.3 duylas
Suppose that f is continuous on the closed interval G¥[a, b] Adkall s 6l e dlaia fadlall culs) 1)
[a, b]. Then, each absolute extremum of f must 53RN Gl phal e ad () Cany Akl (5 guallll A4
occur at an endpoint (a or b) or at a critical number. da al) Llal) e

| REMARK 3.4

Theorem 3.3 gives us a simple procedure for finding the absolute extrema of a continuous function
on a closed, bounded interval:

1. Find all critical numbers in the interval and compute function values at these points.

2. Compute function values at the endpoints.

3. The largest of these function values is the absolute maximum and the smallest of these function
values is the absolute minimum.

Aalaa sy o dloaie Allall Zllaall (5 guadll all slayy

daall dlac & gl (1
5 yidl) ol vie g da jall dlae Y sie Alal) Ll (sl (2

Hallan (5 jham 055 A tal s dillae i dof 0155 L Sl (3

| EXAMPLE 4.11 4-11 Jbe
Find the absolute extrema of Aalladl (5 paaill aill 2
f (x) = 2x3 — 3x% — 12x + 5 on the interval [—2, 4].

oD eI
YopoO peur]

Mr. Imad Odeh 0507614804
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| EXAMPLE 4.12

Find the absolute extrema of

EXERCISES  (m

Find the absolute extrema of the given function
on each indicated interval.
1) f(x)=x3 — 3x+ lona)[0,2],b) [-3,2]

4-12 Jba |
f (x) = 4x>/* — 8x1/* on the interval [0,4].
S
o
O
=

2) f(x) =x3+3x%—9x0n[0,4]

3) f(x)=x*—8x*+2 a) [-3,1]

b) [—1,3]

[
=
22
C8
o=
=
Mr. Imad Odeh 0507614804
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B @) =Vad -3x? +2x,[-13]

Imad Odeh™—

5) £ (x) = x?/3 a) [-4, —2], b) [-1,3]

6) f(x)= x*>, [-2,3]

7)  f (x) =sinx + cosx a) [0,2m] b) [E,ﬂ]

https://www.lmaths-academy.com

[
58
28
20
QL
%<
o=
=
Mr. Imad Odeh 0507614804
https://t.me/lomaths12 http://www.youtube.com/@imaths2022
L

Imad Odeh™——



pe=Imad Odeh

Imad Odeh™—

oD eI

8) fkx)= e~ a) [0,2] b) [-3,2]

9) f(x)=x%e* a) [—2,0] b) [0,4]

10) B 3x? a) [-2,2] b) [2,8]
f o) ="

https://www.lmaths-academy.com
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11)  f(x) =tan"1(x?) a) [0,1] b) [-3,4]
12) g~ a) [0,2] b) [-3,4]
f @ X2+ 1
13) 3« a) [0,2] b) [0,6]
f &)= x2 +16
58
S8
20
CE
S
=
Mr. Imad Odeh 0507614804
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Q1  Use the graph to determine the absolute O Adlall Aalladll (5 gaadll wll dpasl Ll ans I addial 1
extrema of the function on the given interval Blasall 3 yiall o i =
2 O
= -1,1 =
f(x) xz _ 1 ) ( ) ) O
a) (0,0) minimum absolute value R "%
- . 3_.
b) (0, —1) minimum absolute value N L E
1+
<) (0,0) maximum absolute value S T 0 . L
—4-3-2-1 12 3 4
d)  NOabsolute extrema ;
ol
Q2  Find the absolute extrema of the function on lanal) 3yl e ZJall Zallaal) (5 guail) all 2a gl 20
the given interval
f(x) =x3-12x+10,[0,3]
a) f(0)=10,f3) =1
b) f(0)=10,f(2) =-6
c) f@)=-6,fB8)=1
d f(0)=10,/2)=-6(3)=1
Q3 Find the absolute minimum of the  function le Alall dallad) (5 pall dadll 2a gl 3m
on the given interval Blhanall 3 yidl)
fx)=4x3+3x2-6x+1, ,[-2,1]
a) -7
b) _ 1
4
<) 0
2
Q4  Find the absolute extrema of JAilhall (5 seail) aill gl 4 |
f(x) = e**on the interval [0,2]
a) f()=0,f2)=e"*
.§. b) f(0)=1,f2)=e*
[—
Eg_ o f0)=1,f2)=e*
Q
e D fM=0 @ =et
g
S
=
Mr. Imad Odeh 0507614804
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H Q5 Find all critical points of Jas all el asea 2a
flx)=x*+3x3+2
9 9
a) x=—Z,x=1,x=Z
b) 9 9
x = g ,X = 2
) x = ~1 ,x9= 0
d)
= 0 = —
x X 2
H Q6 Find all critical points of - - Jia all dae¥) gaen 225l 60 |
fl) =x*—8x2+7
a) 1
= —=, = 0 , =] =
x X X >
b) _ 1
x = ,X = >
c) XxX=-2,x =
d) x=—-2,x=0,x=2
' Q8 find all critical numbers of Jia alldlae¥) S angl 8o |
flx)=x3—-3x2-9x +1
a) x=-3,x=0
b) x=-9,x=1
<) x=—-1,x=1
d x=-1,x=3
Q9 find all critical numbers of Jia all sV S angl 9o |
f)=x3-3x+1
a) x=0, x=1
b) x=4=1
<) x=13
d x=-1,x=0
H Q10 find all critical numbers of - Jaaall ey Koy 100 H
f(x) =—-9x2—-12x—6
- a) X = _z
=
) 2
Q-o x=+-
ca 3
Q('D
o= < x=3,x=-2
=
d) x=-3,x=
Mr. Imad Odeh 0507614804
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Q11 Find the absolute extrema of the given e slasdl Al dalladll (5 gacadl) ail) an gl 17 0m
function on the indicated interval. Le) Ll B yidl)

FO) =+/x3 —3x2 +2x ,[-1,3]

Imad Odeh™—

Q12 Find the absolute extrema of the given sl sanal) all dallaal) (5 gusll will a5l 120
function on the indicated interval. L) Ll B yial)
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Lesson 3.4
A1 LBl g ) 35
INCREASING AND DECREASING FUNCTIONS

DEFINITION 4.1
A function f is increasing on an interval I if for every x1,x, € I withxqy < x5, f (x1) < f (x3) [i.e.,
f (x) gets larger as x gets larger].
A function f is decreasing on the interval I if for every x1,x, € I withxq; < x5, f (x1) > f (x2)
[i.e., f (x) gets smaller as x gets larger].
f(x) < f(xp) Ol X1 < xp Ldie xq,x, € I 81 il 1) 5 sl ‘gé‘é.\;:\)'hﬁ\a OsS3
f(x1)> f(xy) U x; < xpyledie xy,x, € T I3 calS 1Y) 5yl 8 dailite Alla 53

Imad Odeh™—

THEOREM 4.1

Suppose that f is differentiable on an interval I . 3580 & BEad a6 f o pa b Lo
(1) Iff'(x) > Oforallx € I,then f is increasing on I . I35 0sSS f OB ex € Tpd il f/(x) > 0131 (i)
(i) If f'(x) < Oforallx € I, then f is decreasingon [ . T 34adlus 05 fobex € Tod SVeibf'(x) < 013 (ii)

A ) ARl B L) g ablinl) g &) )

Increasing and decreasing and first derivative

f'(x) <0,x€ (ab) f'(x)>0,€ (a,b)
f(x) decreasing 4<8liis f(x) increasing 3 3a
(a,b) 5540 e (a,b) 554 i
Debt Salary
E /
(==
E %- » Time » Time
[0 b
cas ) 2 °
Q(’D
o=
=
Mr. Imad Odeh 0507614804
https://t.me/lomaths12 http://www.youtube.com/@imaths2022 https://www.lmaths-academy.com
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EA.JU:\A f fincreasing 1
(%}‘ U"‘L“‘S‘ d.-.\“) (tangent lines hawve 4
=
Q
o
o
e
<
E

—— fdecreasing —— Aabliia f
(tangent lines hawve (&,\ﬂ.u U“L“"M d,-.‘-‘)

negative slope)

THEOREM 4.2 (First Derivative Test) S Asidl el 4,2 4 k)
Suppose that f is continuous on the interval [a, b] and ¢ € (a, b) is a critical number.

i. If f'(x) > Oforall x € (a,c)and f'(x) < 0forall x € (¢, b) (i.e., f changes from increasing to decreasing at ¢),
then f(c) is a local maximum.

ii. If f/(x) < 0forall x € (a,c) and f'(x) > 0 for all x € (c, b) (i.e., f changes from decreasing to increasing at c),
then f(c) is a local minimum
iii. If f'(x) has the same sign on (a, ¢) and (c, b), then f (c) is not a local extremum.

g~ »c € (a,b) 5[ab] s b laie f o G e
(Alse (obie 3a8 A f (€) ola’c-\lcuaﬁt\ﬂ\‘;l\sabﬂ\m)ﬂfgj)xe(c,b)dﬁf’(x)<03‘x€(a,c) Kf(x) > 0 wils iy j

(Adae olae Aalf A f (€) Q4 ¢ e )5 Y Gl (e i f ) x € (6,b) S f/(x) >0 5cx € (a,¢) K f/(x) < 0 <ulSIy i
Llae (5 g dad ol f (€) G (€, b) 5 (@, €) Ol b Lewii s,LEYI W f <l 1Y)

A9 ddinad! Hlas
First derivative test

=0 f@=0
ar or
undefined undefined
X = a € d b
f(x) s,k + + + + + - - - - + + + + +
f'(x)>0 fi(x)<o0 flx)>0
Increasing Decreasing Increasing
— Sl fabliia Bl jia
=3
S f(c) fd)
QQ-A Local maximum Local minimum
Qo e palis Adas g
Ca oy
Qg_ Increasing 3~ A forallx € (a,c) U (d,b)
g
= decreasing “<flforallx € (c,d)

Mr. Imad Odeh 0507614804
https://t.me/lomaths12 http://www.youtube.com/@imaths2022 https://www.lmaths-academy.com

L Imad Odeh™——




pe=Imad Odeh

H EXAMPLE Use the graph to answer

D
2)
3)
4)
5)

6)

Absolute maximum
dallaall abaall Al

Absolute minimum

%w@gﬁmjgww}\&m\d&w
S Y S =
— : S
=
O
=

[»

Local minimum —
laall gyl Al 1
Increasing interval(s)

2l il yia
Decreasing interval(s)

o & &=

101

EXAMPLE 4.1 4-1 JGa

P SVENICRENIPL o i | G 5 PR ' G [ JCREN
Lee 5 O Alaall (5 puaadl

Find the intervals where the function is increasing
and decreasing. Use this information to determine
all local extrema

f(x) = 2x3+9x% — 24x — 10

EXAMPLE 4.2 4-2 Jha

P SVENICRENIPA o | G I PR | GRS JCREN
Lee 55 s Alaall (5 puaadll

Find the intervals where the function is increasing
and decreasing. Use this information to determine
all local extrema

f(x) = 3x*+40x3 — 0.06x? — 1.2x

https://www.lmaths-academy.com
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EXERCISES ¢yl

| EXAMPLE 4.4 4-4 Qi |
Find the intervals where the function pll aran 2aa o8 (Bl <)y ) SN ) 8 daa
is increasing and decreasing. Use this information to lee 55 s Aladll (5 sl
determine all local extrema

5 3 2 =

= 3 — 3. (]

f () x x 3

o

s

=

[
55
S
=0
Q.
%
o=
=
Mr. Imad Odeh 0507614804
https://t.me/lomaths12 http://www.youtube.com/@imaths2022 https://www.lmaths-academy.com
L

Find the intervals where the function is increasing pll paan s o5 (Bl ol i85 ) Al 3 aaa
and decreasing. Use this information to determine lee 55 s Aladll (5 uall
all local extrema

1) y=x3-3x +2 2) y=x3+2x*+1

3) y=x*-8x2+1 4) y=2x>-3x>-9x +1

Imad Odeh™——
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D =+ 13

y = (x- 1)%

Imad Odeh™—

7) y = sinx + cosx

8) vy = sin’x

9) y = ex2_1

10) y = In(x? — 1)

https://www.lmaths-academy.com
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Find all critical numbers and use the First
Derivative Test to classify each as the location

of a local maximum, local minimum or neither.

