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Unit 7: Integration Techniques
and First-Order Differential

Equations
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Integration Techniques and First-Order Differential Equations

Unit 7

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

Lesson 1

Review of Formulas and Techniques

— * Compute integrals using direct computation and rules.
Objectives * Compute various integrals using integration by substitution.
* Compute integrals using completing a square before integrating.

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

Basic Integration Formulas
r+1
Xy = X
r+1

Mr. Abdalla Abouelnaga

+¢, forr # —1 (power rule) / 1.1 dy=In|x|+¢ forx#0

Mr. Abdalla Abouelnaga Mr. Abdalla Abouclnagca

/sinxdx=~cosx+c /cosxdx=sinx+c
/seczxd.i'= tanx + ¢ /sec:&.‘tanx dx =secx+c¢
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga
/csczxdx=-cmx+c /cscxcolxdx:—cscx-}-c
/e"'dx=c""+c /e"‘dx=—r3""+c
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouclnaga
1z d o l - =1 ..
amxdy =—In|cosx| + ¢ sinT x4+ ¢

1
——dx =
/ V1 — x2

;| -
dx=tan”" " x+c¢
14 x2

/ / "
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga |II A 1

cotxdx = In|sinx| + ¢

ExampIEI 1 1) Evaluate j(xz —3x — S)dx Mr. Abdalla Abouelnaga

dy =sec ' x+c¢

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga Mr. Abdalla Abouclnaga Mr. Abdalla Abouelnaga

Mpr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 1




2) Evaluatej(x2 —5)%dx

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

1r alls \Inaos Mr. Abdalla Abouelnaga
Mr. Abdalla Abouelnaga Mr. Abdalla Abouclnaga S

3) Evaluate:  [(x% + 4)%dx

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

Generalizing a Basic Integration Rule

rules , for a, b any constant numbers

[cos (ax+ b)dx = %sin(ax+b)+c

. -1
[ sin (ax + b) dx = — cos (a x + b) +c
a Mr. Abdalla Abouelnaga
- Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

[ sec(ax + b) tan (ax + b) dx = %sec (ax+b)+c

[ ecsc(ax + b) cot (ax + b) dx =_71 csc(ax+ b)+c

1 1 1 (X
——— dx=—tan (—)+c
a“+x a a
1 1 x
— dx =-tan™! (—) +c
f1+(£)2 a a
“ Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

1
feax+b dx= Z eax+b +C

Remember %dx =In|f(x)| +c

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 2




1)Evaluate [ 5cos (2x) dx

Mr. Abdalla Abouelnagz
- Abdatia Abouemnaga Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

2)Evaluate | 3cos (3 —x) dx

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

3)Evaluate | cos (

Wl =

) dx

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 3




Example :2

3
1) Evaluate | —— dx 2)Evaluate [——
16+x 125+5x2
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

1)Evaluat —d 2
)Evaluate 2w 2)Evaluate [ ——dx

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga
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Example :3 Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

use the rules to find each integral

. 2) | sec(260)tan(20)d6
1) jsm(6t) dt ) (20) (20)
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

3
3)fe3‘2x dx 4) fﬁdx

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

Completing Square

x2+6x—5 2 +2x —x*

—(x% —
(% (x coefficient))? = G (6)))2 —9 2 —(x" - 2x)

(l (x coef ficient))* = (l (_2))2 -1
x?+6x+9-9-5 2 :

Mr. Abdalla Abouelnaga Mr. Abdilla Abouelnaga ) Mr. Abdalla Abouelnaga
(x2+6x+9)_9_ 2—(x —2x+1)—(—1)
—(x2 —
(x+3)(x+3)—14 3-(x"-2x+1)
(x+3)2-14 3-(x—-D(x-1)
3 — (x—1)2
Mr. Abdalla Abouelnaga Mr. Abdalla /flouelnaga Mr. Abdalla Abouelnaga

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 5




Example 4 r. Abdalla Abouelnaga

1) Evaluate

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Vs
3)Evaluate : [ * sec’x e"*™*dx

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

4
fS+2x+x2dx

Mr. Abdalla Abouelnaga

2)Evaluate: [

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

4) Evaluate : [ n
4

Mr. Abdalla Abouelnaga

1
—dx
V—5+6x—x2

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga
sinx

cos?x

Mr. Abdalla Abouelnaga

Ir. Abdalla Abouelnaga
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1)Find f:x Vx — 3 dx 2)Evaluate : |

dx

1+x6

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

5 t+1

X
4)Evaluate | T——dx >) Bvaluate: [ —m————dt

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

. Al Inaos Mr. Abdalla Abouelnagz
Mr. Abdalla Abouelnaga r. Abdalla Aboucinaga Mr. Abdalla Abouelnaga

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 7




Exercise 4.2

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

X
—— ifx<1
) 2 : (x2+1)
Fmd:f0 fdx if f)={" .
> ifx=>1
x<+1
Mr. Abdalla Abouelnaga
r. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

An Integral Requiring Some Imagination

Example :5

4x + 1

Evaluat
”a”“612x2+4x+10

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga
Mr. Abdalla Abouelnaga
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 8




. » . 4x+1 4x+4-3
Rework the previous example by rewriting the integral as: fm = fmdx

. A1 \naos Mr. Abdalla Abouelnaga
Mr. Abdalla Abouelnaga o Mr. Abdalla Abouelnaga

Remember: fmdx =In|f(x)| +c

f(x)

Mr. Abdalla Abouelnaga
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

. Al naos Mr. Abdalla Abouelnaga
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

5 Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga
Exercise 5:1
3

x
X
1) Evaluate [ —dx 2) Evaluate j mdx

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga Mr. Abdalla Abouclnaga

Mpr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 9




5

3) [ ——d
——ax
) 1+x*
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga
Mr. Abdalla Abouelnaga
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

4)Find fﬁ dx

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouclnaga
5)find f ——dx
x4+ x
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaca
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga
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Mr. Abdalla Abouelnaga Moe Exams ;*-Q-ILM Aﬁ)\‘}} Cliladial Mr. Abdalla Abouelnaga

Term 3 2023 sls)) il 2024 SR/l ) il 5 gl il A ASanzna ALY Mathematics G2 Advanced
et Questions which included in MOE Exam Term3 (2024)

hecs
P |
—3csc3t+c¢
B

Evaluate the integral. Jalkil) das angf

fcsc3tcot3tdt jcsc 3tcot3tdt

1
—— 3t
3csc +c

0505114830 wlualy i Jof alea Lol gl dblae Mi)

1
——sec3t+c¢
3

csc? 3t cot? 3t

3 3+c

Mr. Abdalla Abouelnaga Gokills Tl goaall U0 2l o il g AT 538 5 S1n g pgh b il ¢ il s o F

7.3 b3 ealaill & Al Gabal Ul J) sl el

Integrate trigonometric functions using the substitution x = a sin(y), x = a tan(y), x = a sec(y)

