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Review of Formulas and Techniques 

Integration Techniques and First-Order Differential Equations  Unit 7 

Lesson 1 

Objectives 
• Compute integrals using direct computation and rules. 
•  Compute various integrals using integration by substitution. 
•  Compute integrals using completing a square before integrating. 

Basic Integration Formulas 

Example: 1 1) Evaluate ∫(𝑥2 − 3𝑥 − 5)𝑑𝑥 

∫ 𝑐𝑜𝑡𝑥𝑑𝑥 = 𝑙𝑛|𝑠𝑖𝑛𝑥| + 𝑐 
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Generalizing a Basic Integration Rule 

2) Evaluate ∫(𝑥2 − 5)2𝑑𝑥 

3) Evaluate:        ∫(𝑥2 + 4)2𝑑𝑥 

∫ 𝐜𝐨𝐬 (𝒂𝒙 + 𝒃) 𝒅𝒙 =  
𝟏

𝒂
 sin (a 𝒙 + 𝒃) +c      

 

∫
𝟏

𝒂𝟐 + 𝒙𝟐
 𝒅𝒙 =

𝟏

𝒂
𝒕𝒂𝒏−𝟏 (

𝒙

𝒂
) + 𝒄  

       ∫
𝟏

𝟏+(
𝒙

𝒂
)𝟐

 𝒅𝒙 =
𝟏

𝒂
𝒕𝒂𝒏−𝟏 (

𝒙

𝒂
) + 𝒄  

∫
𝒇′(𝒙)

𝒇(𝒙)
𝒅𝒙 = 𝒍𝒏|𝒇(𝒙)| + 𝒄 Remember 

∫ 𝐬𝐢𝐧 (𝒂𝒙 + 𝒃) 𝒅𝒙 =  
−𝟏

𝒂
 cos (a 𝒙 + 𝒃) +c      

∫ 𝐬𝐞𝐜(𝒂𝒙 + 𝒃) 𝐭𝐚𝐧 (𝒂𝒙 + 𝒃) 𝒅𝒙 =  
𝟏

𝒂
 sec (a 𝒙 + 𝒃) +c      

∫ 𝐜𝐬𝐜(𝒂𝒙 + 𝒃) 𝐜𝐨𝐭 (𝒂𝒙 + 𝒃) 𝒅𝒙 = 
−𝟏

𝒂
 csc (a 𝒙 + 𝒃) +c      

∫ 𝑒𝑎𝑥+𝑏 𝑑𝑥 =  
1

𝑎
  𝑒𝑎𝑥+𝑏 +c      

𝒓𝒖𝒍𝒆𝒔    ,  𝒇𝒐𝒓 𝒂, 𝒃 𝒂𝒏𝒚 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 
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Exercise: 1.1 

1)𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 ∫ 5cos (2𝑥) 𝑑𝑥 

2)𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 ∫ 3𝑐𝑜𝑠 (3 − 𝑥) 𝑑𝑥 

3)𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 ∫ 𝑐𝑜𝑠 ( 
𝑥

3
 )  𝑑𝑥 
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      1)  Evaluate∫
3

16+𝑥2
𝑑𝑥 

Example :2 

Exercise: 2.1 

2)Evaluate   ∫
3

125+5𝑥2
𝑑𝑥 

     1)𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 ∫
3

64 + 𝑥2
𝑑𝑥 2)Evaluate∫

2

4+4𝑥2
𝑑𝑥 
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Example :3 

𝑢𝑠𝑒 𝑡ℎ𝑒 𝑟𝑢𝑙𝑒𝑠 𝑡𝑜 𝑓𝑖𝑛𝑑 each integral 

1) ∫ 𝑠𝑖𝑛(6𝑡) 𝑑𝑡 2) ∫ se c(2𝜃) ta n(2𝜃) 𝑑𝜃 

3) ∫ 𝒆𝟑−𝟐𝒙 𝒅𝒙 4) ∫
𝟑

𝒆𝟔𝒙
𝒅𝒙 

Completing Square 

𝒙𝟐 + 𝟔𝒙 − 𝟓 

(
𝟏

𝟐
(𝒙 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕))𝟐 =  (

𝟏

𝟐
 (𝟔)))

𝟐
= 𝟗 

𝒙𝟐 + 𝟔𝒙 + 𝟗 − 𝟗 − 𝟓 

(𝒙𝟐 + 𝟔𝒙 + 𝟗) − 𝟗 − 

(𝒙 + 𝟑)(𝒙 + 𝟑) − 𝟏𝟒 

(𝒙 + 𝟑)𝟐 − 𝟏𝟒 

𝟐 + 𝟐𝒙 − 𝒙𝟐 

𝟐 − (𝒙𝟐 − 𝟐𝒙) 

(
𝟏

𝟐
(𝒙 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕))𝟐 =  (

𝟏

𝟐
 (−𝟐))

𝟐
= 𝟏 

𝟐 − (𝒙𝟐 − 𝟐𝒙 + 𝟏) − (−𝟏) 

𝟑 − (𝒙𝟐 − 𝟐𝒙 + 𝟏) 

𝟑 − (𝒙 − 𝟏)(𝒙 − 𝟏) 

𝟑 − (𝒙 − 𝟏)𝟐 
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1) Evaluate ∫
4

5 + 2𝑥 + 𝑥2
𝑑𝑥     

Example :4 

2)Evaluate: ∫
1

√−5+6𝑥−𝑥2
𝑑𝑥  

3)Evaluate :∫ 𝑠𝑒𝑐2𝑥 𝑒𝑡𝑎𝑛𝑥𝑑𝑥
𝜋

4
0

 4) Evaluate : ∫  
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠2𝑥
𝑑𝑥

0

−
𝜋

4

 

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga 

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga 

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga 
Mr. Abdalla Abouelnaga 

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga 
Mr. Abdalla Abouelnaga 

Mr. Abdalla Abouelnaga 
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga 

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga 

8



Mr. Abdalla Abu Elnaga   Math Grade 12 Advanced    0505114830  Page 7 

 

  Exercise 4.1 

1)Find  ∫ 𝑥 √𝑥 − 3 𝑑𝑥  
4

3
    2)Evaluate : ∫

𝑥2

1+𝑥6
𝑑𝑥 

4)Evaluate ∫
𝑥5

1 + 𝑥6
𝑑𝑥 

 

     5) Evaluate: ∫
𝑡 + 1

𝑡2 + 2𝑡 + 4
𝑑𝑡 
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Exercise 4.2 