1) y=x*+4x3-2

il V) Al lal andiiul o da el Ll e aa gl

2)

y =x>-5x2+1

e dS g 50

Imad Odeh™—

5 y = tan"1(x?)

https://www.lmaths-academy.com
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6) — ein—1 1
y = sin (1 _x_z)
-
Q
o
@)
je
<
£
o
N, o 8 - *
1+ x3 1+ x4
4 1
9y =/x3+3x? 10) y = x3+ 4x3
)
55
S8
20
%3
o=
=
Mr. Imad Odeh 0507614804
https://t.me/lomaths12 http://www.youtube.com/@imaths2022 https://www.lmaths-academy.com
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EXERCISES ¢yl

Find all critical numbers by hand. Determine sl Adaa eie A Lgia ) 23a 5 As all Llal ares 2a )
whether the critical number represents a local Goma ) (el Gl g (5)5 Alas (5 jha dad Liie

maximum, local minimum or neither.

1) f(x) =x%+5x -1

szJl RsY Zg,.lad g Galud! Lyl Cyles J&w
-~
Q
o
O
i
£

2) f(x) = —x*+4x +2

3) f(x) =x3-3x +1

4 f(x) = —x3 +3x% +2

5 fx) = x®—-3x% + 6x

[
55
S
=0
Q.
%
o=
=
Mr. Imad Odeh 0507614804
https://t.me/lomaths12 http://www.youtube.com/@imaths2022 https://www.lmaths-academy.com
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6) f(x) = —x%+ 3x? — 3x
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5 f(x) =x*—-2x? +1

6) f(x) =x*—3x3+ 2

Imad Odeh™—

7) f(x) =x*—3x3+ 2

8) f(x) =x*+ 6x2— 2

9) .
f (x) =sinxcosx ,[0,2m ]

https://www.lmaths-academy.com
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10) f(x) = V3sinx + cosx

Imad Odeh™—

11) _ x2-2
f ) x+2
12)  xj — x4
f R —
13)

1
f) =3 +e™

https://www.lmaths-academy.com
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14) f(x) =xe™%*

Imad Odeh™—

15) f (x) = x*/3 + 4xV/3 + 4x72/3

16) f (x) =x7/3 —28x1/3

17) f(x) =2xVx +1

https://www.lmaths-academy.com
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X

Ei1

) @) =

Imad Odeh™—

19) f (x) = xe™%*

20) f(x) = Jx? — 1]

https://www.lmaths-academy.com

21) f(x)_{x2+2x—1, x <0

x% —4x + 3, x>0
)
55
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sin x, —n<x<m
—tanx, x| > m

22)

Fo =1

Imad Odeh™—

H Find the x —coordinate of the local maximum of

J Alad) alaal) Gadll xr cilan) aa gl |

1) f(x)=x3+4x*+2x

2) f(x) = x*—3x%+2x

— a2,
3) Flx) = X 4)  f(x)=x%*
1+ x3
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Q12 Find value of k such that the function 4ad fa) Al Jand N5 kded aagl 120

f(x) has alocal extremum value at x = 2

x = 2 dic Llas (5 5ad

f(x)=x3+kx+5

Imad Odeh™—

Q13 Find value of a, b such that the function f(x) WAl daxi A5 @, b def 2ay) 130
f(x) has alocal extremum value at f(—1) =7 f(—=1) = 7 & Llas (5 pal 4ad

f(x) =ax®+bx+3

sketch a graph of a function with the given properties.

Al Gl 2 L 3 AN (s ans ) |

1) f(0)=1,f2)=5,f'(x) <0 forx<0andx > 2,

f'(x) >0 for0<x<2.

https://www.lmaths-academy.com
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f'(—=1) =0, f'(2) does not exist.

2) f(-1D=1f2)=5/f'"(x) <0forx<—-landx>2,f'(x) >0for —1<x<2, w
-
Q0
o
@)
s
=

3) fBR)=0,f(x)<0forx<0andx>3,f'(x)>0for0<x<3,f'(3)=0,

f(0) and f'(0) do not exist.

4 fED=2,f1)=-2f(x)

[
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QL
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=
Mr. Imad Odeh 0507614804
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<0for —2<x<2and f'(x) >0 forx <—2and x > 2. H

y
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5) Assume that f is an increasing function with O o 1 o 0nsSae A L5 3 e f Al ol ()
inverse function f~1. Show that £~ is also an Ll 3l Jie dlla o f7T A0
increasing function.

N~
O
=
O
g
£
G A ilg Ayl ) giw Adiis)
Q1  Find the local minimum of the function where F(x) Al Adadl g pall asll 2a gl 00
f(x) is graphically represented below. Ll dausa sall
1 1
— a4 W 2
flx) = Y 2

a) fO)=-2

b) f(=2)=0 ‘

o f@=0

R 1 1

d) f(=1)=-225,f(1) = —2.25 N1 1/

Q2  Find the intervals where the function 8l i £ () Dl Lgd 065 Al il yiall as gl 20
f(x) is increasing

a) (—o,—2)U(0,2) v

b) (—2,0) U (2,») 20

) (=%,-2)U(2,») /\

d) (=20 u(0,2) 7 A

—10+
Q3  Find the intervals where the function g(x) is g(x) Al g (585 Al Oyl 2l (03
_ increasing 334 ia
S 1 3
S g(x)=§x3+zx2—70x+5,
o2 W (emuCe)
¢
E5 b)  (~%,-7)U(10,00)
=
c) (=, 10)
d) (=10,7)
Mr. Imad Odeh 0507614804
https://t.me/lomaths12 http://www.youtube.com/@imaths2022  https://www.Imaths-academy.com
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[»

Q4  Find the intervals where the function f(x) is £ Q) A e (685 Al il as gl 4
decreasing Tadliia
flx)=x3—-3x2—-9x+1, =
— Q0
) (—o,1)UEw) ©
b)) (-eo-1)U G w) =
<
c) (-1,3)
d (=31
Q5  Find the x —coordinate of:thelio:cal?n:axi;num of ; C J sl ekl el cililaa) 2yl 50 |
f(x) = x?e™*
a) x=-=2
b) 1
=73
c) x=0
d x=2
H Q6 Find the intervals of increase and decrease for Alall (Bl <l 3 g 2l il Gl sl f

flx) = 2x3 + 3x%2 - 1.

a) Increasingon (—oo,—1) U [ 0,1) e 8lfe
and decreasing on (—1,0) Js 4adlis
b) Increasing on (—oo,—2) U (0, 00) e s4l50
and decreasing on (—2,0) Js 4e8lie
C)  Increasing on (0,2) e 8uulie
and decreasing on (—o0,0) U G, oo) e Ladlie
d) Increasing on (0,1) Je 84l5e
and decreasing on (—0,0) U (1, ) e da8lin
H Q7  On which interval(s) is the function increasing? sy i Al () S5 8 38 ol Ao 7w
f@) = e¥
a) (—,0)
b) (0,)
= ¢ (-1 u(l,00)
==
S8 d) (-11
QQ- ) (_ ’ )
[0
Q.
%<
o=
=
Mr. Imad Odeh 0507614804
https://t.me/lomaths12 http://www.youtube.com/@imaths2022  https://www.Imaths-academy.com
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H Q8  Find the x —coordinate of the local maximum of

y:
a 1
V2
by 1
V3
c) _i
V2
d 1
3

X
1+ x3

Jidaall abiall Logll x cilflasl angl 8 | w
<
O
b
o
g

Q9  The graph represents f'(x) determine
where f(x) is decreasing

2 f(x) Ok Siay old) ragall amipll 90
ailite f(x) Dl laaie S5l il

S

4 AL 1 1 3 4
1
2
3

L

Q10 The graph represents f'(x) determine
where f(x) is decreasing

REEN f(x) u\zu dleg NERY] c&a‘}d\ ?“J” 10u.u
failita £ (o) Al Latie ¢S5 ol il

YV

a

4+

34

24

ST

1 1 1 1 \ L 1 1 lx
-4-3-2f10] 1|2 3 4

L.

N5

_.4_....
[
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Lesson 4.5 (s

CONCAVITY AND THE SECOND DERIVATIVE TEST

A0 ddiiiadl Jloslg yadwl

a b

Bl i, Ao 284

Concave up, increasnig

Imad Odeh™—

| ] [
T T

Ladlita | Je¥ pie

Concave up, decreasnig

Concave down, increasing

a b

B e, JAuY ke

Concave down, decreasing

T T Ll

a b

dailiia Jiuy jada

| DEFINITION 5.1

5.1 <yl

For a function f that is differentiable on an interval I ,

F A L Jall oo ] 5l 8 GEasy alE £ alls J<)

the graph of f is

i. concave up on I if fis increasing on I or

ii.

concave down on I if f' is decreasing on I .

I 5 5 frenlS I T & e ) 1 5rka
T 3 Rl f7 cal 1) ] 8 Jand) ) ) aiae i

[ THEOREM 5.1

5.1 4 ks

uponl

up on I

oD eI
YapO pew]

https://t.me/lomaths12

iLIf f'(x) > 0onI,then the graph of f is concave

il.If f(x) < 0 onI,then the graph of f is concave

Suppose that f’ exists on an interval I .