>
=
<
o~
o
-
]
1
(0]
S
2
>
()
[~
"=
E

Ll Gy gl s (S
Term 3 e 2024 S it s 15550 flasal () Azl ) Mothematices Gl12 Advaonced
L] | i f nartrneMmoalics il Aaavoncca
RuaS v Questions which incllided in MOE Exam Term3 (2024)

E Evaluate the integral. JJalsal) dad sl

X X
—_—d¥ —d
fo2—4 ) j\}x2_4 *

gl adna Ladll gl dilage JELY

0505114830 <beal

Mr. Abdalla Abouelnaga sy Pl ! TS | paal USN  jLai g AEYT 038 5 S10a g pgd (2 g 1 RN g
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Term 3 e 2024 B a5 Juaill 5155l latal 8 et} ALY) Moathemotics @2 Advanced
2022.2023 ¢l glasal Questions which included in MOE Exam Term 3 (2024)
“ Evaluate the integral. LJalal) b aagf

fsin (E) dx,a+ 0

ﬁ —acos(§)+c,a¢0
ﬁ —%cos(%)-}-c,aio
-asin(§)+c,a¢0

1

ﬁ ——cosx+c,a+*0
a

Mr. Abdalla Abouelnaga sl 5 Lty panll e (oen jdall I el AY) 030 8 S10a g agd (B gia) ; ) 6508

Term 3 —— 2024 S30) el 30 el 5§50 (el A Liaiall ALl Revanced
= - Ieisdel W 0 SVER g e LR g s MAaTtnemaoatic AGvVanceo
2022.2023 p! : Questions which included in MOE Exam Term3 (2024)

“ Evaluate the indicated integral. giaadl 48 Jalal] Aad g

[z + 1) a [z + 1)

>
S
<
N
b
@
=
<
o
U}
=
=
i
P
2
[~
K
L=
[N

0505114830

5
2x2 +x
5 2

x2\/x

ﬁ > +x+c

5
K 2+x+tc
5

>
e
<
o
A
)
-
]
1™
]
E
=
b
>
)
(-
|
[~
£

0505114830 ladly )il Jgi alaa  Ladll gl dlase 3Ly

2x2

ﬁ T+X+C

T S B P e B P e ——
Mr. Abdalla Abouelnaga Askilly Pl uaal LG o jal) QN (el ABY 530 8 8120y a3 2 agial 1 BN g 350
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Term 3 s 2024 S0 a2l Juaail] 5136 Saial B adial) AL
2022.2023 plal) Sazal Questions which included in MOE Exam Term3 (2024)

E Evaluate the integral. JJalkal) dad aagl
1 1
f1+4x2dx fl+4x2dx

1
ﬁ Etan‘l(Zx) +c

e 1
n Esin‘l(Zx) +c
2tan lx+ ¢

Final Revision Grade12 Adv

0505114830 <l il Jgf alea Ladl) gif e HELY)

ﬁ 2sin 1(2x) + ¢

Mr. Abdalla Abouelnaga Gy Pl aaall S il QIS oy Ly ARG 026 5 500 s agd B sgial 1 GalhY 555

Term 3 . 12024 ST Bt G ST Mathematics GIZ2 Advanced
Lad| il g 1 maTICsS O Advanceo
20222023772} Questions which included in MOE Exam Term3 (2024)

ToJ Nl Part 3 Writing (&S ) &0l ¢ ad)

Evaluate the integral.

2
— dx
J«/7c+x

Final Revision Grade12 Adv

0505114830 <ilual ) J5i alea Lol gl dilae JELi

Mr. Abdalla Abouelnaga ‘ sl Uil aaall 05T sl My ) ity ALY 530 5 ySh3a g agd 8 25l B 5550
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2021.2022:111 5 Questions which included in MOE Exam Term3 (2024)

1 -1
ﬁitan x+c
1 -1
ﬁ Esin x+c

Evaluate the integral. ekl Aol aa gl

[ 2
4+ 4x? f4+4x2d"’

Mr. Abdalla Abouelnaga

Final Revision Grade12 Adv

Term 3

" FRA TR Mathematice G12 Bdvanced
Ladi (el ctThemaTics Lld Aovanceo
AUEGA0E% Questions which included in MOE Exam Term3 (2024)

Evaluate the integral. el Lad af

J' SI:}E& - f si:}:E Vx

dx

ﬁ—ZSIn\/EH'
ﬁ—2cosﬁ+c
2cosVx +c
ﬁ 2sinVx+c¢

0505114830 <lesbi )l Jol alea Lokl gl dilase Il

Mr. Abdalla Abouelnaga Gty I all AL pall ISRy Ll y ALY 530 58120 agh 28l s AR 555
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Questions which included in MOE Exam Term3 (2024)

Evaluate the integral.

1
——dx
J.\/?;—Zx—ar:2

|| sln‘l(x+1)+c
2
1 1 x+1
ﬁ Etan'( )+c
B X
Ssin™?

1

—_dx
V3 —2x — x2

J

Mr. Abdalla Abouelnaga

2021.2022W1 glatal

2024 SIEY ) Jealll 615 el A bl oy

Al y Pty wpanl Alial pus phall S 2y el g A5 020 5 STy pgd A s © RN 500

Mathematics Gl2 Advanced

Questions which included in MOE Exam Term3 (2024)

Evaluate the integral.

2
N j cos2x sinx dx
=
g
5]
=
- cos> x .
~ c
& 3
£ 3
g sin’ x
c
3
cos3 x .
c
3
- sin3 x N
c
3

Jalsl] Zad

I cosZx sinx dx

Mr. Abdalla Abouelnaga

gty plaly

feall LIS o bt S g AT 020 5 Sk g pgh (50 ¢ B g5
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Unit7: Integration Techniques and

First-Order Differential Equations
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Integration Techniques and First-Order Differential Equations

Integration by Parts

Unit 7

Lesson 2

Objectives * Learn the notion of integration by parts.
* Use integration by parts to compute definite and indefinite integrals.

Introduction

% [f(xX)gx)] =f(x)gx)+ f(x)g'(x) Using Product Rule

d
fa [f(x)g(x)]dx = ff’(x)g(x)dx + ff(x)g’(x)dx If you integrate both sides

fx)g(x) = ff’(x)g(x)dx+ ff(x)g’(x)dx Rearranging the equation
[ rwg@ax = e - [ r@gwas
Let u=f(x), v =g(x)

du=f'(x)dx, dv=g'(x)dx
judv =uv - fvdu Al This is known as Integration by Parts|

1

Easier to integrate.

