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Lesson 5-1

Ly A
ANTIDERIVATIVES

If

Imad Ode | m—

S 13

F'(x) = f (2.

We call such a function F an antiderivative of f

L IF@+c=F®+0=f(x)

fdadol s p F W1 0l Jis

dx
| EXAMPLE1
Find an antiderivative of
1) f(x)=x? 2) f(x) = 3x%

3) g(x) = cosx + 3

4) f(x) = sec*x

This graph shows the set of antiderivatives of which
functions?

a) f(x)=x?
E‘ b) f(x) = 2x
o
Q. _
C X) = X
o ) f)
& 2
A f =2«
[ https://t.me/lomaths12 Mr. Imad Odeh 0507614804
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H
This graph shows the set of antiderivatives of which
functions?
a) f(x)=3x"
b) f(x) = 3x
0 fx =
Q) fx) 2
THEOREM 1.1 1.1 4 kil
Suppose that F and G are both antiderivatives of ol I eyl e 3 ikl il las G 5 F ol g e

f on an interval I. Then,

G(x)=F(x)+c

for some constant c. c <uliaae K
DEFINITION 1.1 1.1 <y el
Let F be any antiderivative of f on an interval I. Jdaganal e Jalill syl e f(x) Jddal dls F s
The indefinite integral of f(x) (with respect to Aanl o camy [ e (x daaslaa) fi(X)

x) on I, is defined by,

jf(x)dx = F(x) + ¢

[}

g where c is an arbitrary constant (the constant of (sl ) gl culisae ¢ s
Q. | integration).

o

Q.

o

=

L

e https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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Integration Rules J«lill o g8

jk dx =kx +c

ka dx

ka xr+1
=——+¢ xTdx =
2 r

jsinxdxz —cosx+c

Jcosx dx =sinx +c

j sec’xdx = tanx + ¢

f csc?xdx = —cotx + ¢

jsecxtanx dx = secx + ¢

Jcscxcotx dx =—cscx+c

1
fsinkx dx = —Ecoskx+ c

1
j coskx dx = Esin kx + c

1
jexdx=ex+c j;dx=ln|x|+c
j 1 dx = tan~1x + J 1 dx =sin"lx+ ¢
1T 22 x=tan"'x+c T
f -1 d 1y 4+ J—l dx = sec lx + ¢
x=cos 'x+c =
i xVa? — 1
1 (x
jeax+bdx=_eax+b+c f( )dlen lf(x)| + ¢
. @

https://t.me/lomaths12

Mr. Imad Odeh 0507614804
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THEOREM 1.2 (Power Rule) (358 3as18) 1.2 g lat)
For any rational powerr # —1 r #—14ns 95“!
N xr+1
x"dx = + c
r+1
Here, if r < —1 the interval I on which this is Uma 138 Lo 5%y A T80 < —1 S 1) s
defined can be any interval that does not include X = 0 e Yoy oS0l Sa
x=20
EXAMPLE 1 1 Jéa
Evaluate A gl
D jszdx 2) ftsdt
1
) f t17dt 4 f—3dx
x
1
S Vx
)
Q.
o
S
o
=
[ep

@ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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Exercises (sl

Find the general antiderivative.

Loy A 2 )

3

©

= 9) 10) 1

8 f\/x3+4dx fB dx

o Va2

=

[ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022

1 I(Bx4 —3x)dx

2) f(xg’ —2)dx

3) f(4x2 —3)dx

Y f(x — 3x%)dx

4
X

@ f 3vVx dx

Imad Ode | m—
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Find the general antiderivative. Loy Al as )
1) fx3+1 2) fx2+4
dx x
x x
3) 3x%2 -4 4) 3 —x?
f 7 —dx f >—dx
x x

5) x1/3 -3
J- 2B dx

7) fx1/4(x5/4 — 4)dx

8) fx2/3(x‘4/3 —3)dx

@ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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2 f(x +1)(x— 1) dx 1) f(x2 +1)%dx
Al & gl ALi
Past exam Questions
Q1 |
Find the general antiderivative. oY) ) as )
f (x® — 3)dx
a) «x’ 3
7 —3x+¢c
b) x° 3
? —3x+c
) 6x’—3x+c
d 6x°-3x2+c
Q2 H
Find the general antiderivative. ALVl dlall aa
f (3x* — 3x)dx
a) 12x3—-3x+c
b) 3x5-3x*+c
o x*—-x*+c
d 3 5 _3
gX — X"+

Imad Ode | m—
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Q3 |

Find the general antiderivative.

BhadSdelx + ¢
b) 6x+c
c 3x3—-x+c

4 3,

—x+c
2

ALY Al aa

f(?)xz —1)dx

| Q4

Find the general antiderivative.

a) 1/x3 3
—<—+x> e

3\3
b) (x?+1)3

— 0T C

3

0 x°

LT 43

g tgxtxtc
d) x5

?+X+C

sinxdx = —cosx +c

ration of tri

Al Il a9l

f(xz +1)2dx

ALY J1gult JolS

onometric functions

fcosx dx = sinx +c

sec’x dx = tanx + ¢

csc’x dx = —cotx + ¢

YopO pew

—_— —] —

secxtanx dx = secx + ¢

cscxcotx dx =—cscx+c

1
J-sinkxdx = —Ecoskx+c

1
coskx dx = Esin kx+c

—_— | ] —

[ &) https://t.me/lomaths12 Mr.Imad Odeh 0507614804  1,pe http://www.youtube.com/@imaths2022
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-
Find the general antiderivative Alay) Al aa ) | 2
@)
e
1) stinx+cosxdx 2) f3cosx—sinx dx E
3) stecxtanxdx 4) f3cscxcotxdx
5) szeczx dx 6) JSseczx dx
9 f(B cosx + 4x%) dx 1) J(S sec?x + 3x%) dx
cos x
= 1D ftanzx dx 12) f4 8 dx
g sinZ x
Q.
@)
Q.
o
=
13) J(\/} + sec x tan x) dx
[ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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- o
Past exam Questions s
-
| Q1 Find the general antiderivative. Aoyl Al aa | .E
f csc’x dx
a) tanx+c
b) i—mescx 4+ ¢
c) cotx+c
d) —cotx+c
| Q2 Find the general antiderivative. Loy Al aa g |
JZ secxtanx dx
a) 2secx+c
b) 2sec’x+c
c) 2tan’x+c
d 2tanx+c
| Q3 Find the general antiderivative. Lo A1l azsl |
J(l — cscx cotx) dx
a) x+cscx+c
;En b) x+cotx+c
Q.
8 c) x—cotx+c
o
=
d) x—cscx+c
[
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YopO pew

| Q4  Find the general antiderivative. Lo Al azsl |

sinx
5 5 dx
COoS“ x

a)'"'—5'secx + ¢

Imad Odehmmm—

b) 5sec’x+c
¢) Stan’x+c

d) 5secx+c

At J1gal) Jalss

Integration of exponential functions

1
f efdx=e*+c f e®™tbgy = —gax+h 4 ¢
a

Exercises (xlal

Find the general antiderivative. Adal) A 2 ) |
D [@er-2ax D [ax-2e0ax
3) f(x — et dx 4) f(cos 3x — e*)dx




a) Inle*+4|+c

b) Inle*|+c

YopO pew]

) x—4e*+c

d x—4e*+c

F==Imad Odch
Find the general antiderivative. by Allall aa ) |
-
e*+3 e*+4 Q
>) '[ dx 6) f x =
ex x o
=
£
2x _ 3x
7) f(z cos x — er) dx %) f& dx
e3x
Past exam Questions
| Q1 Find the general antiderivative Ala¥) A aa |
e*+4
j p dx

[ e https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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| Q2 Find the general antiderivative. Lo Al azsl |
e2X — Dp3% §
J o o
a) 1 3
—— 2
2t £
1
b) —~—Xx+c
1
9 _ — — 2xe* +c
e

d e*—-2x+c

| Q3 Find the general antiderivative. oY) ) az) |

eBx
_fS + e3% dx

a) 3lInle3*|+c
3
glﬂlBBxl +c

c) S5x+e’*+c

1
§ln|5 +e3¥| +c

AN ) gl (i gSma I gall JalSs

Integration of inverse trigonometric functions

1 1
dx = tan 1x + ¢ f—dx=sin‘1x+c
1+x2 \ll_xz
f 1 4 1y + f—l d Tl +
——dx=cos "x+¢c¢c xX=sec "x+c
V1 — x2 |x[Va? — 1