 Find: ∫ 𝑓(𝑥)𝑑𝑥
2

0
       if      𝑓(𝑥) = {

𝑥

(𝑥2+1)
     𝑖𝑓 𝑥 ≤ 1

𝑥2

𝑥2+1
    𝑖𝑓 𝑥 ≥ 1

 

 

An Integral Requiring Some Imagination 

𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 ∫
4𝑥 + 1

2𝑥2 + 4𝑥 + 10
𝑑𝑥 

Example :5 
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Rework the previous example  by rewriting the integral as: ∫

4𝑥+1

2𝑥2+4𝑥+10
𝑑𝑥 = ∫

4𝑥+4−3

2𝑥2+4𝑥+10
𝑑𝑥   

Remember: ∫
𝑓′(𝑥)

𝑓(𝑥)
𝑑𝑥 = ln|𝑓(𝑥)| + 𝑐 

Solution 

Exercise 5:1 

1) Evaluate ∫
𝑥

1+𝑥4
𝑑𝑥     2)    Evaluate ∫

𝑥3

1 + 𝑥4
𝑑𝑥                       
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3) ∫
𝑥5

1 + 𝑥4
𝑑𝑥    

 4)Find  ∫
1

√𝑥+𝑥
𝑑𝑥     

5)𝑓𝑖𝑛𝑑 ∫
2

𝑥
1
4 + 𝑥

𝑑𝑥                       
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Moe Exams        امتحانات وزارية سابقة 

  7.3لقياس المخرج التعليمي درس التالي  جاء السؤال 

Integrate trigonometric functions using the substitution 𝑥 = 𝑎 sin(𝑦), 𝑥 = 𝑎 tan(𝑦), 𝑥 = 𝑎 sec(𝑦) 

 و يمكن حله بالتعويض ايضا
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Integration by Parts 

Integration Techniques and First-Order Differential Equations  Unit 7 

Lesson 2 

Objectives • Learn the notion of integration by parts. 
• Use integration by parts to compute definite and indefinite integrals. 

Introduction 

        ∫𝒇(𝒙)𝒈′(𝒙)𝒅𝒙 = 𝒇(𝒙)𝒈(𝒙) − ∫𝒇′(𝒙)𝒈(𝒙)𝒅𝒙 

This is known as Integration by Parts 

Using Product Rule 
𝒅

𝒅𝒙
[𝒇(𝒙)𝒈(𝒙)] = 𝒇′(𝒙)𝒈(𝒙) + 𝒇(𝒙)𝒈′(𝒙) 

If you integrate both sides ∫
𝒅

𝒅𝒙
[𝒇(𝒙)𝒈(𝒙)]𝒅𝒙 = ∫𝒇′(𝒙)𝒈(𝒙)𝒅𝒙 +∫𝒇(𝒙)𝒈′(𝒙)𝒅𝒙 

𝒇(𝒙)𝒈(𝒙) = ∫𝒇′(𝒙)𝒈(𝒙)𝒅𝒙 +∫𝒇(𝒙)𝒈′(𝒙)𝒅𝒙 Rearranging the equation 

Let          𝒖 = 𝒇(𝒙) ,                  𝒗 = 𝒈(𝒙) 

               𝒅𝒖 = 𝒇′(𝒙) 𝒅𝒙,       𝒅𝒗 = 𝒈′(𝒙)𝑑𝑥 

        ∫   𝒖 𝒅𝒗  =  𝒖 𝒗   −   ∫𝒗 𝒅𝒖 

Easier to integrate. 

Evaluate: ∫𝒙 𝒄𝒐𝒔𝒙 𝒅𝒙 Introductory Example 

∫ 𝑥⏞ 𝑐𝑜𝑠𝑥 𝑑𝑥⏞     = ? 

Rule  :∫𝑢 𝑑𝑣 =  𝑢𝑣 − ∫𝑣 𝑑𝑢 

∫𝑥 𝑐𝑜𝑠𝑥 𝑑𝑥 =   𝑥 𝑠𝑖𝑛𝑥 − ∫𝑠𝑖𝑛𝑥 𝑑𝑥 

∫𝑥 𝑐𝑜𝑠𝑥 𝑑𝑥 = 𝑥 𝑠𝑖𝑛𝑥 + 𝑐𝑜𝑠𝑥 + 𝑐 

𝑢 𝑑𝑣 

𝑢 = 𝑥 𝑑𝑣 =𝑐𝑜𝑠𝑥 d𝑥 

𝑑𝑢 = 𝑑𝑥      𝑣 = ∫𝑐𝑜𝑠𝑥𝑑𝑥 = 𝑠𝑖𝑛𝑥 

??? What will happen if you choose    
 u= 𝑐𝑜𝑠𝑥  and  dv= 𝒙 𝒅𝒙? 
Will you get an easier integral? 
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Example: 1 

Exercise: 1.1 

1)Evaluate: ∫𝑥 𝑒2𝑥𝑑𝑥 

Evaluate: ∫ 𝑙𝑛(𝑥) 𝑑𝑥 

Evaluate:    ∫ 𝑐𝑜𝑠−1𝑥  𝑑𝑥 

Exercise: 1.2 
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Repeated Integration by Parts 

Evaluate: ∫𝑥2  𝑒−3𝑥𝑑𝑥 Example: 2 

Repeated Integration by Parts with a Twist 

Evaluate: ∫ 𝑒𝑥  𝑠𝑖𝑛𝑥 𝑑𝑥 Example: 3 
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Exercise 3.1 

1)Evaluate: ∫ 𝑒𝑥𝑐𝑜𝑠2𝑥𝑑𝑥 

2)Evaluate: ∫ 𝑒𝑥(𝑙𝑛𝑥 +
1

𝑥
)𝑑𝑥 by using integration by parts on ∫ 𝑒𝑥𝑙𝑛𝑥𝑑𝑥 
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Definite Integral by Parts 

Evaluate: ∫ 𝑥 𝑙𝑛(𝑥)𝑑𝑥
2

1
 Example: 4 

1) Evaluate:    ∫ 𝑒𝑐𝑜𝑠𝑥𝑠𝑖𝑛2𝑥𝑑𝑥   
𝜋

0
 

Exercise 4.1 
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2) Evaluate: ∫ 𝑥 𝑡𝑎𝑛−1𝑥 𝑑𝑥
1

0
 

Using Substitution and Parts in the Same Question 

Evaluate: ∫𝑥3𝑠𝑖𝑛⁡(𝑥2)𝑑𝑥 Example: 5 
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1) Evaluate: ∫ 𝑒√𝑥𝑑𝑥 Exercise 5.1 

2) Evaluate: ∫ 𝑠𝑖𝑛(𝑙𝑛𝑥) 𝑑𝑥 
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  You can solve it 
directly by parts 
without using 
substitution.  