IFeleqelstbtaton @D eI Ml Evaluate: [ x cosx dx J’u dv =uv - J” vdu
\ V.

u dv

mf_h
[X cosxdx =7 o ‘

u=»Xx dv =cosxydx Set u equal to a function Set dv equal to a function
to d-ifferentiate . tointegrate iy

AU = dX - Cr— i, — jcosxdx = sinx

Fill in 22w and § vdu to the formula

Rule :fudv = uv— [vdu Iudv=uv —_fvdu

fx cosx dx = xsinx — j sinx dx

??? What will happen if you choose

J x cosx dx = x sinx + cosx + ¢ u= cosx and dv=x dx?
Will you get an easier integral?
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IR 1)Evaluate: [ x e?*dx

Evaluate: [ cos™'x dx

Evaluate: [ In(x) dx
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Repeated Integration by Parts

Example: 2 JZIBEICE fxz e 3¥dx

Repeated Integration by Parts with a Twist

I eTins el Evaluate: [ e” sinx dx
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1)Evaluate: [ e*cos2xdx

2)Evaluate: [ e*(Inx + i)dx by using integration by parts on [ e*Inxdx
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Definite Integral by Parts
2
il Evaluate: [ x In(x)dx

1) Evaluate: f:ecosxsiandx
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1
2) Evaluate: [ x tan™"x dx

Using Substitution and Parts in the Same Question
IDEh Rl Evaluate: [ x3sin (x2)dx
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1) Evaluate: [ eV¥dx

2) Evaluate: [ sin(lnx) dx
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2) Evaluate: [ sin(Inx) dx You can solve it
directly by parts
without using

substitution.

Reduction Formula
j x"eXdx =

Using Integration by Parts

u=x" , dv = e* dx

du=nx"1, v=fexdx=ex

jx"exdx = x"eX —njx""1 e* dx

for n>1 weneedto Reduction formula

repeat integration by parts Jx”ex dx =x"e* — nj x™ 1 eXdx

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 8

26



IR EIid Gl Evaluate [ x*e*dx using reduction formula.

1)Evaluate [ x3e™3*dx
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2)Evaluate: f%xzcos (Vx)dx
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Evaluate the integral. Jalkll Aad angf

f In(2x) dx f In(2x) dx
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2021.2022¢1+ 1 Questions which included in MOE Exam Term3 (2024)

1 ﬁ Evaluate the integral. Jalsl A as é
= |
o f *In dx f x*Inx dx 3
-‘_‘uE* 1
:
8 )
£ Bnx 13 3
| -5
% ﬁ Inx ~ f e %

3 3
BInx a3
e | g— bt
ﬁ x3Inx x_z ve
3 3
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ﬁ Evaluate the integral. LJalsal) dad 2
2 2

f xe*dx [ xe* dx
1 1

2024 SIEN ol 0 a5 g0 (AT A Al AL
Questions which included in MOE Exam Term3 (2024)

Evaluate the integral [x sec? x dx

> secd x :
sbdallxtanxd=c: Abdalle—==sthi@a xtanx — [tanxdx (xtanx i |secxdx
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Unit 7:Integration Techniques and

First-Order Differential Equations
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2
RADICAL FORM . sussTiTUTION IDENTITY RESULT
a2 — x2 xr — asin(O) a cos(8)
vaz + x2 x = a tan(8) a sec(8)
x2 — a2 x — a sec(€) a tan(€)

Lesson 3 : Trigonometric Techniques of
Integration
AGEAN J) gal) Jalss  3i) o s yald

Grade 12 Advanced
P8I0 puc Wl

= M Aol

Mr. Abdalla Abouelnaga
0505114830

Student Name ((wJlall ouwl)
Class (wanll)




Integration Techniques and First-Order Differential Equations

Trigonometric Techniques of Integration

— * Integrate functions of the form sin™(x) cos™(x)
Objectives * Integrate functions of the form sec™(x) tan™(x)
* Integrate functions using the trigonometric substitution x = a sin(0)
* Integrate functions using the trigonometric substitution x = a tan(0)
* Integrate functions using the trigonometric substitution x = a sec(0)

Basic Integration Formulas

r+1
/ ¥dx = : +¢, forr # =1 (power rule) / 1\ dy=1In|x|+¢ forx#0

Unit 7

Lesson 3

+1
fsinxdx=-—cos.x+c /cosxdx=sinx+c
/sccz:rd:c=t;mx+c /sec:ctanxdx=scc:c+c
/csczxdxz—cot:r+c /cscxcmxdx=—cscx+c

fe"'dx=e"'+c /e""'dx=—e""'+r:

/ tanx dx = —In |cos x| + ¢

/ 1 dv=tan ' x+c¢

1
1+ a2 -/-|I|‘\f‘f.1'2—'1

f cotxdx = In|sinx| + ¢

1

dy =sin""x+c¢

[ w=

dv =sec ' x+c
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Trigonometric identities

When we have other trigonometric functions or combination of trigonometric

functions, we are going to use substitutions or by parts (or we may need other
techniques as we are going to see)

Here are some identities that will help us to do so:

Pythagorean Trigonometric Identities:

. 2 2. _
sin“x + cos*x =1 sec’x —tan®’x =1 csc?x —cot’x =1
o 2
sin°x =1 — cos*x sec’x = tan’x + 1 csc?x = cot’x + 1

2. _ . 2
cos’x = 1 — sin’x tan?x = sec’x — 1 cot’x = csc?x — 1

Double Angle Identities:

sin2x = 2sinx cosx ,  €0s2x = cos’x — sin®x
2 2 1
cos2x = 2cos“x—1 -, cos°x = 5 (1 + cos2x)

1
cos2x =1—2sin®’x — , sin’x = 5 (1 — cos2x)
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The Integral on the form | [ sin™x cos™x dx , m and n are positive integers.

Case 1: m is an odd positive integer:

< Isolate one factor of the sine function.
“ Replace any remaining factors of sin®x with 1 — cos?x

4+ Make substitution u = cosx

Example: 1 Evaluate: [ cos*x sinx dx

1) Evaluate: [ cos*x sin3x dx

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 3
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2) Evaluate: [ cos3x sinx dx

0 .
3) Evaluate: [z v/cosx sin3x dx
3
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The Integral on the form W [ sin™x cos™x dx , m and n are positive integers.

Case 1: n_is an odd positive integer:

4 [solate one factor of the sine function.

< Replace any remaining factors of cos?x with 1 — sin?x

4 Make substitution u = sinx

B &l PN Evaluate: [ Vsinx cos®dx

2) Evaluate: [ cos3xsin*xdx
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The Integral on the form W [ sin™x cos™x dx , m and n are positive integers.

Case 2: m and n are both Even positive integers:

Reduce the power of the integrand using half-angle formula.