&) https://t.me/lomaths12 Mr.Imad Odeh 0507614804  1,pe http://www.youtube.com/@imaths2022
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‘ Find the general antiderivative. Llay) Al as ) “
1) i 2) f ( )
2 - x—
f( sinx 1+x2)dx 3e 1122 dx
Find the general antiderivative. ALyl Al aa ) H
3 4
3) J- dx Y f ———dx
4x% + 4 V1 = a2
;\igbu <) g i
Past exam Questions
| Q1  Find the general antiderivative. AlaY) Al aa |
=) 1
g_ f 9 + x?2 dx
x
o 3  _3tan! (—) +c
o} 3
o
= b) X
-1(Z
3tan ( 3 ) +c
c) 1 _1( X
§tan ( § ) +c
d) 1, /x
- § tan ( § ) +c
[ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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| Q2 Find the general antiderivative. Aoyl Al aa |
f 1 + x2 dx
a)madL4cos 1x+c¢
b) 4tan"lx+c
1
2 Ztan‘lx +c
d 4sin"lx+c
| Q3 Find the general antiderivative. Ao A1l azsl |
f(Zsmx— 1+ xz) dx
a) —-2cosx—tan"1(1+x%) +c
b) —2cosx—tanlx+c
¢) sinfx—tanlx+c
d) 2cosx—tanx+c
rlal) &J@Jﬂ\ a0 Jalss
Integration of natural logarithm functions
ldx =In|x| + ¢ 1 1
x dx =—In|lax + b| + ¢
ax+b a
EXAMPLE For any x for which tan x # 0, evaluate g
~
g‘ d In|t |
o 7, nltanx
&
=

Imad Odeh=——=—=
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H EXAMPLE Find the general antiderivative

H Al Al aa ) |

1) f sec? x
dx

tan x

Exercises (slal

2) 2x
fxz + 1dx

Imad Ode | m—

@ Find the general antiderivative

gl Al aa ) |

V(R e

2) J.(Scosx—%) dx

) f(Z x 1+ sinx) dx

https://t.me/lomaths12

Mr. Imad Odeh 0507614804  ,pe http://www.youtube.com/@imaths2022
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Find the general antiderivative H by Allall aa ) |
5) zx 6) f x
,[x2+4 dx x2+4 dx
7) 4x 8) f 8x
fx2+4 dx x2+7dx
cosx i
9) j 05X ix 10) f sinx .
sin x cosx
11) e*
j e*+ 3 dx

https://t.me/lomaths12

Mr. Imad Odeh 0507614804  ,pe http://www.youtube.com/@imaths2022
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A8l &) gha Adin)
Past exam Questions

e https://t.me/lomaths12 Mr. Imad Odeh 0507614804

Q1  Find the general antiderivative la¥l Al aa
f 2x d
x
x2+4
a) 2x%(x*+4)
b) In|x?+2x|+c
0 (*+4)+c
d) Inx*+4|+c
Q2 |
Find the general antiderivative. Ll allall aa )
f 8x d
x
x2+7
1
3) Eln|x2+7|+c
b) 2In|x2+7|+c
1
) —In|x*+7|+c
4
d) 4in|x*+7|+c
YKL |
Find the general antiderivative. oY) D) asgl
& g
Q.
o) f tanx dx
& tanx +
Q. a) secxtanx+c
b) cosx+cotx+c
¢) In|cscx|+c
d) —In|cosx|+c
[ Tube http://www.youtube.com/@imaths2022
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e3
SEE

X
peT: dx

J

| Q4 |
Find the general antiderivative. Al Il a9l
f tan2x dx
a)' sin2x
+c
cos 2x
b) —cot2x+c
1
) —Elnlsin 2x|+c
1
d) —Elnlcos 2x|+c
Q5 |
Find the general antiderivative. ALVl dlall as

a) 3Inle¥|+c
b) 1 3x
3ln|e |+ ¢
c) 5x+e¥*+¢
d %ln|5+e3x| +c
EXAMPLE H

If an object’s downward acceleration is given by

y'" (t) = —32ft/s?, find the position function y(t).
Assume that the initial velocity is

y'(0) = —100ft/s and the initial position is

y(0) = 100,000 feet.

3
Qu
@)
S
o
=
[

Aalrally are Jiul1 s anall gl IS 1)
Y(£). gasall Ao 2a 56 oy’ () = —32ft/s?
y'(0) = —100ft/s » ¥ de jull o) (il
23 y(0) = 100,000 s Y rasall i
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Exercises ¢\l

Determine the position function if the velocity iyl T 8l 5 e jull Ally il 1Y) a8 gall Ala 2as

function and the initial position are.

o LS

v(t) = 3 — 12¢, s(0)=3.

v(t) = 3e !t -2, s(0)=0

v(t) = 8 — 6t, s(0) = 4

https://t.me/lomaths12

Mr. Imad Odeh 0507614804  ,pe http://www.youtube.com/@imaths2022
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v(t) = 3cost+t—35, s(0) =6

v(t) = —32t+10, s(0) =2

Determine the position function if the acceleration i) da il 5 e sluall Al ClS 1Y) ad gall Alla das
function, the initial velocity is, and the initial b WS adsall g de yull
position are

alt)=t*+1, v0)=4s0) =0

3
©
u
Q.
o
=
[ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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a(t) = 3sint+1, v(0)=0 s(0) =4

a(t) = 6, v(0) =10 s(0) =0
Past exam Questions
Q1 Determine the position function if the velocity WS Ay} b il g de juldl 2lls il 1Y) #8 gall Alla 20a
function and the initial position are. ok

Y2pO pru]
QL

v(t) = 8 — 6t, s(0) = 4
s(t) =8t —6t* +4

s(t) =8t—3t>+4
s(t) =6t> —8t+4

s(t)=3t>—-8t+4

e https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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Q2 Determine the position function if the velocity WS Ay Ja il g de jull Al il 1Y) #8 all Alla 20a
function and the initial position are. i &
Q
v(t) = 3cost+t—5, s(0) =6 8
a).0s(t) = —3 cost +:5t+6 —g
b) s(t) =3sint+t*—-5t+6 E
1
) s(t) = 3sint+zt2 —5t+6
d) s(t)=3cost+t?>—5t
Q3 Determine the position function if the acceleration Loyl g Olaadlh Al il 1Y) 8 gall il lads
function, the initial velocity is, and the initial b WS a8 sall g Aoyl Ala5Y)
position are
alt) = t*+1, v(0) =4 s(0) =0
s(t) = — S+ At
2
b) tt
s(t) = — + t? + 4t
c) t3
s(t) = — gHt+4
d) t3
s(t) = — g +2t+4

Exercises (slal

Find the function f (x) satisfying the given conditions. Blasall Lo g ) (3ias ) A aa ) |
Q1
f'(x) =3e* +x, f(0) =14

Mr. Imad Odeh 0507614804

https://t.me/lomaths12

Tube
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f'(x)=4cosx,f(0) =3

f'(x) =3x*+1and f(0) =2

https://t.me/lomaths12

f'(x) = e ?* +x,

Mr. Imad Odeh 0507614804

Tube

f(0)=3
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| Find the function f (x) satisfying the given conditions.

slaxa) Jo g il (383 ) AJal) 2 |

f'(x) =12x%* + 2e*,f (0)=2,f(0) =3

Imad Ode | m—

f'(x) =20x3 +2e*,f' (0) =-3,f(0) = 2

ffw=2+2t, f(O=2  f3)=2

ff=4+6t, [f(1)=3  f(-1)=-2

https://t.me/lomaths12
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H Find the function f(x) satisfying the given conditions

f'(x) = 3sinx + 4x*

slaxa) Jo gyl (383 ) ANl 2 |

f'(x) =vVx—2cosx

https://t.me/lomaths12

2
flll(x) — 4 _ F
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|

f""(x) =sinx — e*

Imad Ode | m—

A8 lu &) gl dlind
Past exam Questions

Q1  Find the function f(x) satisfying the given Slaxall Ja g il (géas 1 Al as )
conditions.

f(x) =3e*+x, f(0)=4

a) x2
3e*+—+c
2
b) x2
3e*+—+1
2
c) x?
3e*+—+4
2
D 3e* + x 1
e — —
2
Q2  Find the function f(x) satisfying the given Slarall Jo g il (géas 1) AlAl) s
5‘ conditions.
)
= f/(x)= 4cosx,f(0) = 3
8 a) —4sinx-3
9
=

b) 4sinx-—3
c) —4sinx+3

d) 4sinx+3

[ e https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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Q3  Find the function f(x) satisfying the given Slaxall Ja gyl (géas 1 Al as )
conditions.
flx)=e*f(0) =3
a) of(x) =2+e7*
b) f(x)=4+e*
o fx)=2-e€*
d fx)=4-e*
Q4  Find the function f(x) satisfying the given Slaxall Ja g il (géas 1 Al as )
conditions.
f'(x) = 20x3 + 2e%*,f (0) = =3, (0) = 2
a) 5 1 2x 3
_ —4 i
x> + > e X + 2
3
D) x5 42 _gx4l
2
1 3
2 x5+ie2"+4x+5
1
4 x5+§e2"—4x—§
Q5  Find the function f(x) satisfying the given lanall Ja g il geas ) Adlal) s
conditions.
f'(t) =2+ 2¢ f(0) =2, f(3)=2
a) 2 1
—+-t?—6t+2
L} 372 *
E b) +t*—6t+2
Q.
O c) t3
<R ) £ +t2—6t+2
o 3
=
d
) £ +t2—6t—2
3
L

Imad Ode | m—
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H Q6  What are the antiderivatives of

f(x) =
D G(x) = In|sinx| +;

T
G(x) = In|cos x| + >

) G(x) = In|cosx|

d) 1.,,G(x) = In|sin x|

Exercises (il

C
S

x
x passing through th

os
in

JAda¥l Alal aa sl |

epoint (g ,O) ?