2) Evaluate: ∫ 𝑠𝑖𝑛(𝑙𝑛𝑥) 𝑑𝑥 

Reduction Formula 

∫𝑥𝑛𝑒𝑥𝑑𝑥 = 

𝑢 = 𝑥𝑛          ,        𝑑𝑣 = 𝑒𝑥  𝑑𝑥 

∫𝑥𝑛𝑒𝑥𝑑𝑥 =  𝑥𝑛 𝑒𝑥 − 𝑛∫𝑥𝑛−1 𝑒𝑥  𝑑𝑥 

Using Integration by Parts 

𝑑𝑢 = 𝑛 𝑥𝑛−1  . 𝑣 = ∫𝑒𝑥  𝑑𝑥 = 𝑒𝑥 

𝑓𝑜𝑟   𝑛 > 1    𝑤𝑒 𝑛𝑒𝑒𝑑 𝑡𝑜  

𝑟𝑒𝑝𝑒𝑎𝑡 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝑝𝑎𝑟𝑡𝑠 

𝑅𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 

∫𝑥𝑛𝑒𝑥  𝑑𝑥 =𝑥𝑛𝑒𝑥 − 𝑛∫𝑥𝑛−1 𝑒𝑥𝑑𝑥 
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  Example: 6 Evaluate ∫ 𝑥4𝑒𝑥𝑑𝑥  using reduction formula. 

Exercise 6.1 1)Evaluate ∫ 𝑥3𝑒−3𝑥𝑑𝑥 
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2)Evaluate: ∫
1

2
𝑥2𝑐𝑜𝑠⁡(√𝑥)𝑑𝑥 
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Trigonometric Techniques of Integration 

Integration Techniques and First-Order Differential Equations  Unit 7 

Lesson 3 

Objectives 
• Integrate functions of the form  𝑠𝑖𝑛𝑛(𝑥) 𝑐𝑜𝑠𝑚(𝑥) 
• Integrate functions of the form 𝑠𝑒𝑐𝑚(𝑥) 𝑡𝑎𝑛𝑛(𝑥) 
• Integrate functions using the trigonometric substitution 𝑥 = 𝑎 𝑠𝑖𝑛(𝜃) 
• Integrate functions using the trigonometric substitution 𝑥 = 𝑎 𝑡𝑎𝑛(𝜃) 
• Integrate functions using the trigonometric substitution 𝑥 = 𝑎 𝑠𝑒𝑐(𝜃) 

Basic Integration Formulas 

∫ 𝑐𝑜𝑡𝑥𝑑𝑥 = 𝑙𝑛|𝑠𝑖𝑛𝑥| + 𝑐 
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𝑐𝑠𝑐2𝑥 − 𝑐𝑜𝑡2𝑥 = 1 

𝑐𝑠𝑐2𝑥 = 𝑐𝑜𝑡2𝑥 + 1 

𝑐𝑜𝑡2𝑥 = 𝑐𝑠𝑐2𝑥 − 1 

𝑠𝑒𝑐2𝑥 − 𝑡𝑎𝑛2𝑥 = 1 

𝑠𝑒𝑐2𝑥 = 𝑡𝑎𝑛2𝑥 + 1 

𝑡𝑎𝑛2𝑥 = 𝑠𝑒𝑐2𝑥 − 1 

𝑠𝑖𝑛2𝑥 + 𝑐𝑜𝑠2𝑥 = 1 

𝑠𝑖𝑛2𝑥 = 1 − 𝑐𝑜𝑠2𝑥 

𝑐𝑜𝑠2𝑥 = 1 − 𝑠𝑖𝑛2𝑥 

Pythagorean Trigonometric Identities: 

When we have other trigonometric functions or combination of trigonometric 

functions, we are going to use substitutions or by parts (or we may need other 

techniques as we are going to see) 

Here are some identities that will help us to do so: 

Double Angle Identities: 

𝑠𝑖𝑛2𝑥 = 2𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥      , 

𝑐𝑜𝑠2𝑥 = 1 − 2𝑠𝑖𝑛2𝑥 

𝑐𝑜𝑠2𝑥 =
1

2
(1 + 𝑐𝑜𝑠2𝑥) 

𝑠𝑖𝑛2𝑥 =
1

2
(1 − 𝑐𝑜𝑠2𝑥) 

𝑐𝑜𝑠2𝑥 = 𝑐𝑜𝑠2𝑥 − 𝑠𝑖𝑛2𝑥 

𝑐𝑜𝑠2𝑥 = 2𝑐𝑜𝑠2𝑥 − 1 

Trigonometric identities 
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Example: 1 

Exercise: 1.1 

 Make substitution 𝑢 = 𝑐𝑜𝑠𝑥 

∫ 𝑠𝑖𝑛𝑚𝑥 𝑐𝑜𝑠𝑛𝑥 𝑑𝑥  ,   𝑚 and 𝑛 are positive integers. 

Case 1: m  is an odd positive integer: 

 Isolate one factor of the sine function. 

 Replace any remaining factors of 𝑠𝑖𝑛2𝑥 with 1 − 𝑐𝑜𝑠2𝑥 

The Integral on the form 

Evaluate: ∫ 𝑐𝑜𝑠4𝑥 𝑠𝑖𝑛𝑥 𝑑𝑥 

1) Evaluate: ∫ 𝑐𝑜𝑠4𝑥 𝑠𝑖𝑛3𝑥 𝑑𝑥 
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2) Evaluate: ∫ 𝑐𝑜𝑠3𝑥 𝑠𝑖𝑛𝑥 𝑑𝑥 

3) Evaluate: ∫  √𝑐𝑜𝑠𝑥
0

−𝜋

3

𝑠𝑖𝑛3𝑥 𝑑𝑥 
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 Make substitution 𝑢 = 𝑠𝑖𝑛𝑥 

Case 1: n  is an odd positive integer: 

 Isolate one factor of the sine function. 