1
cos’x = %(1 + cos2x) or sinx = > (1 — cos2x)

Example: 3

1) Evaluate: [ sin®x dx

2) Evaluate: [ cos*x dx

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 6
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1) Evaluate: [ cos?(x + 1)dx

Integrals of form [ tan™x sec™xdx , mand n are positive integers

Case I: mis an odd integer

%+ |solate one factor of secxtanx

“* Replace tan®x by sec?x — 1

4= Substitute u = secx then

du = secx tanxdx

Example: 4

1) Evaluate:[ tan3xsec3xdx
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Integrals of form [ tan™x sec™xdx , m and n are positive integers

Case 2: nis an even integer
%+ |solate one factor of sec?x

+ Replace remaining sec?x by tan’x + 1

4 Substitute u = tanx then du = sec?xdx

Example: 5

1) Evaluate: [ tan®xsec*xdx

A
Evaluate: [*tan*xsec*xdx
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Integrals of form [ tan™x sec™xdx , mand n are positive integers

Case 3: m is an even positive integer and n is an odd positive integer:

=+ Replace tan?x by sec?x — 1

= Then evaluate the integral which is in
term of secx using reduction

formula.
Example: 6

1) Evaluate:[ secx dx

2) Evaluate: [ cscx dx
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D EGNIEIVA  Evaluate: [ sec3xdx

| Evaluate: [ cos?x sin®xdx

1
Show that [ ——dx = cscx + cotx + ¢
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Trigonometric |
Expression Substitution Interval Identity a

Integrate functions using the trigonometric substitution x = a sin(0)
Integrate functions using the trigonometric substitution x = a tan(0)
Integrate functions using the trigonometric substitution x = a sec(60)

1% = x? X =asinf -% -f:f?iﬁz 1 =sin® 0 = cos? ¢

Triconometric |
§ i+t

Expression || Substitution Interval | Identity

Va2 + x? x=atan0 -% <0<-’-'2- 1 4 tan? 0 = sec 0

x = atanO then tanO = -

Tr:gonometnc
Expression || Substitution Interval | Hdentity N
Vai—at x=asecl 0€l0,5)u(, ] sec20—1=tan?0 -
/b

X = aSecO then SecO = -
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Example: 8 [Ny I} 2\/%dx
—X

X

Evaluatef\/9 — x2dx
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Evaluate [ V9 — x2dx

| Evaluate: f02v4 — x2dx
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Example: O I e [ \/ﬁdx
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Example: 10 EAZIIZICY xzx—zs dx forx= 5

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 15




Vx2—4
Exercise 10.1 [NEAZIPEIEN) —dx, x =22
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ﬁ Evaluate the integral. Wl Lasd angl
f cos? (x+1)dx J’ cos?(x + 1) dx

1 1
§x+z[sm2(x+1)]+c
BN sin?(x+1) +c

=
Z[st(x+1)]+c
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0505114830 Lusli i gl plas Lol i dlae 300l

1
ﬁ e + [sin(x+1)] + ¢
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Integrate trigonometric functions using the substitution x = a sin(y), x = a tan(y), x = a sec(y)

Final Revision Grade12 Adv
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Questions which inc
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ﬁ Evaluate the integral. WJalsal) Lad as gl
= 7=
———dx
x2 -4 x2 —4 -

0505114830 il I J plaa Lol dilse 35y

Term 3 adal | | Mathematics Gl2 Acvanced
2022.2023 gl e Questions which included in MOE Exam Term3 (2024)

3 Evaluate the indicated integral. dgiaal) p& Jal<il) dad aaf
=

e f(sinz x+ cos? x+1)dx j(sinz x+ cos?x+1)dx
3

g

©

=

2

> .

L sin2x

2 ﬁ +c

- 2

£

L
3 3
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Evaluate the integral fo 4(sm2 x=lcos> x) dx
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]
2 Which substitution can be used to dagd alad) dalaiind (Sa g3 gl L ‘1
ﬁ evaluate the integral? ¢ Jalsal) %
3 1 1 '
& VT dx — dx i
G vaz-25 vx2 —25 3
i 3
il i
(=]
= ﬁ x=5sinf 2
= z
i B
(=
B x=5seco 3
ﬁ x=>5tan@
“ x =secftané
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Questions which included in MOE Exam Term3 (2024)

ﬁ Evaluate the Integral. ol Aad angf
jtanxsec3x dx ftanxsecsx dx
sec3 x
s | e

2l 50 Ja aba Lol sl aiitass Ml

0505114830 <L
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ﬁ Evaluate the integral. ol Aad s

1 1
—dx —dx
j\/x2+16 f\lx2+16

>
-5
<
~
)
]
=]
o
-
(L]
=
L
o
>
(7
e
T-_:
i
(i

. V16 + x?2
A IHT x+c

V16 + x*% .
ﬁ lnT -x+c

S x + V16 + x2

+c
4

ﬁ x—V16 + x2
| - —
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Integration Techniques and First-Order Differential Equations

Lesson 4 e\o‘ﬁ‘i’ntegration of Rational Functions Using Partial Fractions

Objectives?, * Integrate rational functions using partial fractions in different cases.

Introduction

Mastering Integration: A Step-by-Step Guide
to Partial Fraction Decomposition

A clear roadmap for breaking down complex rational functions into simpler parts for integration.

PHASE 1: PRE- PHASE 2: DETERMINING THE DECOMPOSITION FORM
DECOMPOSITION SETUP

Step 1: Check the Degree e N\ @ N\ -
of the Numerator g Case 1: Distinct Case 2: Repeated Case 3: Irreducible w
) Linear Factors Linear Factors Quadratic Factors
—
d i(x_) PX)  _ A +B P(x) A, P(x) __ Ax+B
d — Q(x) x-a)x-b) (x-a) (x-b) | | -0 <x -2 - a)z & | | @d+bxto) (@c+bxio)
; For every non-repeated For a factor like (x - a)°, For quadratic factore that
O iEsn‘:s;rLepteh: lf;;n::;:?fryliﬁéle{lg(x) linear factor (x - a), assign createasumofn gractions cannot be factored forther,
degree of the numerator is a partial fraction in the form with increasing powers in use a linear numerator:
strictly less than the degree of A/ (x-a). the denominator. (Ax +B) / (ax*+ bx +c).
of :?e denolminatori :f not, @
perform polynomial long \ JEN\. jmus) SN J
division first. / nER _&ll
Step 2: Factor the
Denominator Q(x). PHASE 3: SOLVING FOR CONSTANTS
Step 3: Combine and Equate.
Multiply the entire equation by the common denominator to
clear the fractions, leaving a single polynomial equation.
gompletely factor the b
lenominator into its most basic St ‘
baer e ep 4: Solve for A, B, C ...
components, identifying whether )
theygre linear factgs (gax +b) Find the unknown constants by elther substituting strategic
or irreducible quadratic factors x-values (that make terms zero) or by equating the
(ax?+bx +c). coefficients of like powers of x on both sides.

PHASE 4: THE FINAL INTEGRATION

Step 5: Integrate the Simpler Terms.

Replace the original complex fraction with the sum of the partial
fractions and integrate each term individually, typically resulting in
natural loge (in) or inverse tangent (arctan) functions.