Mr. Imad Odeh 0507614804
http://www.youtube.com/@imaths2022

1 yxie falall ) Qi) ol o J 8 f7" () > 0 <lS 1y

S Tomie fAUA L) Qi) fd ¢ T b F7 (x), 0 <l Yi

Is 5l a2 se 7 ol G le

I e S

I G Jas)

https://www.lmaths-academy.com
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concave up on the other). Then, the point (c, f(c)) is

| DEFINITION 5.2 5.2 iy 2l
Suppose that f is continuous on the interval (a, b) and ey (Sl Jaadl) s (a,b) 55l &alais f o ba e
that the graph changes concavity at a point ¢ € (a, b) Ja) Sl Jiadl) e o) € € (@, b) Ahill xie i)
(i.e., the graph is concave down on one side of ¢ and (LAY il e SeN ) e Ly ¢ @ o anl g s e

£ J callani) 3L (¢, f(€)) il e 3l ol

called an inflection point of f .

f'le=o0 fiid)=o0
or or
undefined undefined
x = a c d b
f”(,I)EJL:'! + + + + + - - - - = + + + + +
f'(x)>0 f"(x) <0 f'"(x)>0
e U | N | U
Concave up Concave down Concave up
A=Y 5 ke JiuY 3 pla A=Y 5 ke
(C, f((.']) {dr f(d:])
inflection point inflection point
il Al i) A5

EXAMPLE 5.1 5-1 Jbie |
1- Determine where the graph of f(x) is concave up aia f () A s baie (5 Al <l il aas
and concave down JanY jeie laaic o5& Al il yully el
2- find any inflection points Gaa g o) cillaady) Lalds daa
3- draw a graph showing all significant features of Lily Sisiall Jia

the function.
f(x) = 2x3+9x% — 24x — 10

[
=
22
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=
Mr. Imad Odeh 0507614804
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EXAMPLE 5.2

1- Determine where the graph of f(x) is concave up f(x) Al Gaie biaie 68 Al @ il s -]

and concave down
2- find any inflection points

3- draw a graph showing all significant features of by (il Jia -3

the function.

5-2 Jba

il e i 05 ) @l il oY jada
Gaag o) Galaasy) LS sas -2

fl)=x*—6x%+1

Imad Odeh™—

AT

EXAMPLE 5.3

5-3 Jba

1- Determine where the graph of f(x) is concave up () Al s Wvie §6S Al @l il sas -1

and concave down
2- find any inflection points

3- draw a graph showing all significant features of Lily (il Jia -3

the function.
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flx) = x*
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EXERCISES ¢p)yled

up and concave down
2- find any inflection points

il yeia Lavie oS S @l il g el
Gaa g o) Gl Llas aas 22

1) f(x)=x%-3x2+4x—-1

1- Determine where the graph of f(x) is concave =i« f(x) Ul Sisie laie o5 Al &l il aas -1 w
=
Q
=
O
=

2) fl)=x*—6x%+2x+3

3) f(x)=x+%

Y ) =x+ 301 — 03

[
=
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=
Mr. Imad Odeh 0507614804
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5 f(x) = sinx — cosx

Imad Odeh™—

6) f(x) = tan'(x?)

7)

Wl
Wl

f(x) = x3 + 4x

8) f(x) = xe™™

oD eI
YopoO peur]

Mr. Imad Odeh 0507614804
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H THEOREM 5.2 (Second Derivative Test)

Suppose that " is continuous on the interval (a, b)
and f'(c) = 0, for some number ¢ € (a, b).

i. Iff""(c) < 0, then f (c) is a local maximum.
ii. If f"(c) > 0, then f (c) is a local minimum

(st dandal gdl) 5.2 4 5
F(©) =05 (a b) 3l b lasic f7 ol i e
c € (a,b) X

Adas wlac dad A f(0) B f'(c) < 0K
Adlas s dad o f (o) ¢ f'(0) > 0 Sy i

| REMARK 5.1

5.1 4 gala

If f"(¢) = 0 or f""(c) is undefined, the Second
Derivative Test yields no conclusion.

That is, f (c) maybe a local maximum, a local minimum
or neither. In this event, we must rely on other methods
(such as the First Derivative Test) to determine whether
f (c) is a local extremum.

Al dmad) Hlaal ol o8 e e f(0) Sl f(€) = 0 S 13
iad ol Alae alac Al f (€) 0S5 8 4l iaay zliti) gf aay Y
&\)Lécuhioigﬁcaﬂal\a&qé_tﬂhﬁji@ugk
(6 3mab Aa S 13 Lo a8 () Adiiall jlas) Jia) s Al

v

Local Minimum
Aalaa (5 jua

Second derivative test
ALY Adidall jLaa)

[ continuous on (a, b) and ¢ € (a. b)

Local Maximum

E:IIM”-IE

N\,

flle)=0
f'e)=0

or undefined

Bagaga =

No conclusion
ls pSall i Y

Al pasd rlialg

oD peWI

EXAMPLE 5.4 5-4 Jus |
Use the Second Derivative Test to find the local dlaall (g gl 2l paa) AU AL HLEA) addil)
extrema of

f(x) = x* —8x2% + 10.

https://www.lmaths-academy.com
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EXERCISES yls

Find all critical numbers and use the second aail 40l Asidall Hladl aadiul
derivative Test to determine all local extrema.

lee 5i dulaall (5 yumil) ol

1) f)=x*+4x3—-1

2) flo)=x*"+4x*+1

o3 Aa pal) L) aaes aa gl w
S
e
O
£

3) f(x)= xe™*

BN f CJ S

5) x2—5x+4

f )=

[
=
22
C8
o=
=
Mr. Imad Odeh 0507614804
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REMARK 5.1

If f"(¢) = 0 or f""(c) is undefined, the Second

Derivative Test yields no conclusion.

That is, f (¢) maybe a local maximum, a local minimum
or neither. In this event, we must rely on other methods

(such as the First Derivative Test) to determine whether

f (c) is a local extremum.

A Amad) Sl ol i e 2 f(€) S f(€) = 0 s 1Y)
iad ol dlae alic Al f (€) 0585 8 4l inay zlii) gf lany Y
@\)L‘_Asmoig;ﬁc:d&\ah‘g_nﬂbﬁ}i%&dﬁf
6 o Aagd CulS 1Y) Lo yand 3 (oY) Al sl Jie) Al

5.1 i gals

Imad Odeh™—

EXAMPLE 5.5

Use the Second Derivative Test to try to classify any

local extrema for

@ f=x°

) it Al glae 8 A AL LA aadil

5-5 Ju |

dlas (5 gl

®) g =0E+D*

© h(x)=—x*

https://www.lmaths-academy.com
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Sl Gaall GYEL 1aa Jaali Juad,
EXAMPLE 5.6 5-6 Jis
Draw a graph of f(x) showing all significant features. leailiad aues L f(or) Al Ol s )
25 =
- e QO
FO) =x+— =
o
S
=
EXAMPLE 5.7 5-7 Jia
Draw a graph of f(x) showing all significant features. lpaibad mea Une f(x) Al Gy ani)
1
fx)=(x+2)5+4
=5
S
=0
&
o=
=
Mr. Imad Odeh 0507614804
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| sketch a graph of a function with the given properties. AUl el sl Ll Alall e s )
1) f(0) =0,f'(x) >0forx < —land —1 < x < 1,f'(x) <0
forx > 1,f"(x) > 0forx < =1,0 < x < landx > 1,
f'"(x) < O0for -1 <x<0

Imad Odeh™—

12) f()=0,f(x)<0forx<1,f'(x)>0forx>1f"(x)<0forx<landx>1

v

| 3) f"(x) > 0forx #0,f'(0)undefined, f'(x) >0 for x < 0 and f"(x) < 0 for x > 0.
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Exercise G2
a) Estimate the intervals of increase and decrease, Bl ol iy ) il ol i 8 ()
b) the locations of local extrema, Alas (g gpa pd i2ic Jll x ol (@
c) intervals of concavity and locations of inflection JauY el & yib e pdll Gl @ (o
points. Caldaxiy) Lalas ,%
1) Y 2) o
. .
A ;L g
20 10+ <
-- | £
:)__
10+
4 oo Lo > x
N~
—104
| Exercise sl
(a) Find all critical numbers FEGNRNIS ([ FIVRRA B [))
(b) Identify all intervals of increase and decrease o8l g ) R G 8 aes s (@)
(c) Determine whether each critical number represents  ddas alic dad Jiay 7 ja 20c JS (IS 13) Le 22 (&)
a local maximum, local minimum or neither Legio £ 5 Y o e (5 yn dad

(d) Determine all intervals of concavity and

el ) 8 aaa daa (&
(e) Find all inflection points. G ()

1) f(x) = x3+3x%— 9x H

oD eI
YopoO peur]

Mr. Imad Odeh 0507614804
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'2) f(x) =x* —4x + 1

13) ) =t —4x + 2 |

| 4)  f(x) = x3 — 3x? — 24x H
)
55
S
20
%3
o=
=

Mr. Imad Odeh 0507614804
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D ) = xe™
2 f(x) =x*lnx |
3) x —90
f ="
)
(==
S
S
20
%3
o=
=
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4 f) =2 - 1)

Imad Odeh™—

> f(x)=x2x+4
D rw- =
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A g Ablu &) g Alin
H Q1  On which interval(s) is the function concave upwards? e jaie A inie e 58 @l il 6l 10m
flx) = x* —6x2
2) (~,0) <
o
b) (0, 00) O
o
) (=0,1) U (1,0) s
d (-11) T
| Q2 On which interval(s) is the function concave upwards? Sle S | e Alall e ladie o5 @l yidll 6l 200
fx) = xe*
a) (—o0,—2)
b)  (=2,)
c) (0,00)
d) (—00,0)
' Q3 Which of the following is inflection point of Al el A & b laa ) 30w
fl)=x>+x
a) (0,0
b) (1,2)
C) (_11 _2)
d) (234)
Q4 Determine the intervals where f is concave up AU el ol iy oS el <) 38 2o 4
and concave down.
flx) = x*— 6x% + 2
a) Concave up on (—oo , —%) u G ,oo) SleY jeia
1 1 . £ A
and concave down on (— > ,;) JauY yado
b) Concaveupon (—1,1) Sle¥ i
and concave down on (—oo,—1) U (1, 00) Jiu¥ ,aie
,_E' ¢) Concave up on (—i ,%) Sl i
Eg_ and concave down on (—oo , —%) U G ,oo) iy yade
[0
CS. d) Concaveupon (—o,—1) U (1,0)le¥ sis
%g— and concave down on (—1,1) Jiu¥ ,ae
=
Mr. Imad Odeh 0507614804
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' Q1 Find the inflection point of J il Lo aa gl 10w |
flx)=x*+12x3 —x
a) (_6'f(_6))' (O,f(O)) =
QO
b)  (=6,/(=6)),(6,/(6)) b5
) (6,£(6)),(0,£(0)) E
| Q2 Find the inflection point of - o J byl Lla aa gl 20 |
flx) =x*—6x2—2x+3
a) (—1,-4),(1,0
b) (—1,4),(1,0)
c) (—1,0),(1,4)
d)  (-1,0),(1,-4)
' Q3 Find the inflection point of J e Wi 2a gl 300
f(x) =2x% +9x% —24x — 10 is
e
2’2
b) (379
z7)
c) (-3,79)
d) 3
(3
' Q4 Find the inflection point of Jihaasy) blii ang) 40 |
f(x) = tan™'(x?)
a) 1 1 1 1
(& D)5 6)
'§' b) (2,f(2)
55
= ()
oS BB )BT\
SO
(SIa)) 1 1 /1 /1
= N e
(5(-9)76))
Mr. Imad Odeh 0507614804
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50 w
-
Q
o]
@)
S