 Replace any remaining factors of 𝑐𝑜𝑠2𝑥 with 1 − 𝑠𝑖𝑛2𝑥 

∫ 𝑠𝑖𝑛𝑚𝑥 𝑐𝑜𝑠𝑛𝑥 𝑑𝑥  ,   𝑚 and 𝑛 are positive integers. The Integral on the form 

Example: 2 Evaluate: ∫ √𝑠𝑖𝑛𝑥 𝑐𝑜𝑠5𝑑𝑥 

2) Evaluate: ∫ 𝑐𝑜𝑠3𝑥𝑠𝑖𝑛4𝑥𝑑𝑥 
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Case 2: m and n are both Even positive integers: 

 

∫ 𝑠𝑖𝑛𝑚𝑥 𝑐𝑜𝑠𝑛𝑥 𝑑𝑥  ,   𝑚 and 𝑛 are positive integers. The Integral on the form 

Reduce the power of the integrand using half-angle formula. 

𝑐𝑜𝑠2𝑥 =
1

2
(1 + 𝑐𝑜𝑠2𝑥)        or 𝑠𝑖𝑛2𝑥 =

1

2
(1 − 𝑐𝑜𝑠2𝑥) 

Example: 3 

1) Evaluate: ∫  𝑠𝑖𝑛2𝑥 𝑑𝑥 

2) Evaluate: ∫ 𝑐𝑜𝑠4𝑥  𝑑𝑥 
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Exercise: 3.1 

1) Evaluate:∫ 𝑐𝑜𝑠2(𝑥 + 1)𝑑𝑥 

∫ 𝑡𝑎𝑛𝑚𝑥 𝑠𝑒𝑐𝑛𝑥𝑑𝑥     , 𝑚 𝑎𝑛𝑑 𝑛 𝑎𝑟𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠 

Case 𝛪: 𝑚 𝑖𝑠 𝑎𝑛 𝑜𝑑𝑑 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 
 Isolate one factor of 𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥 

 Replace 𝑡𝑎𝑛2𝑥  𝑏𝑦 𝑠𝑒𝑐2𝑥 − 1 

 Substitute 𝑢 = 𝑠𝑒𝑐𝑥     𝑡ℎ𝑒𝑛   

𝑑𝑢 = 𝑠𝑒𝑐𝑥 𝑡𝑎𝑛𝑥𝑑𝑥 

Integrals of form   

Example: 4 

1) Evaluate:∫ 𝑡𝑎𝑛3𝑥𝑠𝑒𝑐3𝑥𝑑𝑥 
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Case 2: 𝑛 𝑖𝑠 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 
 Isolate one factor of 𝑠𝑒𝑐2𝑥 

 Replace remaining  𝑠𝑒𝑐2𝑥  𝑏𝑦 𝑡𝑎𝑛2𝑥 + 1 

 Substitute 𝑢 = 𝑡𝑎𝑛𝑥  𝑡ℎ𝑒𝑛 

∫ 𝑡𝑎𝑛𝑚𝑥 𝑠𝑒𝑐𝑛𝑥𝑑𝑥     , 𝑚 𝑎𝑛𝑑 𝑛 𝑎𝑟𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠 Integrals of form   

𝑑𝑢 = 𝑠𝑒𝑐2𝑥𝑑𝑥 

Example: 5 

1) Evaluate:∫ 𝑡𝑎𝑛2𝑥𝑠𝑒𝑐4𝑥𝑑𝑥 

Evaluate:  ∫ 𝑡𝑎𝑛4𝑥𝑠𝑒𝑐4𝑥𝑑𝑥
𝜋

4
0

 Exercise 5.1 
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Case 3: 𝑚 𝑖𝑠 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑎𝑛𝑑 𝑛 𝑖𝑠 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟:  

 Replace 𝑡𝑎𝑛2𝑥  𝑏𝑦 𝑠𝑒𝑐2𝑥 − 1 

 Then evaluate the integral which is in 

term of 𝑠𝑒𝑐𝑥 using reduction 

formula. 

∫ 𝑡𝑎𝑛𝑚𝑥 𝑠𝑒𝑐𝑛𝑥𝑑𝑥     , 𝑚 𝑎𝑛𝑑 𝑛 𝑎𝑟𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠 Integrals of form   

Example: 6 

1) Evaluate:∫ sec 𝑥 𝑑𝑥 

2) Evaluate:∫ csc 𝑥 𝑑𝑥 
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  Example: 7 Evaluate: ∫ 𝑠𝑒𝑐3𝑥𝑑𝑥 

Exercises7.1 Evaluate: ∫ 𝑐𝑜𝑠2𝑥 𝑠𝑖𝑛2𝑥𝑑𝑥 

Show that ∫
1

𝑐𝑜𝑠𝑥−1
𝑑𝑥 = 𝑐𝑠𝑐𝑥 + 𝑐𝑜𝑡𝑥 + 𝑐 Exercises7.2 
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  • Integrate functions using the trigonometric substitution 𝑥 = 𝑎 𝑠𝑖𝑛(𝜃) 
• Integrate functions using the trigonometric substitution 𝑥 = 𝑎 𝑡𝑎𝑛(𝜃) 
• Integrate functions using the trigonometric substitution 𝑥 = 𝑎 𝑠𝑒𝑐(𝜃) 

𝒙 = 𝒂𝒕𝒂𝒏𝜽  then  𝒕𝒂𝒏𝜽  =  
𝒙

𝒂
  

𝒙 = 𝒂𝒔𝒊𝒏𝜽  then  𝒔𝒊𝒏𝜽  =  
𝒙

𝒂
  

𝒙 = 𝒂𝑺𝒆𝒄𝜽  then  𝑺𝒆𝒄𝜽  =  
𝒙

𝒂
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Example: 8 𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 ∫
1

𝑥2√4−𝑥2
dx 

 

Exercise 8.1 Evaluate ∫ √9 − 𝑥2𝑑𝑥 
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Evaluate ∫ √9 − 𝑥2𝑑𝑥 

Evaluate:   ∫
𝑥

√4−𝑥2
𝑑𝑥

1

0
 

Evaluate: ∫ √4 − 𝑥2𝑑𝑥
2

0
 

Exercise 8.2 

Exercise 8.3 

Exercise 8.4 
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Example: 9 𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 ∫
1

√9+𝑥2
dx 

 

Exercise 9.1 Evaluate: ∫
1

√4+𝑥2
𝑑𝑥 
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 Evaluate: ∫
𝑥+1

√4+𝑥2
𝑑𝑥 

Example: 10 

 

Evaluate ∫
√𝑥2−25

𝑥
𝑑𝑥 for x≥ 5 

 

Exercise 9.2 
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Evaluate: ∫
√𝑥2−4