Imad Ode | m—

|

Find a function f (x) such that

the point (1, 2) is on e g (1,2) Aalill e s f (k) D) as )

the graph of y = f (x), the slope of the tangent line 3
at (1,2) is 3 and the second derivative is

https://t.me/lomaths12

f'(x)=x—-1.

Mr. Imad Odeh 0507614804  Tyhe

Gk (1,2) bl die ulaal) Jae g Al s
o Al gl

http://www.youtube.com/@imaths2022



s Imad Odeh

|
Find a function f (x) such that the point (—1,1) is G aE (—1,1) Aadil L Ay f (x) Dl aa )
on the graph of y = f (x), the slope of the tangent 2 sl (—1,1) Akl die Guleal) Jae g Al Sinia
line at (—1,1) is 2 and the second derivative is (s Al Asiidl

f'(x) = 6x + 4.

find the derivative. damid) aa gl

— In|sec x + tan x|
dx

|
Sketch the graph of two functions f(x) b LS Legiliidia Gl lll 5 (pidlide (yills o )|
corresponding to the given graph of

¥
a) ¥ f (I) b) ¥
A 4 f'(x)
3 / T
o T / 3+ o o
Q—\ J
O 4 o—o 24
Q—l __""‘-.,_u
o e o—o q 14
= / \1/
i i i —t —»x bt | R > X
—3/—2 -1 1 2 3 3 2 -1 1 2 3
4 -1+
/ -4+ i,
[ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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Al Al
Extra questions
%8 find sl 10 o |
f 4e'"* dx
a) Inx*+c
b) '4x™1¥¢
c) 2x%+c
d 4e*+c
find 2
[ g
cosx—1 o
find 22
VEAD-¢
cosZxsinZx
5
Q.
O
S
o
= KO3 Find 2 )
cos x 1
f ( 53 ) dx
csc?x  csc3x
[ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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D 21)2+2(2)%+23)% + - +2(14)* 2) VZ-1+V3-1+Va—-1+-+V15-1
~ | EXAMPLE
g Write in summation notation: e 200 Js) g sene LUST de sanall Sy aladil
2. the sum of the first 200 odd positive integers. 50 s
O
Q.
o
=
[ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022

Imad Odeh 1
Lesson 4.2 @
SUMS AND SIGMA NOTATION @)
g saxall Ja)g £ sarall 'g
| EXAMPLE 1 T
Write in summation notation
a)  V1+vV2+V3+--+v10 b) 3*+4%+5%+..+45°

Exercises (slal

translate into summation notation. \




Imad Odeh

Exercises (s lal

Translate each into summation notation and
then compute the sum.

£ saxall Caa) i g sanall e ) o Lea SIS J3a

The sum of the squares of the first 50 Q2
positive integers.

The square of the sum of the first 50
positive integers.

OKM The sum of the square roots of the first 10 KO
positive integers.

The square root of the sum of the first 10
positive integers.

| EXAMPLE

Write out all terms and compute the sums
1) 8

Z(2i+ 1)

i=1
2)
5 6
8 Zsin( 21 i)
oy i=1
i=
@
Q.
o
=
3)
10
2;°
i=4
[ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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write out all terms and compute the sums.
D 2)
6 7
Z 3i2 Z(iz +1)
i=1 i=3
3) 4)
10 8
2(41' +2) Z(i2 +2)
i=6 i=6
THEOREM 2.1 2.1 doydasdl
= n f
(1) Z c=ci (full: of constants),
Gl 5l & gana
i=1
n
(ii) ., _nn+1) (sum of the first n positive integers)
i=1
n
(iii) 2 n(n+1)(2n+1) | (sum of the squares of the first n positive integers).
B 6 G 50 zaaa e Js) Sl e £ sane
. i=1
£
o | THEOREM 2.2 2.2 d,laill
% For any constants ¢ and d, d 5 c ol pode Y
=
n n n
Z(ca,- +db;) = CZ a; + dz b,
i=1 i=1 i=1
[ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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EXAMPLE |
Compute N &
) 8 2) g0 %
, . @)
(2i+1) 2i+1)
2 2 E
=
3 4 4 2 i \2
.2 e
% 3 (4)

Exercises (il

use summation rules to compute the sum.

Foazmall Olud foazall dslgd pusiul |

1 2)
70 40
Z(Si—l) 2(4—i2)
i=1 i=1
[
=
. 3) 100 4_) 30
o Z(n2—3n+2) Z[(i—3)2+i—3]
8“ i=1 i=3
=
[ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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use summation rules to compute the sum. Fyoall Gl fgazall delgd pusuiwl \
5 6) .
D -3)+3) > e -3)
i k=3
6) «—
Z(k2 +5)
k=0
| EXAMPLE |
Sum the values of aitll & sena 2a
1) f(x) =x%*+3evaluatedatx = 0.1,x = 0.2,...,x = 1.0.

2) f(x) =3x%—4x+2evaluatedatx = 1.05,x

@ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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=
Compute sums of the form - Lpall g senall a8
for the given values of x; Z f(x)Ax sl x; il | O
i=1 "g
) E
f(x) = x> +4x;x=0.2,0.4,0.6,0.8,1.0; Ax=0.2;n=5
2)
f(x)=3x+5;x=0.4,0.8,1.2,1.6,2.0; Ax=0.4n=5
3)
f(x)=4x*—-2;x=2.1,2.2,2.3,2.4,...,3.0;Ax = 0.1; n = 10
: 9
g‘ f(x) = x3+4;,x=2.05,2.15,2.25,2.35,...,2.95;Ax = 0.1; n = 10
Q.
o
=
[ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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|

Compute the sum and the limit of the sum as n—oo n—oo Ledic dlgill aa gl 2 & ganall 2n )

2l +2)

Imad Ode | m—

|

Compute the sum and the limit of the sum as n—oo n—o00 i leil) 2 o) &3 ¢ sanall 24l

HIEECE

@ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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G A) Adic) g Al &) gl Alind
Past exam Questions
6
Z(i +5)
i=1
a) 44
b) 21
c) 30
d) 51
| Q2 Find. a5
10
Ya+s
i=6
a) 60
b) 40
c) 95
d) 220
Q3 Find. 3
18
Z(6k _1)
k=1
a) 975
b) 910
c) 846
d) 1008
| Q4  Find. aa )
5‘ 9
S (t* +3)
(W
Q. a) 40
=
b) 70
c) 270
d) 342
[ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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Q5 Find. aa ) ‘
6
> @+
i=2
a) 96
b) 60
¢ 110
d 20
| Q6  Find. a3
> -3
k=3
a) n(n+1)6(2n+1)_3n_|_1
1)(2 1
b) nm+ )2( n+ )—3n+1
c) nn+1)(2n+1) -
6
d) n(n+1)6(2n+1)_|_3n+1
| Q7  Find. aa
Z(k2 +5)
k=0
a) n(n+1)6(2n+1)+5n_|_5
]
a by nn+1)2n+1) +5n
0 6
oN
o c) n(n+1)6(2n+1)_|_5n_5
d nn+1)2n+1)
6
L
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Q8 Compute sums of the form n Loall g sendl Gl
> fax
é -
i=1 D]
o
@)
., O
for the given values of x; f(x)=3x+5x=2,4,6; Ax=2;n=3 Slazall x; adl ’ES
a) 22
b) 51
0 102
d 11
Q9 Compute sums of the form it Lapall & sanall Cual
> Flnx
i=1
for the given values of x; f(x)=2x+3;x=2,4,6,8 Ax=2;n=4 Blasdl x; sl
a) 92
b) 100
o 102
d 101

e https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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Lesson 4.3
AREA daluall