Q5  Determine where the graph of the function f(x) Se ¥ 1 nia f(o0) Aall glad) Jiadll o & ol sas
is concave up
fx) =x*—6x2+2x+3
a)  (=o,-1) ,\
b) (=0, —1) U (1,00) \ /\ /
o @y RN E \] R
d)  (-0,0) U (0,c0) :
Q6  Determine where the graph of the function f(x) =¥ sk f(x) Dall gladl Jall 05 ool a6
is concave up
a) (=%,1) 4
10+ |
b)  (1,0) /"
C) (2' oo) —t— /;’Jj T
_3 2 4
d (3 0) / |
"Ii—lo——
Q7 Determine where the graph of the function f(x) i ) jaie (o) Alall Gl il o) 64 ol 2as 7o
is concave down
a) (—%,—1)U (1,0) o
10+
b)  (=1,1) \ . i
C) (—OO, 0) U (0’ OO) et + + + J .
] N\ / :
d) (—00, ) \/, \/
—10+
Q8  Estimate the interval(s) where the curve of the fla) A Shadl Jiall Led o5 Al Sl ) )8 8w
f(x) concave up and where concave down JauY ) jala led S (AN &)yl g JeY ) jaia
a) Concave upward (—0.5,0.5)Ae¥ i Ay [ 1]
Concave downward (—o, —0.5) U (0.5, 0)Jis¥ ,2ie TR
b)  concave upward (—1,1)sle¥ i .
Concave downward (—o, —1) U (1, 0)JisY ,2ie 3 1 >
[e— ?
gé c)  Concave upward (0,1) ey i 1
S Concave downward (=, 0) U (1, 0)JiuY jade i
Q :W \AV
Cg d)  Concave upward (0,0)le¥ i
%g— Concave downward (—, 0)JisY ,aie
=
Mr. Imad Odeh 0507614804
https://t.me/lomaths12 http://www.youtube.com/@imaths2022 https://www.Imaths-academy.com
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Q9 Suppose f is a polynomial function such that Gy A gan Ay f (S 4¢p el
f'(=3)=0,f"(-3)=-25
So ol
a) (—3,f(—3))islocal minimum point ,_%
b) (=3,f(—3)) islocal Maximum point i)
c) (-3,f(-3))is inflection point g
d) (-3,f(-3)) is absolute maximum point g
e
Q10 The graph represents f''(x) Find the interval [ () Jiw ) Gl an ) e adie) 100
where f (x)will be concave upward e SU el ¢l i as )
a)  (=%,2) T
b)  (2,) )
) (—o,) E N I
d ¢ ) /
Q11 The graph represents f''(x) Llasas o) £7(x) Jie g Sl as ) e adie) 110s
Find the inflection point allaaiy)
a) (2,0)
b) (—4,0) NG
C) (2' f(z)) 4 | N 1 ] H
d  (—41(4)
Q12 Whatis the coordinate of inflection point where it lasie iy (A Gl ALE sl 1200
the function change from concave down to o G AN () e (a0 yali (g A
concave upward ey
f(x)=cosx—sinx for 0 <x<2m
5
55
g
=0
%3
o=
=
Mr. Imad Odeh 0507614804
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upward If

Find the interval where f(x) will be concave

ff(x)=x*—4x-5,

O e 13 e il il i angl 130 Yw
-
o)
o
o
g

[»

Q14 Ifthe graph of f(x) has inflection point at (1, —2)

find the value of a and b

die Cillaadl 283 f(x) Alall Sl syl OIS 1Y) 140

bs aoedSiad g (1,-2)

f(x) =ax®—6x*+bx—7

https://www.lmaths-academy.com
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Lesson 3.6 ()
OVERVIEW OF CURVE SKETCHING

Oiloosiall ouoy s dols 5y

Steps that you should take when trying to draw
a graph of y = f(x).

y = F(2). Dl Linie an ) Lol cany ) &l ghaal)

e Domain Jlxall 50>
e Vertical Asymptotes > URPVe | FCH U F-IN INESPY
e First Derivative Information el g 5Y) daideall dz g
e Vertical Tangent Lines ) gaadl Oluas]! Uz
e Second Derivative Information =59 4! dasie]) Ul
e Horizontal Asymptotes a8yl Gbylael! dsgl
e Intercepts 29=all ae aboliall drg
' EXAMPLE 6.1 6-1 Jie

Draw a graph of f(x) showing all significant features.

f(x)= x*+6x3+12x>+8x+1,

lpailad muea Line £(x0) A Gl pns )

a) Find the critical points.
e) Sketch the graph of f .
b) Find the intervals where f is increasing and
decreasing. ’
) Find the intervals where f is concave up and
concave down.
[
=5
EQ- d) Find the inflection points, if any.
[0
Q.
%<
o=
=
Mr. Imad Odeh 0507614804
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EXAMPLE 6.2 6-2 Jba
Draw a graph of f(x) showing all significant features. lpaibad aea line f(0) A Gly o))
I
xX) =
x3 '-s_:)
a) Findall asymptotes, if any f) Sketch the graph of f . 8
Vertical asymptotes : "%
| £
Horizontal asymptote
Slant asymptote 11 T
b) Find the critical points.
C) Find the intervals where f is increasing and decreasing.
d) Find the intervals where f is concave up and concave down.
[
=5
32
[0
g% e) Find the inflection points, if any.
o=
=
Mr. Imad Odeh 0507614804
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EXAMPLE 6.3 6-3 Ji |
Draw a graph of f(x) showing all significant features. lpaibad aea Lne f(x0) A Gl il
2
X) =
| | f@=o— =
a) Find all asymptotes, if any f) Sketch the graph of f . 8
Vertical asymptotes "%
T ks
Horizontal asymptote T
Slant asymptote [ 1 0 L F 1 F 1 1 =
b) Find the critical points. |
C) Find the intervals where fis increasing and
decreasing.
d) Find the intervals where f is concave up and concave
down.
e) Find the inflection points, if any.
Mr. Imad Odeh 0507614804
https://t.me/lomaths12 http://www.youtube.com/@imaths2022  https://www.Imaths-academy.com
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Exercise (xS Yw
Q1 Given x2—4 , 4x . 4(3x% + 2) o 1o K
f(x)_xz_zl f(x)_(xz_z)zl f(x)_ (x2_2)3 %
a) Find all asymptotes, if any g) Sketch the graph of f . @)
Vertical asymptotes ¥ g
e
Horizontal asymptote |
Slant asymptote
b) Find the critical points =
c) Find the intervals where f is increasing and
decreasing.
d) Classify the critical numbers as local Max or Min
e) Find the intervals where f is concave up and concave
down.
[
==
gg. f) Find the inflection points, if any.
ce
S
9]
=
Mr. Imad Odeh 0507614804
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Q2 Ol
Draw a graph of f(x) showing all significant features. lpaibad aea Lne f(00) A Gl il
F) =
X =
x?+1 "5
o
¥ o
he
S
S
o
Q3 (i
Draw a graph of f(x) showing all significant features. leaibad aaa line f(0) DA Gly o))
2x
x) =
F@) =
)
55
S
=0
%3
o=
=
Mr. Imad Odeh 0507614804
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Q4 O
sketch a graph of the function and completely lpaibad aea Line f(00) A Gl )
discuss the graph.
x
X) =
f @ x?+1 =
Q
= o
' o
S
£
Q5 (i
sketch a graph of the function and completely lpaibad auea Line f(00) A Gy an)
discuss the graph.
x
x) =
F@) =
5
55
S
20
%3
o=
=
Mr. Imad Odeh 0507614804
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Q6 (i
sketch a graph of the function and completely lpaibiad muea line f(x) Al Gly anil
discuss the graph.
W == S
x) =
f x2+1 =
o
¥ he
R
S
e
Q7 (i
sketch a graph of the function and completely leailad mea L f1(00) A Gy an)
discuss the graph.
2
X)) —
Fa)=5—
5
55
S
20
%3
o=
=
Mr. Imad Odeh 0507614804
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| Find slant asymptotes of the function Alall L ol Lo glad maen 3a ) |
1) 3x2 — 1 2) 3x2 — 1
X) =——— X)=——"1
e fo0) ==—
-
Q
o
@)
kS
£
3) x3—-2x2+1 4) xS
X) = —< X) =
f( ) x2 f( ) x2 —1
5) ) i 6) ) x*—1
X) = X) =
4 x3+1 / x3 +x
)
55
S
20
%3
o=
=
Mr. Imad Odeh 0507614804
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Find a function whose graph has the given ol L had Sbal) Leliail (585 (Al Allal) as )
asymptotes.

1) x=3,x=-8andy =38 2) x=1lL,x=2andy =3
=
Q
e
O
g
£
3) x=-1,x=1landy =0 4) x = 1,x =2andy =3
5 x=1-x=1y=-2and y=2 6) x =1y = 2andx = 3
=5
S8
[0
%3
S
=
Mr. Imad Odeh 0507614804
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[»

o f % . . T {
s A dilu Ol gruw Alin) Yw
' Q1 Determine the graph of the function Aol Sl Jiad) s 10 | L
2x Q
fx) == =
xc =1
: o
a) b) : =
| =
) d)
' Q2 Determine the graph of the function Al Sl Jiaill s 20 |
2
x
xXE=
FO= s
a) b)
) d)
)
55
g
=0
%3
o=
=
Mr. Imad Odeh 0507614804
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[»

3w‘w
-
QL
i
@)
S

Q3 Determine the graph of the function Alall Skl Jaal) aas
2
x2—1
a) b)
) I d) v
' Q4 Determine the graph of the function Aall L) Jiad) s 40 |
3x?
x2+1
a) / i i \ b)
IREZER R
£\
TARE
(oL
i f \ i
c) d)
i g 2
i 1L :
S8 :
=0
2 -1
o=
=
Mr. Imad Odeh 0507614804
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H Q5  Determine the graph of the function

Al Sl Sl s 5 |
2
x* +4
fo) ="
a) b) =
o
@)
S
9) d)
11
I|I
\K_
TN
\
\
|
' Q16 Determine the graph of the function Al Sl Jiad) s 160 |
1
f(x) =ex
a) b)
c) d)
)
55
S8
20
%3
o=
=
Mr. Imad Odeh 0507614804
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Lesson 4.7 (3