𝑥2 𝑑𝑥 ,  𝑥 ≥ 2 Exercise 10.1 

Moe Exams        امتحانات وزارية سابقة 

47



Mr. Abdalla Abu Elnaga   Math Grade 12 Advanced    0505114830  Page 17 

 

 

  7.3جاء السؤال التالي لقياس المخرج التعليمي درس 

Integrate trigonometric functions using the substitution 𝑥 = 𝑎 sin(𝑦), 𝑥 = 𝑎 tan(𝑦), 𝑥 = 𝑎 sec(𝑦) 

 و يمكن حله بالتعويض ايضا
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Integration of Rational Functions Using Partial Fractions 

Integration Techniques and First-Order Differential Equations  Unit 7 

Lesson 4 

Objectives 

Introduction 

•  Integrate rational functions using partial fractions in different cases. 
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Partial Fraction Expansion 6𝑥

𝑥2 − 𝑥 − 2
 

6𝑥

𝑥2 − 𝑥 − 2
 =

6𝑥

(𝑥 + 1)(𝑥 − 2)
 +

𝐵

𝑥 − 2
 

6𝑥

(𝑥 + 1)(𝑥 − 2)
= 𝐴(𝑥 − 2)

(𝑥 + 1)(𝑥 − 2)
 +

𝐵(𝑥 + 1)

(𝑥 + 1)(𝑥 − 2)
 

6𝑥 = 𝐴(𝑥 − 2) + 𝐵(𝑥 + 1) 

6𝑥

(𝑥 + 1)(𝑥 − 2)
= 𝐴(𝑥 − 2) + 𝐵(𝑥 + 1)

(𝑥 + 1)(𝑥 − 2)
 

=
𝐴

𝑥 + 1
 

6𝑥

𝑥2 − 𝑥 − 2
=

2

𝑥 + 1
+

4

𝑥 − 2
 

To find A and B 

Let 𝑥 = −1 

6(−1) = 𝐴(−1 − 2) + 𝐵(−1 + 1) 

−6 = −3𝐴 

𝐴 = 2 

Let 𝑥 = 2 

6(2) = 𝐴(2 − 2) + 𝐵(2 + 1) 

12 = 3𝐵 

𝐵 = 4 

So, our original fraction can be written as: 

Write in Partial Fraction? Introductory Example 

Solution 
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Example: 1 

Exercise: 2.1 

Write in Partial Fraction 

Partial Fraction: Distinct Linear Factors 

Example: 2 Evaluate: ∫
𝑥−5

𝑥2−1
𝑑𝑥 

𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 ∫
1

𝑥2 + 𝑥 − 2
dx = 
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Evaluate: ∫
2−𝑥

𝑥2+5𝑥
𝑑𝑥 

Partial Fractions: Three Distinct Linear Factors 

Evaluate: ∫
3𝑥2−7𝑥−2

𝑥3−𝑥
𝑑𝑥 Example: 3 

Exercise: 2.2 
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Exercise: 3.1 Evaluate: ∫
−𝑥+5

𝑥3−𝑥2−2𝑥
𝑑𝑥 

Partial Fractions: Repeated Linear Factors 

Example: 4 
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Exercise: 4.1 Evaluate: ∫
2𝑥

𝑥2−6𝑥+9
𝑑𝑥 

Evaluate: ∫
2𝑥

𝑥2−4𝑥+4
𝑑𝑥 Exercise: 4.2 
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Partial Fraction where Long Division is Required 

Example: 5 

Exercise: 5.1 Evaluate: ∫
𝑥3+𝑥

𝑥2−1
𝑑𝑥 
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   Evaluate: ∫
𝑥2+1

𝑥2−5𝑥−6
𝑑𝑥 

Partial Fractions with a Quadratic Factor(irreducible quadratic Factors) 

Example: 6 

Exercise: 5.2 

Evaluate: ∫
1

𝑥3+4𝑥
𝑑𝑥 
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Exercise: 6.1 

Exercise: 6.2 
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Example: 7 

a)    ∫
2

𝑥2−1
𝑑𝑥 = 

𝑏)  ∫
𝑥

𝑥2 − 1
𝑑𝑥 = 
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a)  ∫
2𝑥+2

(𝑥+1)2 𝑑𝑥 = 

b)   ∫
𝑥−1

(𝑥+1)2 𝑑𝑥 = 

Example: 7 
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Modeling with Differential Equations 

Integration Techniques and First-Order Differential Equations  Unit 7 

Lesson 6 

Objectives 

Mr. Abdalla Abouelnaga 

• Learn differential equations of the form.  

                          𝑦′ = 𝑘𝑦 and their general solution 
• Solve problems involving differential equations of the form 𝑦′ = 𝑘𝑦 

satisfying an indicated initial condition. 

 

Examples Examples 

Solution Solution 

            Differential Equation Algebraic Equation 

𝑦′′ + 2𝑦′ = 3𝑦 

𝑦′ = 2𝑦 − 1 

 

A function or  
    a set of functions 

𝑥2 + 5𝑥 + 6 = 0 
2

𝑥 + 1
=

𝑥

3
 

 

    A number or  
    a set of numbers 

A Differential Equation is an equation involving derivatives. 
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General Solution 

Growth and Decay 
 Problems 

Newton’s Law of 
Cooling 

Compound 
Murabaha 

Depreciation of 
Assets 

Forms of the differential Equations 

𝒚(𝒕) = 𝑨𝒆𝒌𝒕 𝒚(𝒕) = 𝑨𝒆𝒌𝒕 +𝑻𝒂 
𝒚(𝒕) =

𝑨. 𝑴. 𝒆𝑲.𝑴.𝒕

𝟏 + 𝑨𝒆𝒌.𝑴.𝒕
 

𝑨 = 𝑷 (𝟏 +
𝒓

𝒏
)

𝒏𝒕

 
Where: 

A: The value of the 
investment after 
compounded Murabaha P: The principle = initial value 

of investment 

r: Murabaha rate 

n: number of times per 

year  that Murabaha is 

compounded.  

t: time in years 

For continuous compounding (𝑛→ ∞) 

The value of investment after t years is. 