Sample Transformation

COMPLEX INTEGRAL SIMPLER TERMS
1 o | e
]dx f[z(x-1)-§(x+1)]dx-zlnlx 1 2In|x+1|+C
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Introductory Example BRVOCILWEEIEIRI ol

Solution Partial Fraction Expansion 6x
X2 —x—2
_ ox _ 6x A B
Eox=2 T+ (x-2) “xr1 Tx-z
ox _ A(x - 2) ,_Ba+D
(x+1Dx-2) (x+1D(x—2) (x+Dx-—2)
6x _ A(x—2)+B(x + 1)
(x+1D(x-2) (x+1D(x—2)
6x = A(x —2) + B(x + 1)
To find Aand B
Letx = —1
6(—1) =A(-1—-2)+B(-1+1)
—6=-34A
A=2
Letx = 2
6(2)=4A12-2)+B(2+1)
12 =3B
B =4
So, our original fraction can be written as:
6x 2 4
= +
x?—x—-2 x+1 x-2
Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830
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Partial Fraction: Distinct Linear Factors

1D Vel G \\rite in Partial Fraction - 3x

x‘—x-2

D EV NI Evaluate: [ ;2__51 dx

1

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 141
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2 5 2—

Partial Fractions: Three Distinct Linear Factors

Pix) € s

[Partial Fractisas:
ibistinad Lipear lactors

= + .
{ﬂ‘l.'l' =+ !"1 }{ﬂ'z.t -+ !Fz}' . '{iT".'l' + Il.ll:l X + h; fax & I'J

for some constants ¢y, €2, ..., €.

: 2 7y
| Example: S y-yNNpes f%dx
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ise: —X+5
Exercise: 3.1 FNSHF. [
R

Partial Fractions: Repeated Linear Factors

P(x) 5 Ca + e Cy
(ax + 0" ax+b  (ax+ D)2 (ax + b)1’

for constants ¢y, ¢, ..., ¢, to be determined.

1Dl CHER Use a partial fractions decomposition to find an antiderivative of

532 4 200+ 6
fla) = X2 +x

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 6
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. 2x
Exercise: 4.1 Evaluate: [ ——dx
x“—6x+9

2X
ise: Evaluate: | ————dx
Exercise: 4.2 fx2_4x+4
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Partial Fraction where Long Division is Required

20 = 4x? =151 +5

Find the ir.u%eﬁnite integral of f(x) = g using a partial fractions
decomposition.

B ‘e 5.1 x3+x
xercise: 5.1 ERINEY fxz_ldx

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 8




. x2+1
Dot Evaluate: fmdx

Partial Fractions with a Quadratic Factor(irreducible quadratic Factors)

P(x)
(X2 4 byx + o M a,x2 + byx + ¢3)- - +(a,x2 + b,x + ¢,,)

e A1.1"+B-l Az.f'l" Bz . AHJ"""B"
X2 + byx +cp  axx2 + box + ¢y a,x2 + b,x+c,

1
D ERRICHEN Evaluate: [ o dx
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| Use a partial fractions decomposition to find an antiderivative of f(x) = —?'YZJEH 2-
Petx

Use a partial fractions decomposition to find an antiderivative for

54 6x+2
f® = e+ =45
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Brief Summary of Integration Techniques
Integration by Substitution:
Integration by Parts:

Trigonometric Substitution:

Partial Fractions:

Example: 7

In exercises 43 and 44, name the method by identifying whether

the integral can be evaluated using substitution, integration by
parts, or partial fractions.

a) [——dx=

x2-1

Mpr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 11




Example: 7

In exercises 43 and 44, name the method by identifying whether
the integral can be evaluated using substitution, integration by
parts, or partial fractions,

2x+2

a) f(x+1)2 dx =
x—1

b) [ dx =

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 12
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! Find the partial fraction DAl sl A sagl I

&
E decomposition. x—6 E
= x?—4 4
(4] )
-
- :J‘
- 2 1 3
(= — =)
E ﬁ X¥42 =2 3
i 1 2 2

Term 3 o 2024 SIEN o 21 Juall5 3¢l (lalel b dSaziall ALY CTo RACRRCE
ALAIIFS FE Questions which included in MOE Exam Term3 (2024) i
ﬁ Part 3 Writing (RS ) &8I 5 5ad)
Evaluate the integral. A g )
e f x+4 p
- 32 ..k S 19
x3 - 3x2 +2x o e
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2021.2022511 & Questions which included in MOE Exam Term3 (2024)

ﬁ Evaluate the integral. .Jalstl) Aad 2o

x—5 xX—95
d
,[xz—l i fxz—ldx

B 3Injx+ 1| +2Injx - 1| +¢

ﬁ 3lnjlx+1|-2In|x—1|+¢
2Injx+1|-3In|lx-1| +¢

E21n|x+1| +3Injx—1| +c¢

Mr. Abdalla Abouelnaga Gty ol anth LDt o st il oy Ll AEY 0l 5 S1ap agh 2 RSl s B e

Term 3 — 2024 S ol 0 Sl 30 el b Auatall ALl Mathematics GI2 Advanced
2020.2021pixl) asl Questions which included in MOE Exam Term3 (2024) -

Boic | o, B
‘ == 1S ),

X3+ax  x > 2+a D

1 A BxiC p 1 P A LA
If = — 4+ —— What is the value of dx? ' aaedx b

X+4x  x  x%+4 > +4x

Abdalla Abouelnaga. 1 Abdsllap\oouelnaga ¥’ Mr. Abdalla Ahouelnzg: M2 PV Abdsqs Aboyelnasa
Hlnlzl +In|x? + 4| +ec Zln|x| —Elnlzz+4| te H ln|x2+4‘-§ln|x|+e' H ;ln|x|+§tan'1x+c

Final Revision Grade12 Adv
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Mothematics GIZ2 Advanced

Questions from previous MOE exams <t <)) chatal

Question 7 MOE Re- Exam 2017/2018

+
2 . . oy Sx 3
Find Partial Fraction decomposition of — 3
¥ —%-6 2
!
- NI - =

x+3  x-2 x+2 x-3 x+2  x-3

Solution Steps

M,

Mothematics G122 Advanced

In|x+1|+Injx—-1|+¢ Injlx-1|-InjJx+ 1] +c¢

Solution Steps

Injx+1|-Injx-1|+c¢ —Injx—1|-InjJx+1|+¢

Mp. Akdalla Akouelnaga

) G P S e R

Gy e sl s

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 15




Questions from previous MOE exams LT, cial oy aaf MatThematics Gl2 Advanced

Question 48 MOE Exam 2019/2020

x—1 B A £
(x+1Dx=-2) x+1 x-2

x—1
; — C  C  4%?
What is the value of f GtDGx=2) dx?

§|n1x+1|--%ln1x—2|+c H%In|x+1|+-§ln|x—21+c %Inlx+1|--§ln|x—2|+c H %In|x+1|+-%|n|x—21+r:

Solution Steps

Ty L L ve e Vel L ) [ R o g L R

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 16
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Unit 7:Integration Techniques and

First-Order Differential Equations
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c,;q__.’o e
¢ Modeling with -o:
o o -

Differential Equations

REAL-WORLD SYSTEM QUANTIFY VARIABLES & RATES ANALYTICAL METHODS TEST AGAINST REAL DATA
= (soparation of variables, intograting factors)
° s T '
!

d__variables

e
S =
g | =3)
* Predicted = Actual
QUANTIFY ESTABLISH = TEST AGAINST _ REFINE
VARIABLES & RELATIONSHIPS METHODS SOLUTIONS REAL DATA MODEL
. > S / NE =2 " /
) Spread of Disease {2 Physical Systems
Susceptible M"’”‘ N = Newton's Law of Cooling
rovery Infected l/\ d?x X
R v = @]
Logkstical Growth A ' dt

Lesson 6 : Modeling with Differential

Equations
Alaalanl) Y alaal) dAadas & walead) (g all

Grade 12 Advanced
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Unit 7

Obijectives

Integration Techniques and First-Order Differential Equations

Modeling with Differential Equations

* Learn differential equations of the form.

y' = ky and their general solution
* Solve problems involving differential equations of the form y' = ky
satisfying an indicated initial condition.