Approximation area under the curve f(x) and
above x — axis

n
A~ ) flx) bx = A,
i=1

xi=x9+iAx ,fori=1,2,...,n

| EXAMPLE

Approximate the area under the curve

inie cand dahiall dalical Ay j85 dad aa g

y = f (x) = x* ontheinterval [0, 4], using

a) 4rectangles and Claliiie 4 addiud
208 /
18 /
/

10 //
8 /
I /
4 /

. X /|

\\0 // |
=i

a) 8rectangles and cBulica 8 addil
208 f
18 /
/
/
3 /
B /
/

L. X /

\\0 7 2
=i

Imad Ode | m—




3
: /
Q 10 /
@ ‘ /
Q.
=
/
7 5
[ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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| EXAMPLE H

Approximate the area under the curve inie Gt dshial) dabual 4 B ded aag)
y = f (x) = 2x — 2x?* ontheinterval [0, 1], using 3
. o
10‘rectangles and " "g
0.5+ <
0.4+ i

034

02+

014

02 04 06 08 10

|

Approximate the area under the curve sinie il Adhaiall Aaliad 4y 85 e 2a )
1) f(x)=x*+10n[0,2,n=14

2) f(x)=x*-10n[1,3],n=4




YopO pew]

Imad Odeh

3) f(x)=4—-x*on[-3,-1,n=4

DEFINITION 3.1

the area A under the curvey = f(x)on [a, b]is
given by

n

n—oo n—oo

i=1

3.1 iy il

For a function f defined on the interval [a, b], if f sle date CilS 1) | [a, b] 38l e 48 jmay f Al Jd
is continuous on [a, b] and f(x) = 0 on [a, b], iaie Cni 4 dabidl G| [a, b] A= f(x) 5 [a, b]

Aapall Gheifa,b] Sle y = f(x)

A = lim 4,, = lim f(x;) Ax

| EXAMPLE

Find the area under the curve

slazall 3yl 4 sl chad daliad) aa g

y = f (x) = 2x — 2x%on the interval [0, 1]

@ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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| EXAMPLE H
Find the area under the curve slazall 3 yial) & isdiall casd dalial) aa )

y=f(x) =vx+1 ontheinterval[1, 3]

Imad Ode | m—
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DEFINITION 3.2 3.2 iy i)
Let {xg, X1, ..., X} be a regular partition of the < [a, b] saal) dalaiie &y=x3{xg, X1, ..., Xp )} (05
interval [a, b], with
b—a
Xi — XiZ1'= Ax = 2

forall i.Pick points ¢, ¢y, ..., €, where ¢;isany @ 4 Sl ¢; 055 Eu> €1, €3, - .., €, B jis) i U
point in the subinterval a2l B all
[xi_1,x; ], fori = 1,2,...,n

(These are called evaluation points.) &yl odg) Olayy Fgame O (o) blas sl bolasdl 02a )
The Riemann sum for this/partition'and set of 90 coudll bolas degaieng

evaluation points is
n
OIS
i=1

The area under the curve y = f(x) is the e 2y = f(x) ol cod doluall 055
limit of the Riemann sums: Ol aelaa
n
lim ) f(c;)Ax
n—-oo
i=1
Right endpoint Lift endpoint Midpoint
12+ B ,2f§ 2]
10—+ 10 10 7Z
8 7 3 — 8 7[
6 6 64
4 4 4+
m > X >
S
o
=
Ci = X Ci = Xi—1 _ 1
Ci=35 (xi-1 + x;)
(e

o https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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approximate the area under the curve f(x)on 5l (8 f(x) Al isie it Aalisall 4y 55 dad 2a )
the given interval using 1 rectangles and the Adadi A2l Gl Julatuse 1 31385 Ul
evaluation rules.

f(x)=x*0n[0,2,n=8

Imad Ode | m—

Mldelnt C; = %(xi_l + xi) 7 /

f(x)=x*0on[0,2],n=8

Right endpoint ¢; = x;

5 =21

©

u

S

o

=

[ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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HER r(v) =Vx+1on[0,3,n=8

Midpoint ¢; = %(xi_l + x;)

f(x)=e*on[0,1,n=28

Left endpoint ¢; = x;_¢

https://t.me/lomaths12

Mr. Imad Odeh 0507614804  ,pe http://www.youtube.com/@imaths2022
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approximate the area under the curve 5l (A f(a) Dl Sisie st dalisall 4y 585 40 2
f(x)on the given interval using n Adadi aladinly celld g Julaiss 7 pladinly clasdll

rectangles and the evaluation rules.

f(x) =x*+10n{0,2;n=16

Left endpoint
Ci = Xi1

Midpoint
1
¢ = E(xi—l +x;)

Right endpoint
Ci = X;
3
©
u
@
Q.
o
=
[ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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approximate the area under the curve 5l (A f(a) Dl Sisie st dalisall 4y 585 40 2
f(x)on the given interval using n Adadi aladinly celld g Julaiss 7 pladinly clasdll
rectangles and the evaluation rules.

f(x) =Vvx+2o0on[1,4],n=16

Left endpoint
Ci = Xi1

Midpoint
1
Ci = E(xi—l + x;)

L3 Right endpoint

g Ci =X

Q.

@)

QL

(¢

=

hka Q https://t.me/lomaths12 Mr. Imad Odeh 0507614804 Tuhe http://www.youtube.com/@imaths2022
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approximate the area under the curve 5l (A f(a) Dl Sisie st dalisall 4y 585 40 2
f(x)on the given interval using n Adadi aladinly celld g Julaiss 7 pladinly clasdll

rectangles and the evaluation rules.

f(x) = e ?* on[~11],n =16

Left endpoint
Ci = Xi1

Midpoint
1
¢ = E(xi—l + x;)

e . .

= Right endpoint

& Ci = X;

o

QL

(¢

=

hka Q https://t.me/lomaths12 Mr. Imad Odeh 0507614804 Tuhe http://www.youtube.com/@imaths2022
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approximate the area under the curve
f(x)on the given interval using n
rectangles and theevaluation rules.

5il A f(x) Al (Aaie st daliall Ay )55 48 2n )

f(x) = cos xon [0,;] ,n=>50

Left endpoint
Ci = Xi1

Midpoint
1
¢ = E(xi—l +x;)

)

o

= Right endpoint

@) _

Q. Ci =X

(¢

=

[ https://t.me/lomaths12 Mr. Imad Odeh 0507614804
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approximate the area under the curve
f(x)on the given interval using n
rectangles and the evaluation rules.

s)mgéf(x)ﬁdm\ Snie n Aalisall 4y j85 408 2 )

f(x) = x3 —1on[+1,1],n = 100

Left endpoint
Ci = Xi1

Midpoint
1
¢ = E(xi—l +x;)

Right endpoint
Ci = X;

)

o

Q.

o

QL

(¢

=

[ https://t.me/lomaths12 Mr. Imad Odeh 0507614804
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Use Riemann sums and a limit to compute the Slaxall 3 yidll 8 Allall isie sl Aalisall dledl) dadll 2n )
exact area under the curve. Olary £ sane Algs aladiuly

a) f(x)=x%*+1 on [0,1]

b) f(x)=x*+1 on[0,2]

) fx)=x*+1 on [13]

https://t.me/lomaths12

Mr. Imad Odeh 0507614804  ,pe http://www.youtube.com/@imaths2022
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Use Riemann sums and a limit to compute the Slaxall 3 yidll 8 Allall isie sl Aalisall dledl) dadll 2n )
exact area under the curve. Olary £ sane Algs aladiuly

a)  f(x)=x*+3x on [0,1]

b)  f(x)=x*>+3x on [0,2]

) f(x)=x%2+3x on [1,3]

https://t.me/lomaths12

Mr. Imad Odeh 0507614804  ,pe http://www.youtube.com/@imaths2022
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Use Riemann sums and a limit to compute the Slaxall 3 yidll 8 Allall isie sl Aalisall dledl) dadll 2n )
exact area under the curve. Olary £ sane Algs aladiuly

a) f(x)=2x*+1 on [0,1]

b) f(x)=2x*+1 on [-1,1]

) f(x)=2x*+1 on [1,3]

https://t.me/lomaths12

Mr. Imad Odeh 0507614804  ,pe http://www.youtube.com/@imaths2022
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Use Riemann sums and a limit to compute the Slaxall 3 yidll 8 Allall isie sl Aalisall dledl) dadll 2n )
exact area under the curve. Olary £ sane Algs aladiuly

a)  f(x)=4x*—-1 on [0,1]

b)  f(x)=4x*—-1 on [-1,1]

) f(x)=4x*-1 on [1,3]

https://t.me/lomaths12

Mr. Imad Odeh 0507614804  ,pe http://www.youtube.com/@imaths2022
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(0§IN Use the given function values to estimate the area (il st dalisall a8 slaxal) Allal) o aodiul
under the curve using left-endpoint and right el Algall Adadi 5 (5 pual) Algal) Adai o alasinly
endpoint evaluation.
1)
X 00101 (02|03 |04 051060708
flx) 202426 |27 |26 |24 ]|20] 14 | 06
2)
X 0010210410608 |10 12]14 ] 16
fx)yl2022116]|14|16 2022|2420
3)
X 1of 1.1 121131141516 |17]1.8
fix)y | 18|14 | 1.1 1071214 | 18]|24]26