OPTIMIZATION (LioJ! o)l

Shape Area Circumference/Perimeter
Jsal alowll Jasaall
Square &«
A = s?
G P =4s
Rectangle Jihiwe
w A=1lw P=2l+2w
Triangle &b i
A=—Dbh
a c
. h| B P=a+b+c
= A=—absin@
b 2
Circle 3l
A=mr? c=2Tr
Sector sl ¢k
| 1 c=2r+s
’ A=—1%0
= 2
= s=1r0
38 ,.
=9
[0
Ce
£=
—
Mr. Imad Odeh 0507614804
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Shape Volume Surface area Yw
1<) doaac) dalical)
o
O
E
o v =g3 A = 6s° o=
v=1lwh A = 2lw + 2lh + 2wh
w
l
r . —
h
B 1! v=mrih | A=2nrh+ 2nr?
; 4
V=—1173 A = 4nr?
1 2
h v=—=mr°h
15 N 3
S8 ., WA
88
o
S
=
Mr. Imad Odeh 0507614804
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e Draw a picture and label it

e Determine what the variables are and how they
are related.

e Decide what quantity needs to be maximized or
minimized.

e Write an expression for the quantity to be
maximized or minimized in terms of only one
variable.

e Determine the minimum and maximum
allowable values (if any) of the variable you're
using.

e Solve the problem and be sure to answer the
question that is asked.

ia U il gladll q;;ie:‘\snum\ i g
AJL.M&\J;J
dcujd\ﬁcd\.uml\d.\m&jaueu)\
13as 58T llnall Ja A2gall e slall
}\M}S\L@Jh\u\mjlwd\mﬁ\dfmﬁ
‘53@5)3&\ M\u&ﬂ\Jﬁ)}wdﬂ\
PL{IA|

JS A8de daa 5l 6l g <l juatall g g 20
ol lpazn Leie

S1 g e sl sl g Lesa
Al dad

sl ollaall laiall asy (31 el (i)
aal g paiie Aoy Al dad ST o) Al el yiaal
CM\ﬁ'ﬂ!@A“J\ adly oY) aall aaa e
23a) 4eddind (Al il (s o)) L2
()

oY) Adiiall aa )

sl 1 5a Al ddide Waie 65 ) Al aal
5 dll 8k vie Aol el g Bagasa pe

EXAMPLE 7.1

7-1

You have 40 (linear) feet of fencing with which to
enclose a rectangular space for a garden. Find the
largest area that can be enclosed with this much
fencing and the dimensions of the corresponding
garden.

dalice dhals) liSay 53 zlond) (1o s 40 <l
Leibla) (S dalue Sl e a5l A8l 4 Alais
Agaall sl g bl (e ) 13gs
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Exercise (sl

Q1 N 1ox |
A three-sided fence is to be built next to a RN CNOIPU: B PENTRUT PEN o L EPAR TR T
straight section of river, which forms the Aldatiee Adhaial aol Hl uilad) gy (5l 5 ¢ el
fourth side of a rectangular region. The &% 03 1800 s su Adleal) Aalusal) JSI)
enclosed area is equal 1800 ft2. Alaal) dilaiall dlayl 5 Jamall J3Y1 2al) s
Find the minimum perimeter and the Allad)
dimensions of the corresponding enclosure.
Q2 - 20|
A three-sided fence is to be built next to a (0 pise ol )l gy il sall (SO 2l oLy
straight section of river, which forms the Aldaive Ashaial aol I ) (S5 (5315 ¢ el
fourth side of a rectangular region. There 53 96 Jshs gl s, JSAI
96 feet of fencing are available. glaadl el g Adalae dalis aadl (e Sl
Find the maximum enclosed area and the RUEER
dimensions of the corresponding enclosure.
5
[—
=
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o
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A two-pen corral is to be built. The
outline of the corral forms two identical
adjoining rectangles. If there is 120 ft of
fencing available, what dimensions of the
corral will maximize the enclosed area?

8 pdaal) Jalade JS5 | (8 jaa I3 palaa ol A
L 120 <llia IS 1Y) Gaiildata (g ) slaie (pliatine
O g G B bl el Lad izl ) (h
fan ol ) ddlaal) ddlaiall Aalise

Q4

4o |

oD eI
YapO pew]

A showroom for a department store is to
be rectangular with walls on three sides,
6ft door openings on the two facing
sides and a 10ft door opening on the
remaining wall. The showroom is to have
800 ft? of floor space. What dimensions
will minimize the length of wall used?

Allia ()5S Cumy Oy AW e &S e Al
Ol gyl (B 6f ¢t Leie JS (e Ll g
10£t Lease SN Slaall & s AT 455

Sl 32 518002 Liaall Allia daluse cilS 1)
€0 La JBl 0l paall Jsh () 685 Camy Allial

Mr. Imad Odeh 0507614804
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Q5 | ; 5o
Show that the rectangle of maximum area for a Opne aad dalise bl Al () Jilaisdl) o
given perimeter P is always a square. Lo W oS P

-
Q
o
O
he]
S
S
e
Q6 ‘ | 6o
Show that the rectangle of minimum perimeter O oY) asll Al oal) Jalatiaall ol )
for a given area A is always a square. Lo I (555 A Aae dalisd bandl)
EXAMPLE 7.2 7-2 J |
A square sheet of cardboard 18" on a side is made 4 )5 ddan 50 V) Go g sie (35 dolia ol
into an open box (i.e., there’s no top), Oe a5 18 Lrbia Jska s siall ()5l (10 Ay e
by cutting squares of equal size out of each corner Sk Al JS e paall & sludie Clag e g 315k
and folding up the sides along the dotted lines. Find 22 S 93 Geaiall dlal s ) g LY

the dimensions of the box with the
maximum volume.
S s

[1 sum,

%
fad

18 18 -2 5% __ ,'z r
} JA k’f
L—IS 2 i:‘T - 18- 2x
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Exercise (sl
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Q1 1or |
A box with no top is to be built by taking a Gl (e 85 38T PR (e ellad (54 (3 52im piia (Sa
6”by10” sheet of cardboard, cutting x in. squares S (% dan x olie Dlay yo alai s 6 X 10 pslia 5584l
out of each corner and folding up the sides. Find o (o 23 G o Aad aa sl il s )
the value of x that maximizes the volume of the A ol ) 3 priall
box.

Q2 20|
A box with no top is to be built by taking a Gl e 485 330 JA (e el () 5 (3 s aina (Say
12” by 16” sheet of cardboard, cutting x in. a g x olie Dl je paig s 12 X 16 e (5584l
squares out of each corner and folding up the A e Gl x el aa gl il s Al IS e
sides. Find the value of x that maximizes the Aa ol ) G saiall

volume of the box.

Imad Odeh™——
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@ 3c |
a) Abox with no top is built by taking a 6” by 6” Gl (e Akl 24 ok e elhae G5 (3 pdia sl (S
piece of cardboard, cutting x in. squares out of I e lanx (ulie Dlag e gl 5 c6 X 6 (i (584l
each corner and folding up the sides. The four X e A )Y Gl el Gl oy o il sal) s A )

x in. squares are then taped together to form a (B8 S etk (ysa) G (sxia 35S lan da
second box (with no top or bottom). Find the ) Y Gaabiall alaal g sana (e 335 Gl o dad 2a
value of x that maximizes the sum of the eady)

volumes of the boxes.
b) Repeat the problem starting with a4” by 6” )

piece of cardboard. A4 X 6 e g8 Bl e dakad (e Al S (@
EXAMPLE 7.3 7-3 Jus |

Find the point on the parabola y = 9 — x? closest to
the point (3, 9).

(3,9) Akl (e Lo i

F 3

9

3
y=9—2x?
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| EXAMPLE 7.4 7-4
Find the point on the parabola y = 9 — x? closest to 058 sy =9 — % AW e o Ak 2a )
the point (5, 11). 1__(5,11) danill S Le il
S
h)
o
=

&
(5,1 1‘]/.
d

e

(x,v)

Exercise (nlal

“ Q1 1o “
Find the point on the curve y = x? closest to G e 8 585 il 5y = a2 DIl isie e ddadiaa
the point (0, 1). (0,1) ddaaall

oD pewr
YopO peui]
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Q2 ‘ 20+ |
Find the point on the curve y = 2x? closest to L@l o8 Gl gy = 222 WAl aie o 4l aa
the point (2,1). (2,1) ddatall oSy

Q3 30 |
Find the point on the curve y = x? closest to Gy be 8 585 il 5y = a2 D) isie o ddadiaa

the point (3, 4). (3,4) akaill

)
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S
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=
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| EXAMPLE 7.5
A soda can is to hold 12 fluid ounces. Find the
dimensions that will minimize the amount of
material used in its construction, assuming that the
thickness of the material is uniform (i.e., the
thickness of the aluminum is the same everywhere
in the can).

Exercise (mlal

7-5 Jba

oo Cang) Al dai gl 12 310 seall Ao p o i ‘ Yw
a8 deadiaall o) gall a8 (e Qs ) alasY)

oo M) lass of (51) ax o 3ol o off Gl 81 e T

(Al g S s 8

2

£

&
oLl

Q1

1on sl

A soda can in the shape of a cylinder is to hold 16
fluid ounces.

Find the dimensions of the can that minimize the
surface area of the can.

Al daai gl 16 gt J Al shul (5 5le G e dile
a5 ) et dalie JI& ) Adall el 2

0

&
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Q2 20004
A soda can is to hold 12 fluid ounces. Suppose that the Ll e of g e 12 fl oz Sl (e ddall pusis
bottom and top are twice as thick as the sides. Find the a3 A el dlal aa il gal) o i L
dimensions of the can that minimize the amount of sl e Y alef) Aeadiivall salall (5 jaiall el
material used. (Hint: Instead of minimizing surface area, omall Ladll 2a mhaull daludl (5 jaall dagll
minimize the cost, which is proportional to the product of U ae i Al Aalsl) I8 cdand) sl adsall
the thickness and the area.) (bl 5 cladl

! B

saﬂ

EXAMPLE 7.5 7-5 J6a |

The state wants to build a new stretch of highway to link &8 e s )l g judl Gashall e 2as Slsial ol LY 5l 3 3
an existing bridge with a turnpike interchange, located 8 el 85 @l (A Jual 8 223 e oy o s 325k aaliy

miles to the east and 8 miles to the south of the bridge. dniiall pual Y1 (e alia) s sl e rginll )
There is a 5-mile-wide stretch of marshland adjacent to el 4315 Y 1503 o) see iy el Jlsas Jlaal 5 i a
the bridge that must be crossed. Given that the highway 75 ediiall 358 Jao IS )Y 50 (13 10 gl 33kl
costs $10 million per mile to build over the marsh and e s 8 Al ol V) (558 Jae JSI daE8 Y 5o ke
only $7 million per mile to build over dry land, how far to i Ladie juall (3,8 gyl Gookall 55 )
the east of the bridge should the highway be when it § piinall

crosses out of the marsh?