A Differential Equation is an equation involving derivatives.

Differential Equation Algebraic Equation

Examples Examples

x> +5x+6=0
D
N

Solution

A function or

«00\» A number or
a set of functions =

A a set of numbers

Mpr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 1




Forms of the differential Equations

y' (@) =ky(t) Y () =k[y@®) —T4] y' @) =ky®[M—y(0)]
y=ky Y =kly—Tg] Yy =ky[M-y]
A= 1+ Aek.M.t
y(ty) y(ty) —T,
P! s O
t1 — to tl =1 to

Modeling with differential Equations

/ \
/
/ 7 AN \

¥

\
4 W\ \
4 \ 4
Growth and Decay Newton’s Law of Compound Depreciation of
Problems Cooling Murabaha Assets
r nt
P(1+

y’(t) =k y(t) yl(t) — k[y(t) _ Ta] a ) V’(t) = r.v(t)
y(t) = Aelt }’(t) = Aek + T, Where: N n v(t) = Ae™
Exponential Growth Law Where m The value of the Where:
, investment after U@} the value of the asset at time t
Exponential Decay Law [Nl @R is the object [ The principle = initial value
temperature of investment : the initial value of asset
fj Murabaha rate
' is the m (negative) the
ambient fll: number of times per depreciation rate at which
temperature year that Murabaha is the value of the asset
(temperature of compounded. decreases
the surrounding)

E: time in years
For continuous compounding (n— )

The value of investment after t years is.

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 2




Find the solution of the given differential equation satisfying the indicated
initial condition. y' =4y, y(0) =2 , y(x) >0

Example: 1

Find the solution of the given differential equation satisfying the indicated
initial condition. y' = -y, y(1) =2, y(x) >0

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 3




Growth and Decay Problems

Populations grow at a rate proportional to their current levels.

This can be represented by the Differential Equation:

y'(t) = ky(t) Where k: is the proportionality constant.
dy
=2 —k
ac Y
y
3 = kdt Integrating both sides:

d
J—y=jkdt
y

Inlyl|+¢;, =kt+c,

Inlyl=kt+c¢, — ¢, Let ¢=c,—c;

Inlyl| =kt +c

elnlyl — pkt+c y(t) > 0
since y(t) represents a Population

y(t) = Ae™

This is the General Solution for the Differential Equation

y(t) = Aekt Exponential Growth Law k > 0

Exponential Decay Law k < 0

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 141




. . . . J
| Example: 2 A freshly inoculated bacterial culture contains 100 cells, when checked 60 minutes

later it is determined that there are 450 cells, assuming Exponential Growth:

1. Determine number of cells at any time measured in minutes. -
. . . Given:
2. Find the doubling time. - .
xponential Growth |
y(0) = 100

y(60) =450 | f
4

In (4.5) _ 60in (2)
Dy(®) =100 0 ¢ Dt=7720

Suppose a bacterial culture initially has 400 cells after 1 hour the

population has increased to 800, assuming Exponential Growth:
a. Quickly determine the population after 3 hours

~ 27.65 minutes

b. Find an equation for population at any time. S
c. What will the population be after 3.5 hours? Exponential Growth  \'= /
- A
y(0) =400
y(1) = 800 ;
a)  y(3) =3200cells b)y(t) = 400en @t C) y(3.5) ~ 4525.4834 ~ 4525

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 5




Radioactive Decay

Half-life: time required for half of the initial quantity to decay into other elements

235
| Example: 3 The half-life of Uranium U is approximately 0.7 x 10° years if 50
grams are buried at a nuclear waste site, how much remain after:

a. 100 years

Exponential Decay
b. 1000 years 2(0) = 50

Half-life= 0.7 x 10° years—p y(0.7 x 10%) = 25
@
\ <

y(100) = 49.99999505 grams  y(1000) = 49.99995049 grams

° 14
The half-life of Carbon Cis approximately 5730 years, if you have 50
grams of it ,how much will be left in 100 years?

mExponential Decay
y(0) =50
Half-life= 5730 years —p y(5730) = 25

y(100) = 50 ¢"100k =~ 49.3988 grams.

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 6




Newton’s Law of Cooling

Where y(t): is the object temperature

y'(t) = kly(t) = Tg]

ify(t) > T,

dy
E - k[y(t) - Ta]

dy
y(t) - Ta

5w v

In|y(t) =T, +c; = kt+c,

= kdt

Inly(t) —T,| =kt +c

e In(y(t)-Ty) — ekt+c

y(£) = Ty = ekt - e

T, :is the ambient temperature.

(Temperature of the surrounding)

Separating variables:

Integrating both sides:

Let (c, —c) =c

Since y(t) > T,
Y(t) - Ta >0

Let e = A

y(t) = Ae*t + T,

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced
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D) Ehslo) SR A bowl of porridge at 200°F is placed in 70°F room, one minute later the
porridge has cooled to 180°F when will the temperature be 120°F?

(S8 (0) = 200°F
y(1) = 180°F N/
T, = 70°F Q)

t = —1%5 = 5.71977 minutes
(3

A cold drink is poured out at 50°F after 2 minutes of sitting in 70°F room
its temperature has risen to 56°F

&
w
el

a. Find the drink’s temperature at any time t B 1(0) = 50°F R
b. What will the temperature be after 10 minutes? ) y(TZ)—:7506°;F N \/
c. When will the drink warmed to 66°F ? a ;ﬂ(&ﬁ\

1 7

n(0.7) — o 2in(0.2) .
Q)y(t) =—20e 2 t+70 D)Y(10)=0666386F )¢ =TEEE ~ 9.025 minutes

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 8
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Compound Murabaha

nt

A=P(1+£)

Where:

A: The value of the investment after compounded Murabaha
P: The principle = initial value of investment

r: Murabaha rate

n: number of times per year that Murabaha is compounded.
t: time in years
As n increases the greater the Murabaha is.

Is there a limit to how much Murabaha can occur?