𝒚(𝒕) = 𝑨𝒆𝒌𝒕 + 𝑻𝒂 

𝒚′(𝒕) = 𝒌[𝒚(𝒕) − 𝑻𝒂] 

Where   

𝑦(𝑡): is the object 

temperature 

  𝑇𝑎  : is the 

ambient 

temperature 

(temperature of 

the surrounding) 

𝒚′(𝒕) = 𝒌 𝒚(𝒕) 

𝒚(𝒕) = 𝑨𝒆𝒌𝒕 

Exponential Growth Law 𝑘 > 0 

Exponential Decay Law 𝑘 < 0 

𝒗′(𝒕) = 𝒓. 𝒗(𝒕) 

𝒗(𝒕) = 𝑨𝒆𝒓𝒕 

Where: 

𝑣(𝑡): the value of the asset at time t 

𝐴 = 𝑣(0): the initial value of asset 

𝑟: (negative) the 

depreciation rate at which 

the value of the asset 

decreases 

Modeling with differential Equations 

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga 

Mr. Abdalla Abouelnaga 

𝑨 = 𝑷𝒆𝒓𝒕 
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Example: 1 

Exercise: 1.1 

Find the solution of the given differential equation satisfying the indicated 

initial condition. 𝑦′ = 4𝑦,   𝑦(0) = 2   ,   𝑦(𝑥) > 0 

Find the solution of the given differential equation satisfying the indicated 

initial condition. 𝑦′ = −𝑦,    𝑦(1) = 2  ,  𝑦(𝑥) > 0 
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Growth and Decay Problems 

Populations grow at a rate proportional to their current levels. 

𝑦′(𝑡) = 𝑘 𝑦(𝑡) Where 𝑘: is the proportionality constant. 

𝑑𝑦

𝑑𝑡
= 𝑘𝑦 

𝑑𝑦

𝑦
= 𝑘𝑑𝑡 Integrating both sides: 

∫
𝑑𝑦

𝑦
= ∫ 𝑘𝑑𝑡 

𝑙𝑛|𝑦| + 𝑐1 = 𝑘𝑡 + 𝑐2 

𝑙𝑛|𝑦| = 𝑘𝑡 + 𝑐2 − 𝑐1 

𝑙𝑛|𝑦| = 𝑘𝑡 + 𝑐 

This can be represented by the Differential Equation: 

𝐿𝑒𝑡    𝑐 = 𝑐2 − 𝑐1 

𝑒𝑙𝑛|𝑦| = 𝑒𝑘𝑡+𝑐    𝑦(𝑡) > 0 
                              since 𝑦(𝑡) represents a Population 

𝑦(𝑡) = 𝑒𝑘𝑡 ∙ 𝑒𝑐 

𝑦(𝑡) = 𝐴𝑒𝑘𝑡 

This is the General Solution for the Differential Equation 

𝑙𝑒𝑡  𝐴 = 𝑒𝑐 

𝒚(𝒕) = 𝑨𝒆𝒌𝒕 Exponential Growth Law 𝒌 > 𝟎 

Exponential Decay Law 𝒌 < 𝟎 

72



Mr. Abdalla Abu Elnaga   Math Grade 12 Advanced    0505114830  Page 5 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example: 2 

Exercise: 2.1 

A freshly inoculated bacterial culture contains 100 cells, when checked 60 minutes 

later it is determined that there are 450 cells, assuming Exponential Growth: 

1. Determine number of cells at any time measured in minutes. 

2. Find the doubling time. 
Given: 
 Exponential Growth 

𝑦(0) = 100 
𝑦(60) = 450 

1)𝑦(𝑡) = 100𝑒
𝑙𝑛 (4.5)

60 𝑡 2)𝑡 =
60𝑙𝑛 (2)

𝑙𝑛 (4.5)
≈ 27.65 minutes 

a. Quickly determine the population after 3 hours 

b. Find an equation for population at any time. 

c. What will the population be after 3.5 hours? 

  

Suppose a bacterial culture initially has 400 cells after 1 hour the 

population has increased to 800, assuming Exponential Growth: 

Given: 
 Exponential Growth 

𝑦(0) = 400 
𝑦(1) = 800 

a) 𝒚(𝟑) = 𝟑𝟐𝟎𝟎 cells 𝑏)𝑦(𝑡) = 400𝑒𝑙𝑛 (2)∙𝑡 𝐶) 𝑦(3.5) ≈ 4525.4834 ≈ 4525 

cells 
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Radioactive Decay 

Half-life: time required for half of the initial quantity to decay into other elements 

The half-life of Uranium 
235

U is approximately 0.7 × 109 years if 50 

grams are buried at a nuclear waste site, how much remain after: 

a. 100 years 

b. 1000 years 

Example: 3 

Given: Exponential Decay  

𝑦(0) = 50 

             Half-life= 0.7 × 109 years 

  

𝑦(0.7 × 109) = 25 

Exercise: 3.1 The half-life of Carbon 
14

C is approximately 5730 years, if you have 50 

grams of it ,how much will be left in 100 years? 

Given: Exponential Decay  

𝑦(0) = 50 

             Half-life= 5730 years 

  

𝑦(5730) = 25 

𝑦(100) = 49.99999505 grams 𝑦(1000) = 49.99995049 grams 

y(100) = 50 e^100k ≈ 49.3988 grams.  
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Newton’s Law of Cooling 

𝑦′(𝑡) = 𝑘[𝑦(𝑡) − 𝑇𝑎] Where 𝑦(𝑡): is the object temperature 

    𝑇𝑎  : is the ambient temperature. 

 (Temperature of the surrounding) 
If 𝑦(𝑡) > 𝑇𝑎 

𝑑𝑦

𝑑𝑡
= 𝑘[𝑦(𝑡) − 𝑇𝑎] 

𝑑𝑦

𝑦(𝑡) − 𝑇𝑎
= 𝑘𝑑𝑡 

∫
𝑑𝑦

𝑦(𝑡) − 𝑇𝑎
= ∫ 𝑘𝑑𝑡 

𝑙𝑛| 𝑦(𝑡) − 𝑇𝑎| + 𝑐1 = 𝑘𝑡 + 𝑐2 

Separating variables: 

Integrating both sides: 

Let (𝑐2 − 𝑐1) = 𝑐 

𝑙𝑛| 𝑦(𝑡) − 𝑇𝑎| = 𝑘𝑡 + 𝑐 

𝑒𝑙𝑛(𝑦(𝑡)−𝑇𝑎) = 𝑒𝑘𝑡+𝑐 

𝑦(𝑡) − 𝑇𝑎 = 𝑒𝑘𝑡 ∙ 𝑒𝑐 Let  𝑒𝑐 = 𝐴 

    Since   𝑦(𝑡) > 𝑇𝑎 
𝑦(𝑡) − 𝑇𝑎 > 0 

𝑦(𝑡) = 𝐴𝑒𝑘𝑡 + 𝑇𝑎 
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  Example: 4 

Exercise: 4.1 

A bowl of porridge at 200℉ is placed in 70℉ room, one minute later the 

porridge has cooled to 180℉ when will the temperature be 120℉? 