BfElge
5 Marsh
X 8 —x
“13
Interchange
[
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Exercise (mlal

Q12

Elvis the dog stands on a shoreline while a ball is

thrown x = 4 meters into the waterand z = 8 oSy 1) hlall slatl b ikl z = 8 5eldl i Lkl x = 4

meters down shore. If he runs 6.4 m/s and swims

0o Gnld (0.9 i /Ailide ju sy 6.4 e /A0 de

0.9 m/s, find the place (y) at which he should enter Jsmasll o 300 gl el el 4 Jay of g 53 () Q)

the water to minimize the time to reach the ball.
Show that you get the same y-value forany z > 1.

12ww
88 (s Ly (Rl o gl QIS iy R
Q
o
o
e A e
Z > 1Y yaad pd o Glias elil jelal 5 <1 ) E

|

Ball

Elvis y

F A
]
L

Q13

13 “

Suppose a wire 2 ft long is to be cut into two pieces, each
of which will be formed into a square. Find the size of
each piece to maximize the total area of the two squares.

Lagia JS ¢pgindad Y] Al i a8 2 4l gl 8L (o (oa il
o all illea Y] dalisd

[
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S
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Q14

140 “

An advertisement consists of a rectangular printed
region plus 1 in. margins on the sides and 2 in. margins
at top and bottom. If the area of the printed region is to
be 92 in?, find the dimensions of the printed region and
overall advertisement that minimize the total area.

el () ALY Al de gukae d3kaie (e GV (S5
iy e G da s 2 Gl sa s pilall e dap 1
oe anld ey e dun g 92 e suhaall Ahail) dalie CulS 1)
dalid) Jly 3 Jleal) ey 5 de slaall dilaial) Sl

) Ay

Q15

150« “

An advertisement consists of a rectangular printed
region plus 1-in. margins on the sides and 1.5-in.
margins at top and bottom. If the total area of the
advertisement is to be 120 in.2, what dimensions
should the advertisement be to maximize the area of
the printed region?

1 Gl sp () Al Ak de gihae ddlaia e (Y1 ()5S0
i)y e G dan 1.5 (el sa s pilal) e da

ot b cng s dm s 120 0o DU Allan Yl Aalusall il 13
o 8 el i) e gle 585 o Gy ) e
Pie sulal) Zilaiall dalie
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Q15
Suppose that light reflects off a mirror to get from point
A to point B as indicated in the figure. Assuming a
constant velocity of light, we can minimize time by
minimizing the distance traveled.
Find the point on the mirror that minimizes the
distance traveled. Show that the angles in the figure are
equal (the angle of incidence equals the angle of
reflection).

150+ “
VA AREN (e JE1 81 e o (Saly o puall G g b e
co puall de po U (yal iy KGN 8 eia g0 54 LS B Adadil)
Ae shiall dalead) (Wl e 3l Jalis i€y
Wl of i Ae shial) ddludl JIE 3l 8l el e ddail) an f
(S Ay gl g st o ) A ) ) 4 gl JSAN1 (B

Imad Odeh™—

B

— I'-.J—b|

=

T

L~

E =
i

Q15

150« “

A Norman window has the outline of a semicircle on
top of a rectangle. Suppose there is 8 + 1 feet of wood
trim available. Discuss why a window designer might
want to maximize the area of the window. Find the
dimensions of the rectangle (and, hence, the
semicircle) that will maximize the area of the window.

Jalaia (5683 5ia Caal JRUI L (aila ) 53 3380
Zhe 2ia ) (0 8 8 4 7 lia o (i il
) 8L Aalise 334 ) (B M) gil) aanma &y 28 3L (8L

JREN ‘;Asi
Lol iains A 5 jalal) Caias L g Jelaosal) slaol aa
5380 Aalual alaal)

https://www.lmaths-academy.com

[
58
28
20
QL
%<
o=
=
Mr. Imad Odeh 0507614804
https://t.me/lomaths12 http://www.youtube.com/@imaths2022
L

Imad Odeh™——




pe=Imad Odeh

s A g Al ) gl Al
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Q1 1o |
Find the minimum distance from the point (2,1) to the graph of A Jmiay (2,1) daiill (g dilia yuadl 2 )
y=+vx+1
a) V11
2
b) V7
2
c) 3
2
d) V15
2
H Q2 20
An open rectangular box with a square base of side ch eeld )l x ealia sk day je Bacl8 50 - siaa Jilalise (3500a
length x and height h must have a volume of V. = V =32cm3 4 058 o e
32 cm3. 3 ) Laatiall o) sall 40a8 JIE 3 Ry 5 x5 siaal) dlad 2]
Find the dimensions x and h of the box that minimize A
the amount of material used. (S = 2% + 4xh bl Gl (V7 = x%h paaa)) k)

(Hint. Volume: V = x?h, Surface area § = x> + 4xh).

Q3 30 |
A circular sector with a perimeter of 12 ¢m. Find the il a8l ylad caal ol aagl 12 cm adasa gy g Uil
length of the radius of its circle, which makes its area AL el g Uil dalse o)) Lale Sy Le 58] dialie Jaas
as large as possible. Note that the area of the sector is
given by
= A ! l
=—=rl,
55 :
S
Yo r
Ce
S0 l
¢
=
r
Mr. Imad Odeh 0507614804
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Q4 40
You have 60 m fencing with which to enclose a 3a ) JSA et s 40 Ll 60 Adsh gzl )
rectangular space for a garden. Find the dimensions of 132 Lihalal (S Sae dalise ST e diaadl ddaall dal
the garden to get the largest area that can be enclosed by gl —%
this fence. he]
o
he]
l :
: z
A
|
S—. }l‘ -—
Q5 ; 50 ]
A rectangle has length x m and its perimeter is daluse Sl aasl 20 M g5ty 4aine s e x4l sk Jolatse
20 m What is the maximum area of such a rectangle? Joliacall
Q6 6 o

A box with no top is to be built by taking a 12 by 16
sheet of cardboard, cutting x in. squares out of each
corner and folding up the sides. Find the value of x that
maximizes the volume of the box.

GOSN e dadad aladinly e (e ¢ ik (§ sdia g 3
4 sludie Gilay e adaty 3412 in Wease s 16 in b
Al ) gedag ) JS die xin st i S a5k
paa Jaad Al 5 x Aad aa sl (3 s2uall o J sl e oy

Sar byl (3 gauall
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H Q7 7o “
The energy required for a bird to fly at speed v is P o —uliiy de juy ey (SO el 4 W) A3
proportional to P Al 5 pall dadll 333 Al poaa
Find v that satisfies the largest value of energy

1
P=—+cv®, ¢>0
v

Q8 ‘ ; 8- |

Find the maximum area of a rectangle having a base on O Ol o (g3l s dalise 5l 50 Jobatisall daliss 2a )

the x-axis and upper vertices on the parabola
y =12 — x?

https://www.lmaths-academy.com
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Lesson 3.8
RELATED RATES dlad ! YAzl

1. Make a simple sketch, if appropriate.

2. Setup an equation relating all of the
relevant quantities.

3. Differentiate (implicitly) both sides
of the equation with respect to time
(9.

4. Substitute in values for all known
quantities and derivatives.

5. Solve for the remaining rate.

Jand alad 2l oA aiall sdaf 23 s Ald) 180
Slaxall il Y34 g o yias

Ologhaoll dde 0301 05 cdllunoll Jod Lalasch o]

OlaSlg (il bl e c@lunll o dagall

o % (3 g9 00 AT

oas Jhad dlag) 2l (3 S3RAl (p Jay 55 Aolas i

L s VA Eile ) @l il

b A alagY el BEEY) 5 ALl 3aclE Jasind 4

Sl ) ) ol A
ol yiaall o gl i) e Al Akl 3 e
cu);ﬁ u‘)!E,JU

salay) lladl el Jhedl s Al 341 6
EXAMPLE 8.1 -

An oil tanker has an accident, and oil pours out at the rate
of 150 gallons per minute. Suppose that the oil spreads

. . . il "
onto the water in a circle at a thickness of 0 Given that

1 ft3 equals 7.5 gallons, determine the rate at which the
radius of the spill is increasing when the radius reaches

500 feet.

. 1
7.5 05l ot 113 o) el =

https://www.lmaths-academy.com
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EXAMPLE 8.2 8-2 i |
A 10 ftladder leans against the side of a building. If the eonll Ty ) qula e 10 ft Jshe Al S5
top of the ladder begins to slide down the wall at the rate Janay Jlaal) Jind Y GY 331 L alidl (e g5kl
of 2 ft/sec, how fast is the bottom of the ladder sliding Inise alll e il ¢ Jadl BY 351 4w lad ¢ 2 fE/sEC
away from the wall when the top of the ladder is 8 ft off O i e aludl (e g slall ¢ 3all 50 Levie Lailall (e
the ground? 8 ft — =LY

Imad Odeh™—

.‘_
EXAMPLE 8.3 8-3 Ju |
. E - 1 . P N X - - o -
A car is traveling at 50 mph due south at a point ~ mile 2253 4k e 2 5ial) o3 50mph "“J**‘?l‘*l’)“ B ks s
north of an intersection. A police car is traveling at 40 Ge A0Mph e Ao 355 s iy 2 michEl Juel
mph due west at a point 7 mile east of the same oty Alaalll oda B auss adaldll (5,4 FMi 8 adas
intersection. At that instant, the radar in the police car O ALl 4 i Al Jaaall Ada il B jls (Al
measures the rate at which the distance between the two ISRV 5 PENP L ENNTEX [ DL T WA
cars is changing. What does the radar gun register?
¥ Elso
X
o
40
[e—
=5
=8
20
Q.
%<
o=
=
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| EXAMPLE 8.4
A small company estimates that when it spends x
thousand dollars for advertising in a
year, its annual sales will be described by
s = 60 — 40e~%95* thousand dollars. The four
most recent annual advertising totals are given in
the following table.

8-4 Ji |
e ar o all Bl vie 4 }ﬁhs)mi\s)me}ss
4 i) Lglagae Cium g (Saall (e cdind) & Sl Y
mas a0l s = 60 — 40e005% Ay
Ay gl e DU cildlea) dag )l AT ) J saall

Year 1

2 3 4

Advertising Dollars | 14,500

Imad Odeh™—

16,000 | 18,000 | 20,000

Estimate the current (year 4) value of x'(t) and & _sill Jul) Jaeddls x/(8) J (4 4all) A dadll )08

the current rate of change of sales.

agadl

| EXAMPLE 8.5

8-5 Jui |

A spectator at an air show is trying to follow the flight of
a jet. The jet follows a straight path in front of the
observer at 540 mph. At its closest approach, the jet
passes 600 feet in front of the person. Find the
maximum rate of change of the angle between the

et A3 3 el Als ) a5 (g5 e 1 e Jlay
ey 8l el alal agfine Tad 8 230 5yl

alal &ila) 5 )l e eled ddaits 8l vie 5 540 mph
ba g A ) et Jaee 22 600 feet 2 e il
e e (Gl phll Sl Je Lﬁd)&d‘hﬂ\}@\)ﬂ\ s

spectator’s line of sight and a line perpendicular to the A Al 5 ikl
flight path, as the jet flies by.
A
Path of plane _
600H "
| &
> X
Observer
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EXERCISES 3.8 ¢yl

Q1 1or]
Assume that the infected area of an injury is circular. A il Lladll dslaid) of (ia i)
(a) If the radius of the infected area is 3 mm and 1 Jarer 55 e 3 baall dibiall b Caai (1S 13 ()
growing at a rate of 1 mm/hr, at what rate is the $4ladll dalaiall 30l ) Jane Led cdelu/ae
infected area increasing? Sl ot ooy Losie Aubiaal) 3kt 5305 Java 225l ()
(b) Find the rate of increase of the infected area when OSFdamall 138 (5% el dihaie lalbaiass 7 8) s 6 )
the radius reaches 6 mm. Explain in commonsense (1) e 0l (& Jaadll (1

terms why this rate is larger than that of part (a).