Under continuous compounding (n— o)

Annual Percentage Yield in one year:

APY = lim -(1 + 1)n - 1]

n—oo |

[ T
APY = lim (1 T

n—co |

)rm Supposen =rm
_ 1]

1\™"
APYzllim (1+—) ] -1
m-—oo m

Then APY =e" -1

1 m
since lim (1 +—) =e

m—oo m

For continuous compounding (n— o)

The value of investment after t years is

A = pe' = y = Ae™

Mpr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 9
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1D Rl GBI |f you invest AED1000 at annual Murabaha rate of 8%. Compare the value of
the investment after 1 year under the following forms of compounding:

Person A invests AED10000 in 1990 and person B invests AED20000 in 2000

a. If both receive 12% Murabaha compounded continuously, what are the value of
investment in 20107

b. Repeat for Murabaha rate of 4%

c. Determine Murabaha rate such that person A ends up exactly even with person B.
(: you want person A to have 20000 in 2000)

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 10

a. Annual ————» n=1
b. Monthly ——» n =12 =Y P = AED1000
. . r =0.08
c. Daily ——» n =365 P
d. Continuous
a)AED1080 b)AED1082.999507 c)AED1083.277572  d) ~ AED1083.287068




Introduction: Depreciation of Assets

If y(t) is the value of investment after t years with continuous compounding,
the rate of change of y(t) is proportional to y(t) .

thatis y'(t) = ky(t)

then y(t) =Ae™

v'(t) =r.v(t)

Where:
the value of the asset at time t

: the initial value of asset

(negative) the depreciation rate at which the value of the asset decreases

| D> e-teslo) el Suppose that the value of AED10000 asset decreases continuously at
constant rate 24% per year.

a. Find its worth after 10 years, 20 years.
b. Compare these values to AED10000 asset that depreciate to no value in 20
years using linear depreciation.

Mpr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 11
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2020.2021p) 5 Questions which included in MOE Exam Term3 (2024)

18

Find the solution of the differential equatlon y' = —y satisfying the
initial condition y(1) = 2.

Final Revision Grade12 Adv

0505114830 by i Jof alas Lol gsf ablae Hand)

Mr. Abdalla Abouelnaga . Gy Pty el S0 ) CIRER Ly A 00 8 g gt B 2 iR 3

B ey ¥ g’ iyl Bt Y~ — et [ 2 I ) - -3 ] ) = o o £ Tl W [ —
Questions from previous MOE exams  adta 4155 CUEEAL a5 4l Mathematics GI? Advanced

Question 45 MOE Exam 2019/2020

Solve the differential equation y'=3y ,y(0)=-2

Y= 2e%% H y= —Ze%X y= —2e3% H

" Solution Steps

y=2e3%-4

0505114830 Lot i dsl sl Gl ) il 30

S o5 5150y g b 24 1 o 5500
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2024 SN b A Sadll 53 g1 Sladal 8 Aciacaiall ALy
Questions which included in MOE Exam Term3 (2024)

Mathematic

2020.2021se) Glaial

Final Revision Grade12 Adv

Find the solution of the differential equation y' = 2y satlsfymg the
initial condition y(l) =423

GRas Y = 2y Al Adsteall S 2l

Y1) =

2 ANyl

>
5
<
~
2|
']
-
m
1)
G}
E
=]
i
=
7
(=3
|
]
iz

Mr. Abdalla Abouelnaga | Gy Ul aaall RS e ptall IS oy Al g QYT 03 5 81005 A ia s R g 58

Term 3 - . 2024 SN il A1 Jualll 33501 pladal 8 Aetal) ALY Mathematics Gl:
= 3 tall rladal 0 S oo ) R g ]
2022.2023 ¢+l 5 Questions which includedin MOE Exam Term3 (2024)

N Jgl alea Ll 5 slilase LA

Ll

[t

0505114830

ﬁ Part 3 Writing (A ) &1 ¢ ol

Suppose a bacterial culture
initially has 300 cells. After b
hours, the population has

L A (sian (oS =

increased to 1, 200.
Find the population after 6 hours.

A=A e

AT sse B3 Ae e 2 sy L3s 300 L

-1,200 ) maSaal
SSlelae 6 s aadaall oL s e

19200

Mr. Abdalla Abouelnaga Ay Pl panl ST e jaall SR Tl 5 AEAYY 028 3 Shia g agd 6 gal 1 culBl 5 36

il gl all e MELY)

0505114830 <baly N Jsi ales
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e
-
<
~
-
[
-
]
1™
(6]
c
=
I
>
U
=3
I
£
(i

erm 3 s 1l j_._g 1 olad I;-mW Mo themo tice GI2 Advancec
— Ques:?::swhi:; included in'uM;; E':am Term3 (2024) A A A A
b '-3
If you invest AED 1000 at gl Aaglia Jiras AED 1000 Sopaiiad 13) 2
an annual morabaha rate of 8%, s Gl 5 any LY A a0l (8% —'j‘
find the value of the investment Bpaliens 4uS e Aaila i
after 5 years under continuous —:3‘
compounding. J?,
1]
B AED 1469.3 g
B AED 1489.8 2
(=]

B AED 1479.6

BCM AED 1491.8

Mr. Abdalla Abouelnaga sl y ol apaall SUEaT s Sl Sy il g AR 038 5 Shag g T Sgiad ¢ LB 5336

Term 3 Lafh ety ' 2028 SR o 3 Juadll 51550 DT AR "Mathematics Gl2 Advanced
2021.2022¢x1 Questions which included in MOE Exam Term3 (2024)

i Find the solution of the differential Yy =y —50 dLdalil dlad) Ja 22
equation y' = y — 50 satisfying .y(0) = 70 a1 ddll ghas Al

the initial condition y(0) = 70.

B y =20e'-50
B y=¢e'+50
y = 50e! + 20

B y = 20et + 50

»
-
Ld
o~
-
[}
-
Il
1™
(G}
=
.8
]
>
[
-4
"
=
T

Lol gl alilase Aoy

0505114830 <l )l Js ales
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Unit 7:Integration Techniques and

First-Order Differential Equations

oY Aa Al e Aloalanl) ¥ alaal) 5 Jalsil) (38) a7 3aag

SEPARABLE DIFFERENTIAL EQUATIONS

SOLVING BY SEPARATION OF VARIABLES

u‘) !r

What is a Separable DE? S Step by-Step Method

Y&

@dy ©) o

=f0)-gB) e T B s
@ ' Slep 3; entity Step 4:
REWRITABLE AS: dy Separate. lmegmo Both Solve for y Use Initial
—_— Use dw;svon/mmupﬁc (if possidle).  Condition (if given).
h(}') dy = k(X) dx dx y2 10 get variables on Gﬂyasa Gdyasa Flndthepaft-cuu
opposite sides. function of x. function of x
\_ Ref: <IMAGE 2> ) d

' =
Applications

A: Rad»oactwe Decay. B: Population Growth. C: Mixing Problems.

= — R
& LL d(m’ = Ratey, ~ R.lm
N(t) = Nge ™ : P(t) = PyeXt Sepafablc form

J

Lesson 7 : Separable Differential Equations
Suadll 41081 A Laldnl) calaal) @ agbuad) (ol

Grade 12 Advanced
PaBio puc il

- NS Abciallo.
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Obijectives

First Order

4

Contain only the
first derivative:

o

g

xX—2

y
dy
Fie (x—3)y

A Separable Differential Equation

If we can
separate the
variables

g()dy = h(x)dx
gy = h(x)x'

Where all x's are in
one side of the
equationand all y's
are on the other side

Integration Techniques and First-Order Differential Equations

Separable Differential Equations

* Find the general solution of separable differential equations of

first order.