  
Given: 𝑦(0) = 200℉  

𝑦(1) = 180℉ 
𝑇𝑎 = 70℉ 

A cold drink is poured out at 50℉ after 2 minutes of sitting in 70℉ room 

its temperature has risen to 56℉  
a. Find the drink’s temperature at any time t 

b. What will the temperature be after 10 minutes?  

c. When will the drink warmed to 66℉ ? 

   Given:   𝑦(0) = 50℉      
,            𝑦(2) = 56℉      ,     

  𝑇𝑎 = 70℉ 
                              

𝑡 =
𝑙𝑛(

5

13
)

𝑙𝑛(
11

13
)

= 5.71977 minutes 

𝑎)𝑦(𝑡) = −20𝑒
𝑙𝑛(0.7)

2 𝑡 + 70 𝑏) 𝑦(10) = 66.6386℉ C) 𝑡 =
2𝑙𝑛(0.2)

𝑙𝑛 (0.7)
≈ 9.025 minutes 
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  Compound Murabaha 

 

Where: 

A: The value of the investment after compounded Murabaha 

P: The principle = initial value of investment 

r: Murabaha rate 

n: number of times per year  that Murabaha is compounded.  

t: time in years 

As n increases the greater the Murabaha is. 

Is there a limit to how much Murabaha can occur? 

Annual Percentage Yield in one year: 

𝐴𝑃𝑌 = 𝑙𝑖𝑚
𝑛→∞

[(1 +
𝑟

𝑛
)

𝑛

− 1] 

𝐴𝑃𝑌 = [ 𝑙𝑖𝑚
𝑚→∞

(1 +
1

𝑚
)

𝑚

]

𝑟

−1 

 𝑇ℎ𝑒𝑛      𝐴𝑃𝑌 = 𝑒𝑟 −1 

Under continuous compounding (𝑛→ ∞) 

Suppose 𝑛 = 𝑟𝑚 
𝐴𝑃𝑌 = 𝑙𝑖𝑚

𝑛→∞
[(1 +

𝑟

𝑟𝑚
)

𝑟𝑚

− 1] 

𝑠𝑖𝑛𝑐𝑒 𝑙𝑖𝑚
𝑚→∞

(1 +
1

𝑚
)

𝑚

= 𝑒 

For continuous compounding (𝑛→ ∞) 

The value of investment after t years is 

𝑦 = 𝐴𝑒𝑟𝑡 

𝑨 = 𝑷 (𝟏 +
𝒓

𝒏
)

𝒏𝒕

 

 

𝐴 = 𝑃𝑒𝑟𝑡 = 
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𝑏)𝐴𝐸𝐷1082.999507 𝑎)𝐴𝐸𝐷1080 

If you invest AED1000 at annual Murabaha rate of 8%. Compare the value of 

the investment after 1 year under the following forms of compounding: 

a. Annual 

b. Monthly 

c. Daily 

d. Continuous 

𝑛 = 1 

Example: 5 

𝑛 = 12 

𝑛 = 365 

  

Given:   𝑃 = 𝐴𝐸𝐷1000 

𝑟 = 0.08 
               𝑡 = 1 

  

a. If both receive 12% Murabaha compounded continuously, what are the value of 

investment in 2010? 

b. Repeat for Murabaha rate of 4% 

c. Determine Murabaha rate such that person A ends up exactly even with person B.   

(Hint: you want person A to have 20000 in 2000) 

Person A invests AED10000 in 1990 and person B invests AED20000 in 2000 Exercise: 5.1 

𝑐)𝐴𝐸𝐷1083.277572  𝑑) ≈ 𝐴𝐸𝐷1083.287068 
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If 𝑦(𝑡) is the value of investment after 𝑡 years with continuous compounding , 
the rate of change of 𝑦(𝑡) is proportional to 𝑦(𝑡) . 
that is 𝑦′(𝑡) = k𝑦(𝑡)  
 then 𝑦(𝑡)   = 𝐴𝑒𝑟𝑡 

Introduction: Depreciation of Assets 
 

Where: 
𝑣(𝑡): the value of the asset at time t 

𝐴 = 𝑣(0)): the initial value of asset 

𝑟: (negative) the depreciation rate at which the value of the asset decreases 

a. Find its worth after 10 years, 20 years. 

b. Compare these values to AED10000 asset that depreciate to no value in 20 

years using linear depreciation. 

Suppose that the value of AED10000 asset decreases continuously at 

constant rate 24% per year. 
Example: 6 

𝒗′(𝒕) = 𝒓. 𝒗(𝒕) 
 

𝒗(𝒕) = 𝑨𝒆𝒓𝒕 
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Separable Differential Equations 

Integration Techniques and First-Order Differential Equations  Unit 7 

Lesson 7 

Objectives 

Introduction 

•  Find the general solution of separable differential equations of 
first order. 

 

Differential Equations in which 

Function(s) is defined by one 

variable 

𝒅𝒚

𝒅𝒙
= 𝟑𝒙 − 𝟐 

𝒅𝒚

𝒅𝒕
= 𝒆𝒚−𝒕 

Contain only the 

first derivative: 

𝒚′ =
𝒚

𝒙 − 𝟐
 

𝒅𝒚

𝒅𝒙
= (𝒙 − 𝟑)𝒚 

𝑫𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕𝒊𝒂𝒍 𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔⏟                   

Equations that involve 

derivatives 

𝒚′ = 𝟐𝒚 

𝒅𝒚

𝒅𝒙
= 𝟐𝒚(𝟑 − 𝒚) 

𝑶𝒓𝒅𝒊𝒏𝒂𝒓𝒚⏟       𝑭𝒊𝒓𝒔𝒕 𝑶𝒓𝒅𝒆𝒓⏟         

A Separable Differential Equation 

If we can 

separate the 

variables 

𝒈(𝒚)𝒚′ = 𝒉(𝒙)𝒙′ 

𝒈(𝒚)𝒅𝒚 = 𝒉(𝒙)𝒅𝒙 

Where all 𝒙′𝒔 are in 

one side of the 

equation and all 𝒚′𝒔 

are on the other side 
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Example: 1 Determine whether the following differential equations is separable. 

2)𝑦′ = x𝑦2 − 2𝑥2y  

1) 𝑦′ = x𝑦2 − 2xy  

3)𝑦′ = (3𝑥 + 1)𝑐𝑜𝑠𝑦 
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Exercise: 1.1 Determine whether the following differential equations is separable. 