Q2 20 |
Suppose a forest fire spreads in a circle with Chaal a3yl (B ) sl 8 3 s
radius changing at a rate of 5 feet per minute. 5 Jaxe as 5l A8 8 .138) 5§ Jasay la )L
When the radius reaches 200 feet, at what ohill Caai oy Lodic 48 jial) dikidll dalue
rate is the area of the burning region 223 200
increasing?
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Q3
A 10 ftladder leans against the side of a building. If the bottom
of the ladder is pulled away from the wall at the rate of 3 ft/s
and the ladder remains in contact with the wall,

(a) find the rate at which the top of the ladder is dropping when
the bottom is 6 ft from the wall.

(b) Find the rate at which the angle between the ladder and the
horizontal is changing when the bottom of the ladder is 6 ft
from the wall.

il e 5l G 513 e caila e 2188 10 4l sk ale (S5
Juail e aludl (a5 4U/a) 81 3 Jaras Lilal) e 13 aludl (4

055 Ladie ALl

055y Ladie Y1 5 alud) o Ay gl 51 4y e 53 Jarall 2a 5l (1)

3

Jailally
O st ¢ all 4y (midsy 3 Jaedl) 2l ()
Liall e aldBl 6 any o il ¢ 5all

Lilall e aldl 6 2ey o Al e il ¢ 5all

Imad Odeh™—

| Q4

4o

Two buildings of height 20 feet and 40 feet, respectively,
are 60 feet apart. Suppose that the intensity of light at a
point between the buildings is proportional to the angle 6
in the figure.

(a) If a person is moving from right to left at 4 ft/s, at
what rate is 8 changing when the person is exactly
halfway between the two buildings?

(b) Find the location at which the angle 8 is maximum.

Jeady g o N sill e had 40 5 L 20 Legeldi ) Gliise
‘pinall o Adag die ¢ geal) 308 () o i) LG 60 Legin

4 dc yu

&b sl ()6 Laxie B A5l 0 s Jane Lab (Al )8l

JSEN (80 Al ) ae i
D) ) cpadl e oay st S 13) ()

¢ ominall G Wl ddluall Cauatia
0 AV 4d () 5S5 ) sl 2a 5l ()
Lol aa ol
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H Q5 5 H
A plane is located x = 40 miles (horizontally) away from e JUae (e (1) S x = 40 dilie e 5 il aa s
an airport at an altitude of h miles. Radar at the airport s(t) Alaall G JUadll 8 o)l iy Juel p g las )
detects that the distance s(t) between the plane and 8 Saes’(t) = —240 Jaeay s jadl) 55 5l o =
airport is changing at the rate of s'(t) = —240 mph. Aslud _8
(@) If the plane flies toward the airport at the constant h =4 @lgli)l o thdlolaih s plall @t 13 (1)
altitude h = 4, what is the speed |x’(t)| of the airplane? |x' ()] 2o lé oy
(b) Repeat with a height of 6 miles. Based on your Skl 0
answers, how important is it to know the actual height of s L «lilila) Je 2l Jual 6 glii) e iy ) S () E
the airplane? 95 jildall el o Ui )Y) 48 ja0 dpan]

Q6 6
A camera tracks the launch of a vertically ascending <€ 13) ¢l see 3l 4008 S po (30Ul | jpdlS 2 i3
spacecraft. The camera is located at ground level 2 2 ) A all (Uil Adaits (o Jie 2 2m e | alsl)
miles from the launchpad. i) Aoy il 1Y) A ) day Aol )yt de
If the spacecraft is 3 miles up and traveling die 3 glii)) e (385 Ladie 40l1/J0e0.2 48 )

at 0.2 mile per second, at what rate is the camera
angle (measured from the horizontal) changing?

Imad Odeh™——
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height reaches 6 ft.
(Hint: Cone volume v = %n’rzh)

Q7 7 o
Sand is dumped such that the shape of the sandpile gl a g de J5 e A S Ja )l JSG Euay Ja )l daday
remains a cone with height equal to twice the radius. If o3 s Janay Doy Jla,ll 1) hadl) o i (5 5l
the sand is dumped at the constant rate of 36ft3/s . ey Lodie il Cami g 2123 (53 Janall 2n 5 3683 /s
Find the rate t which the radius is increasing when the 2816 gy

(v = %nrzh) L) ana rzaali)

Imad Odeh™—

Q8 8 o
A dock is 6 ft above water. Suppose you stand on the s e casi elil i sl L) (558 o8 6 g i) e Cina
edge of the dock and pull a rope attached to a boat at A28 2 58 il Janas )l Ua g e Ss analy Cana )
the constant rate of 2 ft/s. Assume that the boat iy A de pull L elall (5 giie vie J) 3 Y Q) Gl g )
remains at water level. At what speed is the boat (e e 20 22 Ao 05 Leie Caa il g )l g
approaching the dock when it is 20 ft from the dock? fua )l
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Q9
Suppose that you are blowing up a balloon by
adding air at the rate of 1 ft3/s. If the balloon
maintains a spherical shape, the volume and radius

4
are related by V = 3 nir3. Compare the rate at

9u-H

1 ft3/ Jonas o) sel) Alials () 5l iy o 685 il i yidad
Mj?;g\ogé‘gjﬂ\dsigkﬁ;ﬂoju\oﬁ\bj .S
st 5 Jaxa 08V = 2 o 2 ol el
OsS ladie sy = 0,01 0sS Laie sl

which the radius is changing whenr = 0.01 ft o = 0.1
versus whenr = 0.1 ft.

| Q10 10 o |
Suppose a 6-ft-tall person is 12 ft away from an 18 ft-tall Al ghas ) sae e Lt 12 day a8l 6 4l sk aly Uads of (i yi)
lamppost. L3818

If the person is moving away from the lamppost at a rate of
2 ft/s, at what rate is the length of the shadow changing?

L 2 ft/s Jamas 5 U0Y) dsae Co M ol aiy adidl) (S 13
OB Jsla 4r iy 3 Joxall

__ o~
18 ft
6ﬁi
- —
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Q11 11|
Suppose a forest fire spreads in a circle with radius Chual iy G 300 JS3 e iy allle 3 s
changing at a rate of 5 ft / min. When the radius Sft/min Jyew s ks
reaches 200 ft, at what rate is the area of the 055 Ledic 48 jiadl) dihiall dals jad e 2agl
burning region increasing? 2001t s ki Cauas "8
g
£
Q12 120 |

Sand is poured from the pipe with rate 9m3/s So

increase in the height of the sand pile when it
reaches a height of 3 meters.

that formed a conical pile by a height equal to half 8 ol (g gl Lee i ) a5 A dasS JS Cumy
the diameter of the base of the cone. Find the rate of = leic Jall 40 S gléi ) 2l 35 Jare 23 ) Ja g 3l 320

9m3/sec Jxa sl e da) ualy

3m Lels ) S
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Q13 1300
L and M two vertical roads in C, a gas station is @i € Akl L (laalatie Glais )k [, 5 M
12 km on M road from the intersection point C. Ifa bl 4 e 12km 25 M Gkl e 3685 ddass
car moves towards C with velocity 26 km/h. find 26 km/h ic yu L Gohll e 3w s i € =
the rate of changing distance between the car and 3okl G Adlsall jat Jame Led | € Aadil) olad) =
the station when car about 5 km from C o kM5 e sl S lavie 3l daaay O
¢ aklil abis R
£
| Q14 140 |
An isosceles triangle 10 cm each and the angle between Cptitlaiall aalia (e IS Jgha bl il Elia
them @ if the angle change with rate % rad /min. Find e @ i )0 L 453l L8510 cm

the rate of change of the tringle area when 8 = g
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Q15
The radius of a circle is changing at the rate Jaaaag in/s Jaray syl Caal yaiy
1. 4
of; in/s. a Hhad Caal () oK Ladie 5 yilall Aalie s
At what rate is the circle’s area changing 5cm
whenr =5 in?
Q16 - - - 160

Water runs into a conical tank at the rate of 9 ft3/min.
The tank stands point down and has a height of 10 ft
and a base radius of 5 ft. How fast is the water level
rising when the water is 6 ft deep?

ALB)fanSa 028 9 Jaray s A o33 ) elall 3a
Caai g ol 10 4l @l s (il aul 55 & g ga () 3
058y Ladie el (5 gin plii ) Jore 58 Lo o) 5 aiacld L
Salail 6 ddac

Q17

17 “

Water runs into a conical tank at the rate of 10 ft3/min.
The tank stands point down and has a height of 4 ft and
a base radius of 6 ft. How fast is the water level rising

A.SASJ/n_uSA a2 10 Jama ‘;L.j?'u L?\J's &) elall Baay
0553 Latie elal) (5 gine £185 ) Jare 58 Lo alal 6 adacld L

when the water is 2 ft deep? $albl 2 diac
— - i i
N— T
™, Vi
, \ /_/
N, /
, //
] ™, ;
L real  F
_= S i !
Eﬁ \ : /
QQ‘ \\ nt /
Q-o L
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S
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Lesson 3.9 (sl
polally SLaiBYl § padl &Yume
RATES OF CHANGE IN ECONOMICS AND SCIENCES

EXAMPLE 9.1 9-1 Jis
Suppose that o bad e
C(x) = 0.02x% + 2x + 4000
is the total cost (in dollars) for a company to produce x Gilatia e dan g X il A8 d) aa Hall AdlSEl) Jlea) 58
units of a certain product. AAK) Aad aa ) Aama
Compute the marginal cost at x = 100 and compare this 100 WY Auladl) AdSslly g3 )iy x = 100 e daall
to the actual cost of producing the 100® unit Bas
EXAMPLE 9.2 9-2 Ji |
Suppose that Ol A e
C(x) = 0.02x% + 2x + 4000
is the total cost (in dollars) for a company to produce x x WY A<l Lelaats Al (LY 5all) dallea) AdlSal) o
units of a certain product. Cpne e (e Cilaa g
Find the production level x that minimizes the average Lo sial (5 pall dadll (33a (53 x Z LY (5 sl 2a )
cost Al
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EXAMPLE 9.2