Introduction

Ordinary

Differential Equations in which
Function(s) is defined by one
variable

dy
= -2
dx 3x
dy
2 — pyt
dr ©

Dif ferential Equations

) 4

Equations that involve
derivatives

dy—z 3

SEPARABLE DIFFERENTIAL EQUATIONS

- SOLVING BY SEPARATION OF VARIABLES “

dt

What is a Separable DE? %*“

dt

Step-by-Step Method

X X)-(I5) -
—— x . ~ — — ~
dx f2)-90) B Visual Example
@ Step 1: Identify Step 2: Step 3: Step 4:
REWRITABLE AS: dy 2x and Separate.  Integrate Both  Solve for Use Initial
—_=— Use division/multiplic. des. (if possible).  Condition (if given).
h(y) dy =k (X) dx dx y2 togetvarigbleson  Getyasa Getyasa Find the particular
opposite sides. function of x. funetion of x. solution.
2 Rel: <IMAGE 2> ) ) \ J
Applications
A: Radioactive Decay. B: Population Growth.  C: Mixing Problems.
‘fi—’f = kN ?Tf —kP
—y3=x24C
Singul
SR | : TN
(9)=0) |Solu; y=332+3C : AAmUD) . ey - Rt
L ) U N(t) = Nge ™™ P(t) = Pyett Separable form

Mpr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 1
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DERGIEE  Determine whether the following differential equations is separable.

Dy =xy*—2xy

2)y" = xy? - 2x%y

3)y' = (3x + 1)cosy

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 2
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Determine whether the following differential equations is separable.

1) y" = (3x + y)cosy

2)y' = x%y — xcosy

3)y’ = 2xcosy — xy3

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 3
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General Solution in Explicit Form if possible
ID>ebente)lcipl  Solve the differential equation(or)
Find the General Solution in Explicit Form if possible .

;X% 4+7x+3

Dy = 2

2)y' = (x*+ Dy

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 141
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Solve the differential equation(or)

Find the General Solution in Explicit Form if possible .

2

1)y’ =

)y 7ty
,_V1-y?

2)y ' =———

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 5
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Initial Value Problem

General solution of a differential equation includes arbitrary constant (integration constant)
It represents a family of curves.
To select one solution an initial condition is given (xg, o)

Example: 3

Solve the initial value problem explicitly if possible:

X
Dy' = 77 y(0) =2

2)y' =3 +1)% ,y(0)=1

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 6
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Solve the initial value problem explicitly if possible:

. tany yia
1)y = ’ y(1)=z
) ,_9x2—sinx ©0) =
)y_cosy+5e3"y -

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 7
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Logistic Growth

Exponential Vs. Logistic Growth

Exponential model of growth:
The model assumes unlimited growth.

Rate of change in a population is
proportional to current population.

N

2000 -
L0 4
1200
SOy

A0 4

e o T ! "
20 40 GO 80 100 120

Logistic model of growth

Assumes that there is a maximum limit
for growth.

Rate of change in a population is
proportional to current population and
the difference between maximum(M)
and current population (y)

y' = ky(M—y)

0
;I_ M are two solutions for the D.E

Fy+0,y+M

o
-~
1O 4
SO0
GO0

A0 4

2000~

0.4 @ 08 @ 1.2

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 8
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we will show how we found it
Reading Only

y' =ky(M—y) Logistic Equation

Yo _,
y(M—y)
_ Y rar both sid
= Integrati th sides:
y(M _ y) ntegrating no sides

Jy(njy— - [ wa

Using partial fraction expansion for the left integral:

f (Mly + M(Ml— y)) dy = ] ket

1 1
Mlnlyl —MlnlM—yl =kt+c
In|y| — In|M — y| = Mkt + Mc O<y<M

In(y)—In(M —y) = Mkt + Mc

y — eMkt+Mc
M-y

y — eMc . eMkt
M-y

y = A- eMkt
M-y

y=A4-e"M-y)

y + AeMkty = AMeMkt

y(1 + AeMkty = AMeM*

AMeMkt

Y= 1+ aeMke

Mpr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 9
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Solving a Logistic Growth Problem

Given a maximum sustainable population of M = 1000 (this could be measured in
millions or tons, etc.) and growth rate £ = 0.007, find an expression for the population

at any time, ¢, given an initial population of (0) = 350 and assuming logistic growth.

Logistic Equation

Yy =ky(M —y)
Solution of
} Logistic Equation
z

AMeMkt
y = 1 AeMkt

1D haie) GG solve the initial value problem explicitly if possible y" = 3y(2 —y), y(0) =1

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 10
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solve the initial value problem explicitly if possible.

y'=2y(5-y), y(0)=4

Logistic Equation

Solution of
Logistic Equation

AMeMkt

y

Mpr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 11
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Questions which included in MOE Exam Term3 (2024)
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Which of the differential equations Suaall ALE dilalanh) e aleall (a Q;?

is separable?

ﬁ y' = (5x—2)-siny
B Y =2x(5y —x)

y' =2xsiny — x%y?3
BN v =y —xcosy
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Questions which included in MOE Exam Term3 (2024)

Mathematics GlZ2 Advanced

The differential equation is separable. hadll 446 ddialal) dlslaal)
Find the general solution, in an A RK] dauya divan cplal) Jal) g
explicit form if possible. , W

e Y=
Y = XInx

Final Revision Grade12 Adv

ﬁ y = cos[Ilnx + c]

ﬁ y = sin[Ilnx + c]
y = cos[In(Inx) + |

ﬁ y = sin[In(Inx) + ¢]
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2021.2022¢21 ‘ Questions which included in MOE Exam Term3 (2024)

ﬁ The differential equation is cJeadll ALE Aulalanl) Adaleal) i

f:: separable. L OSal 1) Ao s Ay caladl Jad) angl 2
- £

S Find the general solution, in an y = - i !
U -_— L.
k explicit form if possible. xy+y i
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E B Y= tx+c 2
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y-_1,
B T =X txte

y=In|2x+ 1|+ ¢

y?
ﬁ7=21n|x+1|+c
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ﬁ dalll sy’ = 13;2 ALt Alsteal)
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The differential equatio:_f y = 11 Is separable .Find the general solution in an exblicit form
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Solution Steps Before Choosing
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Questions from previous MOE exams w41y SUSL S0 AT Mathemotics G172

Question 88 MOE Exam 2019/2020

The differential equation y' = x cos® y is separable. Find the general solution, in an explicit form.

[os
T

x2 x2 x2 xz
y=COS_1(7+C) }’=tan_1(—2—+f3) & }’=tan(?+6‘) y=cos(7+6‘)

Solution Steps
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' Question 47 MOE Exam '

Which differential equation is not separable ? flaadll A3 L2 400N Adalioh caeall ¢

3x
phml—r H y' =22y y =x*+5 H y' = x*sin(2y)

" Solution Steps
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