1) 𝑦′ = (3𝑥 + 𝑦)𝑐𝑜𝑠𝑦 

2)𝑦′ = 𝑥2𝑦 − 𝑥𝑐𝑜𝑠𝑦 

3)𝑦′ = 2𝑥𝑐𝑜𝑠𝑦 − 𝑥𝑦3 
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General Solution in Explicit Form if possible 

Solve the differential equation(or)  

Find the General Solution in Explicit Form if possible . 
Example: 2 

2) 𝑦′ = (𝑥2 + 1)𝑦 

1) 𝑦′ = 
𝑥2+7𝑥+3

𝑦2
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Exercise: 2.1 Solve the differential equation(or) 

 Find the General Solution in Explicit Form if possible . 

1)𝑦′ =
2

𝑥𝑦 + 𝑦
 

2) 𝑦′ =
√1 − 𝑦2

𝑥𝑙𝑛𝑥
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Initial Value Problem 

To select one solution an initial condition is given (𝑥0, 𝑦0) 

General solution of a differential equation includes arbitrary constant (integration constant) 

It represents a family of curves. 

1) 𝑦′ =
𝑥 − 1

𝑦2
 ,     𝑦(0) = 2 

Solve the initial value problem explicitly if possible: 

Example: 3 

2) 𝑦′ = 3(𝑥 + 1)2𝑦   ,  𝑦(0) = 1 
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Solve the initial value problem explicitly if possible: Exercise 3.1 

1) 𝑦′ =
𝑡𝑎𝑛𝑦

𝑥
 ,    𝑦(1) =

𝜋

2
 

2) 𝑦′ =
9𝑥2 − 𝑠𝑖𝑛𝑥

𝑐𝑜𝑠𝑦 + 5𝑒𝑦
,   𝑦(0) = 𝜋 
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Logistic Growth 

  

Exponential Vs. Logistic Growth 

Exponential model of growth: 

Rate of change in a population is 

proportional to current population. 

𝒚′ = 𝒌𝒚 

𝒚(𝒕) = 𝑨𝒆𝒌𝒕 

The model assumes unlimited growth. 

IF 𝒚 ≠ 𝟎,  𝒚 ≠ 𝑴 

Logistic model of growth 

Assumes that there is a maximum limit 

for growth. 

Rate of change in a population is 

proportional to current population and 

the difference between maximum(M) 

and current population (y) 

𝒚′ = 𝒌𝒚(𝑴− 𝒚) 

𝒚 = 𝟎

𝒚 = 𝑴
 𝒂𝒓𝒆 𝒕𝒘𝒐 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔 𝒇𝒐𝒓 𝒕𝒉𝒆 𝑫.𝑬 

𝒚 =
𝑨𝑴𝒆𝑴𝒌𝒕

𝟏 + 𝑨𝒆𝑴𝒌𝒕
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∫(
𝟏

𝑴𝒚
+

𝟏

𝑴(𝑴− 𝒚)
)𝒅𝒚 = ∫𝒌𝒅𝒕 

𝒚′ = 𝒌𝒚(𝑴− 𝒚) 

𝒚′(𝒕)

𝒚(𝑴 − 𝒚)
= 𝒌 

𝒅𝒚

𝒚(𝑴− 𝒚)
= 𝒌𝒅𝒕 Integrating both sides: 

∫
𝒅𝒚

𝒚(𝑴− 𝒚)
= ∫𝒌𝒅𝒕 

Using partial fraction expansion for the left integral: 

Logistic Equation 

𝟏

𝑴
𝒍𝒏|𝒚| −

𝟏

𝑴
𝒍𝒏|𝑴 − 𝒚| = 𝒌𝒕 + 𝒄 

𝒍𝒏|𝒚| − 𝒍𝒏|𝑴 − 𝒚| = 𝑴𝒌𝒕 +𝑴𝒄 𝟎 < 𝒚 < 𝑴 

𝒍𝒏(𝒚) − 𝒍𝒏(𝑴− 𝒚) = 𝑴𝒌𝒕 +𝑴𝒄 

𝒍𝒏 (
𝒚

𝑴− 𝒚
) = 𝑴𝒌𝒕 +𝑴𝒄 

𝒚

𝑴− 𝒚
= 𝒆𝑴𝒌𝒕+𝑴𝒄 

𝒚

𝑴− 𝒚
= 𝒆𝑴𝒄 ∙ 𝒆𝑴𝒌𝒕 

𝒚

𝑴− 𝒚
= 𝑨 ∙ 𝒆𝑴𝒌𝒕 

𝒚 = 𝑨 ∙ 𝒆𝑴𝒌𝒕(𝑴 − 𝒚) 

𝒚 + 𝑨𝒆𝑴𝒌𝒕𝒚 = 𝑨𝑴𝒆𝑴𝒌𝒕 

𝒚(𝟏 + 𝑨𝒆𝑴𝒌𝒕) = 𝑨𝑴𝒆𝑴𝒌𝒕 

𝒚 =
𝑨𝑴𝒆𝑴𝒌𝒕

𝟏 + 𝑨𝒆𝑴𝒌𝒕
 

we will show how we found it 

Reading Only  
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  Example: 5 

Given a maximum sustainable population of M = 1000 (this could be measured in 

millions or tons, etc.) and growth rate k = 0.007, find an expression for the population 

at any time, t, given an initial population of y(0) = 350 and assuming logistic growth. 

𝑦′ = 𝑘𝑦(𝑀 − 𝑦) 

Logistic Equation 

Remember 

𝒚 =
𝑨𝑴𝒆𝑴𝒌𝒕

𝟏 + 𝑨𝒆𝑴𝒌𝒕
 

Solution 

solve the initial value problem explicitly if possible 

Solving a Logistic Growth Problem 

Example: 6 𝑦′ = 3𝑦(2 − 𝑦),   𝑦(0) = 1 

Solution of 
Logistic Equation 
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Exercise:6.1 

solve the initial value problem explicitly if possible. 

𝑦′ = 2𝑦(5 − 𝑦),   𝑦(0) = 4 

𝑦′ = 𝑘𝑦(𝑀 − 𝑦) 

Logistic Equation 

Remember 

𝒚 =
𝑨𝑴𝒆𝑴𝒌𝒕

𝟏 + 𝑨𝒆𝑴𝒌𝒕
 

Solution 

Solution of 
Logistic Equation 
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