YopO pew]

[ e https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022

Imad Ode | m—




Imad Ode | m—

F==Imad Odch
(0§68 Use the given function values to estimate the area (sl st dalisall a8 slaxal) Allal) o aodiul
under the curve using left-endpoint and right el Al Adadi 5 (5 pual) Algil) Adadi adh alasinly
endpoint evaluation.
1)
x 1012 |14 |16 ]| 1820|2224 26
fx) |00 |04 |06 |08 | 12|14 (|12 14] 1.0
2)
X 0010204 ]06 . 1.0 1.2 ] 14| 16
flx) 10 (14|16 |20]22 |24 |20]16 ] 14
3)
X 1.0 |14 |18 ]22]2 30 |34 |38 |42
flx)] 40 |34 |36]30]26 (|24 ]30]|36]34

YopO pew]
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G A) Adic) g Al &) gl Alind
Past exam Questions §
@)
| Q1 'In'the figure, which area equals S i laluadl) e o JAF O3S 3| TR
$ 1 2 £
lim V2 [1+=i —|=
n—-o n n
i=1
a) A y
F 9
b) Az ¥y = \'G
C) A1 + Az A
Ay B
d) AZ — Al } T f T L
1 2 3 4
| Q2 In the figure, which area equals il Jiad clalisal) e ol Ul J<all |
n-1 1 2
lim Z — V142 —|=
n—oo 4 n n
i=
a) A, ¥y
b) A,
C) Al + AZ
d A, -4 "
3
Q.
@)
Q.
o
=
[

@ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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Q3 What expression represent A; + A, el Gl axinl 4; 4+ 4, Aaludl Jie laie gl
a) n
1 2
lim V2 /1 +=i —|= v
n—00 n n -
i=1 A
b) —( 1 2
lim — V1+2i —|=
n—oo n
i=1
C) n R
1 2
lim z (\/f / —i —=|=
n-o n n
i=1
d)
- 1, 2
li z 4 [ —i —|=
n—oo n n
i=1
Q4 What expression represents the shaded area 3yl & () Alall Allaa) dalosd) Jiay Hlaia
for the function f(x) on [1,3] using the left- ol Al a8 aladiuly [1,3]
endpoint
a) 52y 20\
im > (20). (% +1)
n—oo n n
i=1
b) - 2\ 2
lim (1 +—) .=
n—oo n/ ' n
i=1
c) 21,2 3 2 : ,
L} limz (—(i—1)) +1).2
E n—o0 £ 4 n n
l:
S
Q n
o d 2 3 2
— lim <[1+—(i—1)] +1>.—
@ n-oo n n
= i=1
L
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Q5 Compute the exact area under the curve of the @ f(x) A iaie a3 ) peasal) dalial) aa
function f(x) On the interval [0,2] if O cadde 13 10,27 854
- 2n+1)(n—1)
n n—
Ef () A 3n?
i=1
a) 4
9
by 1
3
c) E
3
d) oo
Q6  Approximate the area under the curve on slazall 3 il 8 Allall iaie i dalisall 43y 58 408 2
the given interval using n rectangles and pladinly elld § G3bhiue 7 aladiuly
the evaluation rules left endpoint ) Al ddass
fxX)=x*+10n[0,1],n = 16
a) 13027
b) 1.3330
c) 1.3652
d) 1.433
Q7  Approximate the area under the curve on slnnall 3 yidl 8 ANl e s dalisall 4y 58 dad
the given interval using n rectangles and plasinly elld § Dbkt 1 pladiuly
the evaluation rules right endpoint el Al ddass
L) f(x)=vx+20n[0,4] ,n = 16
=
g_ a) 6.2663
o
& b) 6.3340
=
c) 6.4009
d 6.5
[
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Q8 Approximate the area under the curve on slazall 5 yidl 3 Allal) aie chad Aaliall Ay 58 4ad 2a
the given interval using n rectangles and plainly elld § D3bhiie 1 aladiuly
the evaluation rules midpoint Ailiall Caiatic adads
f(x) = e . 0n|+1,1] ,n = 16
a) 4.0991
b) 3.6174
c) 3.1924
d) 4.8
Q9 Approximate the area under the curve on slaxall 3 yidl 8 ANl iaie can dalisall Ay 53 dad
the given interval using n rectangles and pladiuly elld y ki 7 pladiuly
the evaluation rules right end point el dlgal) ddagy
f(x) =cosx on[0,m/2] ,n = 16
a) 1.0156
b) 1.00004
c) 0.9842
d 1
Q10 Use the given function values to estimate the niall Gt dalicall padil sUasall Al 4l a2l
area under the curve using right endpoint el Al dads 4 aladinly
evaluation.
X 000204 )] 06|08
f) | 20|22 (161416
S a) 136
g
b) 1.44
8 )
o c) 6.8
=
d 7.2
[ http://www.youtube.com/@imaths2022
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Q11 Use the given function values to estimate the aiall Gt daliall padil sUasall Alal) 4 a2t
area under the curve using right endpoint el Algil) Adads Aad aladiuly
evaluation.
X 1.0 (1.2 |14 | 1.6 | 1.8
fx) | 0.0 040608/ 12
a) 0.6
b) 0.36
. 3
d) 4.76
Q12 Use the given function values to estimate the il Gt dabiall padil sUasall Alal) 4l a2l
area under the curve using left endpoint s ) Al Adasi A aladiuly
evaluation.
X 00]101]02]03]04
flx) 2024 26| 27|26
a) 097
b) 1.03
c) 9.7
d) 103

@ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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Q13 use Riemann sums and a limit to compute 5l A Al aie st Aaliall Zaladl) Al aa
the exact area under the curve Olar) & sane Aulgd aladinly slasadl)

f(x) =4—x* on [-2,2]

Q14 use Riemann sums and a limit to compute 5yl Al aie Gt Aaliall Audadl) el aa
the exact area under the curve Olar) & sane Algd aladinly slanal)

f(x)=x2+1 on [0,1]

@ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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Lesson 4.4
THE DEFINITE INTEGRAL
ddzeall oS!
n
A = lim f(Ci) Ax
n—->00
i=1

DEFINITION 4.1 4 1 =il
For any function f defined on [a, b], the definite f J a9dmall JoBUI 6S5 ¢ [a, b] e 48525 f dls (Y
integral of f from a to b is s2 b Jl age

b n
fa f(x)dx = %L'?o;f(ci) Ax

whenever the limit exists and is the same for o)l blas e jlas) JSU duudd 1019 Llgidl uz
every choice of evaluation points, LG f O Jedi Al slla 00 s .€q, €3, ..., Cp
Cq1,C3,...,C,. When the limit exists, we say that f [a, b] e Josill
is integrable on [a, b].
Ci = X; Ci = Xi1 1
=3 (xi-1 + x7)
THEOREM 4.1 4.1 4k
If f is continuous on the closed interval [a, b], Ll 0eSS fOL ¢ [a, b]ddlsaoll 82l e dsats feiB13)
then f is integrable on [a, b]. [a, b] e JoSU
The total area betweeny = f (x) and the x — Jx sy = f(x) Op &b doluad)
axisfora < x < cisd; + A4,. A+ A, Hra<x<c
I 4
g
=l A
o 1
% } \ | X
a b (s
= "
A ey X Ussenisx Heme 999 3ble (I (sovdl o dahiall £S5 s (doiall o d> Ll gwmdlgi
IS Aabudd) s o3 ag 3a e JalS5 JSI dillaal) Zadll Cla
[

.Q https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022

Imad Ode | m—




|

YopO pew]

Imad Odeh
EXAMPLE
Compute the integrals and interpret each in oAty Aabliall AV Lagia S 5l 5 CplalSill Cania &
terms of area using limit of Riemann sum Olaiy £ 5o Al 2
a) 2 . o
j (x?'— 2x) dx . i
0 | £

b) 3
f (x? — 2x) dx
0

https://t.me/lomaths12
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Exercises ¢\l

Use the Midpoint Rule with n = 6 to estimate N = 6 o Caaiiall adi 3ac 8 aadi)
| the value of the integral. et} e yaa)

1) (3
f (x3 + x)dx
0

2) 3
f A x2 + 1dx
0

https://t.me/lomaths12

Mr. Imad Odeh 0507614804  ,pe http://www.youtube.com/@imaths2022

Imad Ode | m—




|

YopO pew]

Imad Odeh

Evaluate the integral by computing the limit
of Riemann sums.