9-2 Ji«

Let R(x) be the revenue and €(x) be the cost of
manufacturing x items. Profit is defined as

Find the maximum profit

P(x) = R(x) — C(x)
R(x) = 10x — 0.001x?
C(x) =2x+ 5000

EXERCISES 3.8 ¢pyles

O X @il 4SS g8 C(x) 52 0Y) 52 R(x) oS
w4l ozl Gy jpad oy | jualial)
S
he)
o S
S
e

Q1

1|

find the marginal costat x = 30

If the cost of manufacturing x items is C(x)

C(x) =x3+20x*+90x + 15

2 C(x) @@Ax@ﬁdiﬂﬁu&b)
x = 30 e daal) a8l
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Q2

Suppose that €(x) = 10e%%2* is the total cost
(in dollars) for a company to produce x units of
a certain product.

a) Compute the marginal costat x = 100

b) Actual cost of producing the 100t unit

c) Find the production level that will minimize

2
& C(x) = 10e%9%2% ) = sl
Glas gl e ZUY Y gally A Al

x = 100 LY daal) 4 an ) (

Imad Odeh™—

x = 100 Y dbed) A 0 ) (o

8 Al giall A Jany )5 Y (5 siasn 2 ) (>

the average cost. OSay L
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H Q3  The cost of manufacturing x items is given by

a) Compute the marginal costat x = 20

b) Actual cost of producing the 20t unit

c) Find the value of x that minimizes the average
cost

ALy axi jealic x ariad 4805 CulS 13 3 u |

C(x) = 0.02x?% + 20x + 1800

x = 20 Y dpoall A sl (@

x = 20 Y dbed K s (&

ol Al Giny (M) x Y (5 fle 225l (2
283 Lo i)

Q3

3u-H

Suppose that C(x) = 0.02x? + 4x + 1200 is the cost of
manufacturing x items. Show that €'(x) > 0 and explain
in business terms why this has to be true. Show that
C"'(x) > 0 and explain why this indicates that the

WS o C(x) = 0.02x% + 4x + 1200 o o= il
oshie Ge 585 C () > 0 O Dl saa s x gl

Lasa 138 068 () ang L (gl

dddee Of 138l 3 #5805 (€7 (x) > 0 Of

manufacturing process is not very efficient. Al Allad i it
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EXAMPLE 9.3 9-3 Juix |
Suppose that o sk e
f (p) = 400(20 — p)

is the demand for an item at price p (in AED) withp < P <20 S pa il pomes (e e il 7
20. bl &g e (] [
(a) Find the elasticity of demand. E < —1d=ai A el gae 2a gl (@ 8
(b) Find the range of prices for which E < —1. Compare LURRCAR PO PV SPJPN [ PR PRSP -
this to the range of prices for which revenue is a p J il <
decreasing function of p. E

Q4

4 o

Suppose that f(p) = 200(30 — p)is the

a) Find the elasticity of demand.

elastic (E < —1)

demand. f(p) =200(30—p)

b) Find the range of prices for which the demand is Oua ) odie &6G A pad) gaa 22yl (@

o bl Al o) p= i e

llal) Aigpa 22 (I

(E<-1)

[e—
=5 . . . )
5& c) Compare this to the range of prices for which Sl Bl oalacls aad ) ) 530 (2 (o
g o  Tevenue is a decreasing function of p.. il Alad) Jaay (o)

Q.
%
o=
=
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EXAMPLE 9.4

9-4 Jis |

In an autocatalytic chemical reaction, the reactant and
the product are the same. The
reaction continues until some saturation level is reached.
From experimental evidence,
chemists know that the reaction rate is jointly
proportional to the amount of the product
present and the difference between the saturation level
and the amount of the product.
If the initial concentration of the chemical is 0 and the
saturation level is 1 (corresponding to 100%), this
means that the concentration x(t) of the chemical
satisfies the equation

x'(t) =
Find the concentration of chemical for which the reaction
rate x'(t) is a maximum

Uelaial o gall 4L Saatll 15 Slasl) Jelal)

Ao e i Jeliill Aoy () A yadll A0Y) (e i)
& (5 sina s 0 s Apbiasll salall (e (J5Y) 38 il S
salall x0(£) S5 O (e 1363( 100% Bl ) 1 5
Ualaal) soay 4Ll

rx(t)[1 — x(t)], wherer > 0isa constant.

X' () Welelii de o a4 Juai (53 Ailiasll 3alal) 58 55 aa
oalaall Zogll

| EXAMPLE 9.5

9-5 Ji |

Find the value of x at which the rate of change of pH
is the smallest. Identify the corresponding point on
the titration curve in Figure

x
px)=c+ lnm

JEETENPCOVS PV 0| Ve R AED PI Bl DV JPN
bolzall Jiaie e Alall sl sas laa phaa pH

L4

ml of base added

https://www.lmaths-academy.com
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EXERCISES 3.8 ¢yl

If the concentration of a chemical changes according to the AU Alolaall 5 paty ShaasSl S S IS 1)
equation

x'(t) =2x(t)[4 — x(0)]

Q5 Sww
-
Q
o
)
E
£

a) Find the concentration x(t) for which the Jeliill de yud dad LSl iay 2 35l an )
reaction rate is maximum

b) Find The Limiting concentration. S5 asm 2a ) (2
Q6 6
If the concentration of a chemical changes according to the Al Adalaall L8 g juady Alasl) 58 8 IS 1Y)

equation

[
=
S0
%
o=
=
Mr. Imad Odeh 0507614804
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x'(t) = 0.3x(t)[4 — x(t)]
Find the concentration x(t) for which the Jeldill de pud dad S 53ay (A S il aa gl (&
reaction rate is maximum
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Q7
In the titration of a weak acid and strong base, the pH
isgivenby ¢ + lnﬁ ,
where f is the fraction (0 < x < 1) of converted
acid. What happens to the rate of change of pH as x
approaches 1?7

7 o
- s shell Bl sany Ay B 5ae B ae Ciueia (faan b jlae e
X

H = 1
p c + nl_x
x Jailadic pH A il Jaed Sy 3L (0 < x < 1)
1

Imad Odeh™—

EXAMPLE 9.6

9-6 Juix |

Suppose that the mass of the first x meters of a thin rod is

given by f (x) = v2x. Compute the linear density at x =
2 and at x = 8, and compare the densities at the two

G ) Sre anad (e ) HUGY) GRS o (a8 e
Cuald £ (x) = 2x Dally Laas
MBS iy = 8 die g x = 2 e Aadl) A

points ki) xie
e /"’___'
T

[
58
5
20

QL
%<
o=
=

Mr. Imad Odeh 0507614804
https://t.me/lomaths12 http://www.youtube.com/@imaths2022 https://www.lmaths-academy.com
. Imad Odeh




pe=Imad Odeh

EXERCISES 3.8 ¢S

Q11 11 o Yw
The mass of the first x meters of a thin rod is given by the b faee il e V) e x JVALS culS 1
function m(x) on the indicated interval. sllnall 55l 3 () By 2
Find the linear mass density function for the rod. Briefly =~ .kl S 4 Goaad)l Coadll AWK GV Ll Al 2a ) O
describe the composition of the rod. ) il S i jlaialy "g

a) m(x) = 4x — sinx gramsfor 0 <x <6 £
o

b) m(x) = 4x grams for 0 < x <2

c) m(x) = (x — 1)+ 6x gramsfor0 < x <2

d) m(x) = 4x2 grams for0 < x < 2

Q11 11 o |
Suppose that the mass of the first x meters of a thin rod is WMy b ad ) (g e x s ALS (o oyl
given by m(x) = 20 + x? for 0 < x < 4. 0<x<4 Zsmx)=20+x*

Find the density of the rod and briefly describe the )
composition of the rod. AS i Dl 7 5l catl) 4GS 2a )
)
[—
S
gsh
20
Q.
%
o=
=
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The electrical circuit shown in Figure includes a 14 — ohm o) 14 o stie JSal) (8 Lissall 20 < 5 lall el
resistor, a 2 — henry inductor, a 0.05 — farad capacitor 310,05 iSas (5 2 Galaas Blal g
and a battery supplying 232 volts of AC current modeled by 41l z3aiall 23 jiall ill (e <l 5d 232 alaa) 4y )ty
the oscillating function 232 sin 2t, where t is measured in 232sin 2t Lh3
seconds. i gl e 3l 8 bl aad | )AL Gl ) Cas
Find the current in the circuit at any time &.

Q(t) = 10e75 + 2te %! + 3 sin2t — 7cos 2t coulombs

14 ohms .05 farad

Flmad Odeh '
EXAMPLE 9.7 9-7 Jb | Yw
=
L
<
@)
s
£

|(
AN iy

2 henrys

oo N |
w1

232 volts

EXERCISES 3.8 ¢pyls

Q8 8 o«
Suppose that the charge in an electrical circuit is Q(t) gl Q(t) WBally aad 400 5eS 3 Hla A Al ) (a8
coulombs. Find the current Bl

Q(t) = e % (cos 3t — 2 sin 3t)

Q9 9
Suppose that the charge in an electrical circuit is Q(t) Ayl Q(t) ABally axd 300 4eS 3l A Al ) L
coulombs. Find the current okal

_ -3t o
- Q(t) = e sin2t
2
Q.
o
Q.
¢
=

oD peWI

Mr. Imad Odeh 0507614804
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Q10

coulombs. Find the current

10 H
Suppose that the charge in an electrical circuit is Q(t) Ayl Q(E) ABNally aat Al 5eS 30 (B Al ) )
okl
Q(t) = e 3 (cos 2t + 4 sin 3t) =

L

o

@)

kS

=

| EXAMPLE 9.8

9-8 Ji«

equation p'(t) = 2p(t)[1 — p(b)] (the
logistic equation with r = 2). Find the population for

maximum. Interpret this point graphically.

Suppose that a population grows according to the Aalaed) Al ary S saill o (58 e

which the growth rate is a obonll dall sa saill Jane 48 (558 (53 JlSd) daadll s

EXERCISES 3.8 ¢yl

p'®) = 2p®[1 — p®)]
(r =2 Hadinldgua i)

Loly ddaaill oda yld

p'(t) =2p(®O)[7 - 2p(D)].

Q12 12 ou
Suppose that a population grows according to the logistic (s sll) gl Alaleal 8y Jany ISl saill o)) (2 8
growth equation. alal

Find the population for which the growth rate is = 4edll JlSull saill Jare ladie Juay Al 5 SISl alaadl) aa

GAM‘

a maximum.
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Q13

13

Suppose that a population grows according to the

logistic growth equation.

Find the population for which the growth rate is

a maximum.

p'(®) =4p®[5-p@)].

o) Ol Cubol

Lol S saill Jana ladie Juay Al 5 Sl dlaadl) aa )

aull s S

‘;AL’J‘
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