Ol & seae Al Cluay JalSill 4o aa )

1) 1
f 2x dx
0

2) 3
jx2+1dx
0

3) 3
]xZ—de
1

https://t.me/lomaths12
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Evaluate the integral by computing the limit

Imad Odeh

Ol & seae Al Cluay JalSill 4o aa )

of Riemann sums.

1) 2
f x*—1dx
-2
1
2) j 2x% — 1dx
0
2
5 3) j x% +1dx
0
©
u
@
Q.
o
=
[ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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Use a geometric formula to compute the integral.

Gaiall | 55l | Jabiasal) dalisefialusal) ¢yl 8 a2iind
Al OIS e JS A dlagY

2
1) j 3xdx
0

4

2) fo dx

1

2
3) j\/4—x2 dx
0

0
4) f\/9 —x2dx
3

Express limit as an integral

JalSi 5 ) g B Ales IS 00 e |

A O N (1 . 2 . nm
llm—[sm—+sm—+---+sm—
1) noon n n n

)
o
= , n+1 n+2+ +2n
lm cee —
8 2) n—oo nz n2 nz
(¢
=
[ https://t.me/lomaths12 Mr. Imad Odeh 0507614804

Tuhe http://www.youtube.com/@imaths2022

Imad Odeh




}!
1) A 2)
14
g
1+
i —x
—1¥£
¥ ¥y
3) A 4) &
1.0 2T
0.5+ I+
=t
2.0
—0.5+
— 1.0+
[
=
Q
@
Q.
o
=
[ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022

use the graph to determine whether the
integral is positive or negative.

Imad Odeh
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s A) Al g d8lu &) gha Aliad
Past exam Questions

| Q1 If R;(Riemman sum) for the f(x)given AMally (Jara fi(x) ANl iy ganal IS 1) |
6n’+12n+4 4n+4
n= 3n2 - ,on [0, 2]
Evaluate
5

[ reax =

0
a) 2
b) -2
c) 4
d 20

Ao an

\ Q2 Which of the following limits is equal to

3
j x3 dx
1

a) n ;3

l
lim (1 + —)
n—-oo n
i=1

2|

b) n i\3

i\’ 2

lim <1+—) -

n-oo n/ n
i=1

c) - 2i\3 1
lim (1 + —) —
n

n—-oo n
i=1

d) - 2i\3 2
lim (1 +—) —
n

n—oo n
i=1

Q https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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‘ Q3 Which of the following integrals is equal to
n . 2
3i\"“ 3
lim (—1 + —) —
n—oo n/, n
) i=1
a
) f x%dx
-1
b 0
) f x%dx
-1
2
C
) f (—1+x)?% dx
-1
d 0 x\2
" [ (14)) @
1 3
Q4  Use the graph and the information to evaluate Jalsill dad alag) A& A sl e adic]
the integral
y
FY
J(x)
Ay
r=: b\ ¢I "
AZ
Ay =12 unit,A, = 17 unit
Cc
f f(x)dx
a
a) 29
5 b) 5
&
o C) -5
&
sod) 7
[
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the value of the integral.

| Q5 Evaluate iad an gl |
5
f V25— x2dx
0
a2 25/
8
b) 257
4
c) 25m
2
d) 25w
Q6  Use the Midpoint Rule with n = 4 to estimate AL Caatiall 3acld aladtiuly JalSal) dad aa

n=4

0

10

(x? + 1)dx

A Gl (A LgadBUa ala () (el Ay

e https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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Lesson 4.5
THE FUNDAMENTAL THEOREM OF CALCULUS
Jalsil) g Jualdil) b dalad) 4y

Part I

THEOREM 5.1
If f is continuous on [a, b] and F(x) is any J &bl Ao 61 p F(x) 5 [@, b] e dbaie Dlsf <3613
antiderivative of f (x), then S8 ¢ f (x)

b
ffuwx=ﬂm—ﬂw

REMARK 5.1 5.1 db>g>le
We will often use the notation Sl Wl pusciudan

b
F@)| = F(b)— F(@)

This enables us to write down the antiderivative Lis Lgitasd slzo] Ui dduoYI DI GLUS o o Seis elldug
before evaluating it at the endpoints. Ciudha)l el
| EXAMPLE H
Compute dad aa gl
1 2 2 4 1
) f (x% — 2x) dx ) (\/E | —2) dx
0 1 x
g
QL
3 4 4 -1 2
8 ) f e 2% dx ) f ~ dx
9 0 3 X
=
L
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Exercises ¢\l

(0)8 Use Part I of the Fundamental Theorem to JalSs U Clad Al Ayl e J9Y1 s3ondl puseiian
compute each integral exactly. P

Al

2
1) (2x — 3) dx
|

3
2) (x% —2)dx
|

Imad Ode | m—

1
3) J-(x3 + 2x) dx
1

2
4) f(x3+3x—1) dx
0

5) (x\/z + %) dx

H%h

6) f(4x—%> dx
1

/2
7) j sin2x dx
0

https://t.me/lomaths12

T
8) J (2sinx — cosx)dx
/2
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0y Use Part I of the Fundamental Theorem to JalSs S ol Al &y daidl (0 J991 siand) el

compute each integral exactly. A3y &

Q

% /2 8

1 2
) f(sec ttant) dt ) f (3 csex'cot' x) dx "g
0 /4 E

T T
3y [ 9 [cos(3)a
cos (=) dx
) f(seczt) dt ) 2
-1
0
/3 sinx T sin2x
5) f 4—s 6) 455
0 cos®x nj2 2Sinx
1 10
7) f(6e‘3x +4) dx 8) f (1—et*)dt
0 0

YopO pew]
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X8 Use Part I of the Fundamental Theorem to JalSs S ol Al &y daidl (0 J991 siand) el
compute each integral exactly. A3y &
Q
e
z e2x _ 2e3x In2 O
1) | dx 2) e3* dx <
e3* <
0 0 =
2 1 2 9
x
1 (-- —X) d 2 f
) J- x ° * ) x2+1 dx
1 0
‘ 3 7 1
x
3 4 ( )
) J-x2+1dx ) f1+x2 dx
0 0
7 4
5 (—) 6
) ,f 1+ x? dx )

[ e https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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0738 Use Part I of the Fundamental Theorem to JalSs S ol Al &y daidl (0 J991 siand) el
compute each integral exactly. A3y
4 4
t—3
7) ——— dt 8) f t(t —2)dt
1 0
2 1
9) J-x(x2 +1)dx 10) f(e" —2)%dx
0 0
I |EXAMPLE _ Evaluate dad 2 )
g .
g‘ j 12 ¢° dt
Q. 1
o
=
[ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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Exercises (sl

(08 Use Part I of the Fundamental Theorem to
compute each integral exactly.

JalSi IS Sluad Gl doyladdl e J9Y1 £52e)l piscind

As

t
2) f(sin2 X + cos? x) dx
0

A Al g A8l &) gha dlindd
Past exam Questions

| Q1  Evaluate iad 2l

2
J 2x dx
1

a) 3

b) 7

c) 6

d 2

[

S —
g_ | Q2 Evaluate Ao 2n )
3

8 f (x? —2)dx
o
=
0
a) 3
b) 7
c) 24
d 2
[ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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| Q3 Evaluate Aad 2a
2
3
f (4x +—2> dx
x
1
a) 13
by 2
c) EE
2
d) 1115
| Q4  Evaluate dad 2a
/2
f (3 cscxcotx) dx
/4
a) g3 T_ 3 i
csc cscy
b)) a3csc™ 4 3csc™
cscz-+ esc,
) 3cots - 3cotr
cot cot
4 _3cot= + 3cot—
cot + 3co i
Q5  Evaluate Ladi 2

T
Ly a) tanZ
2
S b m
—tan—
@)
o
=0 3 (T
sec (4)
d) o3 (™
sec (4)

/4

J (sec?t) dt
0

[ e https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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| Q6 Evaluate Aad 2a
/4
f (secttant) dt
o 0
a) 24
sec
b) n
1 — —
sec
©) T ect
sec sec
d) T ect 1
sec sec
‘ Q7  Evaluate Aad aa
/2
f sin2x dx
0
a) -1
b) 1
c) 2
d -2
| Q8  Evaluate iad aa

a) 2-1
5 P V2+1
)
=0 —V2-1
%

S D —V2+1

n/4

f (sinx — cosx) dx
0

[ e https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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| Q9 Evaluate Aad 2a
1/2
[ (=)«
x
i
D st (3)
3sin 2
Y seos71 (3)
3cos >
s}
3cos >
> s}
3sin >
| Q10 Evaluate iad 2a
1
[ )
1+x2) Y
-1
a) 4cot1(—-1)—4cot (1)
b) 4tan1(-1) -4 tan"1(1)
c) 4cot1(1)—4cot 1(-1)
d) 4tan '(1) —4tan"1(-1)
Q11 If
k
J (k—x)dx =8
0
a) 2
5 b) 16
)
Q.
c) 4
L
S 1
[
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| Q12 Evaluate Aad 2a
t 2
j (ef) dx
0
a)' et
b) et+1
c) 1-¢€
H 1
| Q13 Evaluate Aad oa
t
f (sin’x + cos®x) dx
0
a) t

b) sin3t + cos3t

c) sin®t+ cos’t

lim » Ax f(x;) ,[0,5]
n—oo ;

YopO pew]
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let 5 <
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0
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Area under the curve raial) cad dabual) 1
If f is continuous on [a, b] and f (x) = 0 on 136 [a, b] de f (x) = 09 [a, bl s daze f cs813) <
[a, b], then %
Area under the curve b Gl o dxluadl | O
A= f fx)dx 3
¢ £

| EXAMPLE

write the given (total) area as an integral or sum
of integrals then find the area under the curve

@;éﬁ}i&&ﬁjygﬁtﬁw\hw\ (JAM)A_\ES\

e Gnd daliall 2 gl o OIS

f (x) = sin x onthe interval [0, 7.

Exercises (slal

B

-

|

write the given (total) area as an integral or sum
of integrals then find

@;éﬁji&&ﬁj}mgiw\hw\ (dA;.A);ﬂS\

The area above the x-axis and below y =4 — x?

Mr. Imad Odeh 0507614804
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‘ |
write the given (total) area as an integral or sum o @ 5l JalSi5 ) s A Blanal) dalisall (Jane) S &
of integrals then find S 3
The area below the x-axis and above Al faie 3585 x sae CaiAaluaddl a5
(B d eh
y =X 4x 'g
- 7

\ / T

\ /

\ /

\ /
\

|

write the given (total) area as an integral or sum e il gl JalSi 5 pum 2 Blanall Aabisal) (Jass) S

of integrals then find A Sl

The area above x-axis and below Al s Cndy X ) saa (38 Aaliuall an gl
y = 3x — x?

|

write the given (total) area as an integral or sum e gl Sl JalSi 5 g 2 Blanall Aabisal) (Jans) S
of integrals then find A Sl
The area of the region bounded by y = le x = 2 O by geanall dalisall 2a )
and the x-axis X J)5ey

YopO pew]
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/
write the given (total) area as an integral or sum e b gl JalSi 5 ) pea A slaxall daliall (Jana) i)
of integrals then find A Sl
The area of the region bounded by  y = x3 —3x% + 2x, 0 < x < 2 Omb)sasdialudl
and the x-axis X J5ay
| /

; |
write the given (total) area as an integral or sum e U gl JalSi3 ) g A Blasall dalisal) (Jese) S
of integrals then find A LS

5 The area between y and the x-axis X Jsas Y Haie Gad daluadl aa gl
S y =sinx for0 < x<m

O

Q.

o)

=

[

Imad Odeh
; |
write the given (total) area as an integral or sum o @ 5l JalSi5 ) s A Blanal) dalisall (Jane) S &
of integrals then find S 3
The area of the region bounded by y =x3,x =3 On Bpsanalldaladl 5
and the x-axis X sas "g
E
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write the given (total) area as an integral or sum

of integrals then find
The area between y and the x-axis

y=hsinx fori=nw/4 < x <ntf4

@;GSUJJALSSBJF&EM\:&;M\ (dm)k_ﬁS\
5 Sl
XJ)M}ye;SAMAAM\ aa )

sA) Al g d8lu &) gl Aliad
Past exam Questions

Q1  write the given (total) area as an integral or sum EU ) JalSi 5 ) gua 8 Slarall Aalisall Janae S|
of integrals. The area above x-axis and below Gy x ysaall (358 Aaliall SIS s
y =4x — x*
a) f:(4x —x¥)dx
b) f° —(4x—x?)dx
9) f; —(4x — x*)dx
d) f02(4x — x¥)dx
Q2  write the given (total) area as an integral or sum b sl JalSi5 ) a8 Blazall dalisall ez S
of integrals. above x — axis and below Cady x saall (358 Aaliall DS s
= 2
o =4 -—x
S y
2
g Q) [T(4—xPdx
=
b) f* —(4-xP)dx
9) foz —(4 — x¥)dx
d) f02(4 —x¥)dx
[
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\ Example
Evaluate 3 EONCIRE
j f(x)dx
0
Where 2x, ifx<2 SITEN
f(x)_{1, if x > 2
Q. 4j
O ;
= 1
o 3 ;
T
1 5 4 a7

[

Imad Odeh
ddaal) Jalsil) Gal A

THEOREM 4.2 4.2 4 11
If f .and g are integrable on [a, b], then the 058 S L Gl dJa,b] e JoSill pililE g f calS 1)
following are true. Jasa
(i) Forany constants ¢ and d, d sc e gY
b b b
f [cf(x) + dg(x)]dx = cf f(x)dx + df g(x)dx
a a a
(ii) For any cin [a, b], [a, b], 554 & ¢ e oY

jbf(x) dx = jcf(x)dx + fbf(x)dx
o f F dx = - jb “fooydx

42 j o dx =0
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-
[5)
3
Evaluate 4 dad aa et
f f(x)dx S
0 g
Where _(2x, ifx<1 Cua
f(x)_{tl, ifx>1
Evaluate 4 EONCIRENpY
j f(x)dx
0
Where (2, ifx<2 RTEN
f(x)_{Bx, ifx>2

Weite the expression as a single integral.
2 3

3 ke JalS3 5 e Ao L e i) |

1) 0ff(x)dx+1-f(x)dx

3 3
2) f(x)dx — | f(x)dx
[rooe-

YopO pew]

2 1
3) fx)dx + | f(x)dx
oot

https://t.me/lomaths12

2 3
4) _jlf(x)dx+’2[f(x)dx
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(03 Assume that o) = |
3 3 ..5
ff(x)dx = 3,fg(x)dx =-2 ‘8
Find ' ! 2 ) ‘g
3 3 . E
D i@+ gl dx = 2 [12re0 - gl dx =
1 1
3 3
3 [Irw - gl dx - 9 [lare - 391 dx -
1 1
EXAMPLE |

Suppose the (downward) velocity of a sky diver is
given by v(t) for the first 5 seconds of a jump.
Compute the distance fallen.

v(t) = 30(1 — e™!) ft/s

e https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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(0§ Use the given velocity function and initial D238 ALY a8 sall g BUarall dgatiall Ao juall Ay padiul S
position to estimate the final position s(b). s(b) Sl adsall 8
e
1) v(t)=40(1—e2),5(0)=0,b=4 2) v(t) =30e % s(0)=—-1,b=4 “E’
3)  w(t) =40 — sint, s(0) = 2 4) () = 10e~t,s(0) = 2
3
Q.
o
Q.
o
=
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0y Use the given velocity function and initial o8] SIY) a8 gall g sUazall dgaiall de ) Alla andiil
position to estimate the final position s(b). s(b) S a8 5all &
Q
1) a(t)=4—tv(0)=8s(0)= 0 2)  a(t) =16 — t2,v(0) = 0,5(0) = 30 b5
Z
£
v(t) = 40 — 10¢,[1,2] v(t) = 20e7%%,]0,2]
3) 4)
8
Q.
o
Q.
o
=
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G A) Adic) g Al &) gl Alind
Past exam Questions
| Q1 . Assume that ol =) |
4 4
ff(x)dx = —s,fg(x)dx =3
2 2 i
[ 14700 - 391 ax =
2
a) 29
b) —29
c) 2
d 1
\ Q2  Assume that O ol
4 4
ff(x)dx = S,fg(x)dx =-3
1 1
[z - gona
1
a) 2
b) 7
c) 8
d 13
\ Q3 Assume that O o Al
E ff(x)dx = -8, fg(x)dx =5
S
< [1a9@ - ron a
= 0
aad 644
b) 12
c) 28
d -37
[ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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| Q4  Assume that O = A |
4x, x<2
flx) = { 1, x> 2 "5
Find 3 2 "8
fx)dx =
° 2
a) 6
b) 9
c) 16
d) 121
| Q5  Assume that O = A
2x, x<1
fe ={ 4, x=1
Find 4 2 gl
f f(x)dx where
0
a) 11
b) -11
c) 32
d 13
| Q6 Assume that O = A
2, x<2
f@={3 232
Find 4 2 )
f f(x)dx where f(x) =
= 0
g
Q. a) 22
L
= b) 18
=
c) 16
d 21
[ https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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Q7 Write the expression as a single integral. ke JalSi3 ) pa o b e i) | 1
5 5
[ reax- [ reoax 3
2 0 2 @)
A [ f () dax -g
b)  [®f(x)dx T
) [ f(x)dx
O [ fodx
Q8 Write the expression as a single integral. 3 e JalS3 8 ) goan o Gl Lo i) |
4 3
jf(x)dx + ff(x)dx
3 2
A [ fdx
b) [ f(x)dx
9 [ f()dx
O [ rdx
Q9 Let
3 3
f f(x)dx =4 and f g(x)dx = -3
1 1
Find
1) 3 1
4 dx —3 d
| reax=3 [ g dx
3
Q.
@)
2 3
& 2 | 129 - 50 ax
[
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JoSly Jp )l (§ Al dy Lol

Part II

THEOREM 5.2
If f is continuous on [a, b] and

5.2 4y )
3 [@ b] Je dare DIl 36 f13]

F(x) = fxf(t)dt then F'(x) =f(x)on|a,b]

u(x)
F(x) =f f(®)dt then: (F'(x) = f(u(x)):u'(x)

| EXAMPLE

Compute F'(x).
1) F(x) =f1 (t*—2t+3)

F'(x).

x2

dt 2) F(x) =f cost dt
2

3) F(x)zfx V2 +1 dt
2x

https://t.me/lomaths12

Mr. Imad Odeh 0507614804

Tube
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|
Compute F'(x). F'(x). 25
f(x)=f (t* -3t +2) dt f(x)=f (t2 —3t—4) dt
1) 0 2) )
X xz
3 f=] (sine-2)ar 9 fo=[ JEiia
0
x? 2
) f) =f(e“2+1) dt = 6) f(x) =Jsect dt =
0 x
2-x
7) f(x)=j sint? dt =
ex
=
Q
Q
Q.
o
=
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x2
sinx
10) f(x) = f (t2 +4) dt =
E 3x
©
u
@
Q.
o
=
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|

Compute F'(x). F'(x). 2=

8) xe*
f(x) = f etdt'=

2—-x

Imad Ode | m—

x3

9 f(x)=jsin3tdt .
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| EXAMPLE | Jie
Find an equation of the tangent line atx = 2. x = 2 e F(x) Al Gulaall Iaall dalzs 2a )

F(x) = f " In( + 4)dt
4

Imad Ode | m—

Find an equation of the tangent line at the 8lazal) Adadill die F(x) Alall (slaal) Lol Alalae 2a 5l
given value of x.

X
y=jsin t2 + ? dt, x=0
0

Q2 :
y= fln(tz + 2t + 2)dt, x=-1
-1
)
o
Q.
o
QL
(¢
=
hka Q https://t.me/lomaths12 Mr. Imad Odeh 0507614804 Tuhe http://www.youtube.com/@imaths2022




Imad Odeh

Find an equation of the tangent line at the
given value of x.

Slandl) i) vie F () AIall ulall Jadll Alobea aa )

X

y= j cos(mt®)dt, x=2
2

Q4 :
—t2
y=Jet+1dt, x=0
0
- Q5 :
2 f(x) = f(t2 — 3t + 2)dt,
= 0
@
Q.
o
=
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m Identify all local extrema of J Al Sguaill oudll abdlge Su> \
X
f (t? — 3t + 2)dt
0

Imad Ode | m—

s A i) g Al &) g Alind
Past exam Questions

QL If Culs 13

2
F(x)=J(t—4)dt =

Evaluate dad 2 )
F'(x)
a) Fx)=4—x
b) FF(x)=x—4
¢0) Fx)=x+4

d) F(x)=2x—4

Q2 If <ilS 13
xZ
g f(x) = j sin3tdt =
Q x )
¢ Evaluate dag ax )
&= f'(x)
=

a) f'(x)=2xsin3x?— sin 3x
b) f'(x) = 2x sin 3x? + sin 3x
¢) f'(x)=sin3x— 2x sin 3x?

d) f'(x) = sin3x? —sin3x

[ Q https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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Q3 if <ils | 5
xe* o
@)
fx)= j e’tdt = 3
2—x . E
Evaluate dafaagl N
f(x)
a) fr(x) — eZ(xex) + eZ(Z—x)
b) f’(X) — ez(xe") (ex + xex) _ eZ(Z—x)
C) f/(x) — eZ(xex) (ex + xex) + e2(2—x)
d) fr(x) — eZ(xex) _ eZ(Z—x)
Q4  Find an equation of the tangent line at the 2 slanall Al vie (ulaall Jadl) Aalaa 2a

given value of x.

f(x) =fln(t2+1)dtatx= 1
0

a) y=Un2)(x-1)
b) y=(In2)(x—1)—-0.264
¢) y=(>On2)(x+1)+0.264

d y=(>0n2)(x—1)+0.264

Q5 If s 1)

sin x

f(x) = j (t2 +4) dt =
3x

Evaluate dad 2

f(x)

YopO pew]
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Q6 Find an equation of the tangent line at the 2 slaxall el vie (uleall Jadl) Aalaa aa
i 1 fx.
given value of x . L
Q
3 o
y = | cos(mt>)dt, x=2 O
2 -
=
Q7  Find an equation of the tangent line at the 2 slanall Al vie (uleall Jadl) Aalaa 2a

given value of x.

f(x)=j\/t2+1dt, x=1
1
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THEOREM 4.3 4.3 g all)
Suppose that g(x) < f (x) foral x € [a, b]l gsf HSexe [a, b] X gx) < f(x) & g e =
and that f and g are integrable on[a, b].Then, 13) . [a, b] e Ja\all ol %
O
b b "g
f g(x)dx Sf f(x)dx <
a a i

Average Value of a Function
dday giall dagdll 4y ylas

favg = lim [—Z fx) Ax] ] Fdz

1 b
favg :m jaf(x)dx

EXAMPLE Jla
Compute the average value of J ddau slal) daadl) Coual

f(x) =sinx ontheinterval [0, r].

1.0+ /—\
-ﬁ.l\":.'

051

e f —» x
3 -

8 2

u

Q.

o

=
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JGa

Compute the average value of
1) f(x) = 2x + 1,[0,4]

J s 52l ) o)
2) f(x) = x* + 2x,[0,1]

3 f() =+ 1,[1,3]

4)  f(x)= 2x—2x%][0,1]

5 f(x)=cosx,[0,m/2]

6) f() =e"[0,2]

7)  f(x)=4x—x%][0,4]

https://t.me/lomaths12

D
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That for any integrable function f, Mex € [a,b],Ncm < f(x) < MK
ifm < f(x) < M, forallx € [a,b], e (pkat Al

b
m(b—a),= jf(x) dx < M(b - a)

| EXAMPLE

Use the Integral Mean Value Theorem to Aaf yoai 8 Ao glall Al 4yl andin)

estimate the value of the integral.

1
f VX2 4+1dx
0

Use the Integral Mean Value Theorem to Aad yoaii 8 Ao gilall Al 4yl andin)

estimate the value of the integral.

/2
1 j 3 cos x% dx
n/3

1/2 2 4
2) . e X

e https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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0y Use the Integral Mean Value Theorem to
estimate the value of the integral.

Rad o b Aldaus giall el Ayl sl

2
[ 2
1) '[0 2x* +1dx

173
2) f_1x3+2dx

THEOREM 4.4

If f is continuous on [a, b], then there is a
number ¢ € (a,b) for which

1
f(C)=m

4.4 3y ki
€ € 2x x4 ([a,b] &MM\J"@\S 13)
o &usa(a, b)

fbf(x)dx

of the Integral Mean Value Theorem

Find a value of c that satisfies the conclusion

Sl 2w, giall Aail) 2l Anis 383 i) ¢ Al 2n

2
1) f 3x2 dx

0

YopO pew]

1
2) f(x2 —2x) dx
“1

[ e https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022
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(0 Find a value of c that satisfies the conclusion JalSill Ao siall Aadll 4y 5103 Aaih (g8a3 ) ¢ Aad 2 )
of the Integral Mean Value Theorem
1) f(x)=4x+30n[0,2] 2) f(x)=2x—-2x*on[0,1]
| EXAMPLE Jie
Suppose that water flows in and out of a storage o3l Jazae O G olae () 33 (e (3830 el () (a8
tank. The net rate of change (that is, the ALy ars clall dpeS

rate in minus the rate out) of water is
f@® = 20(* - 1)
(@) For0 <t < 3,determine when the il yia bl gl (5 5hse 58 G an 0 < E< 3J
water level is increasing and when the Ladliie ()55 (e s
water level is decreasing.

(b)  Ifthe tank has 200 gallons of water at t =0 o) die O4la 200 sise OIAN QSN (<
time t = 0. determine how many t =3 Laic clal 4 00a
gallons are in the tank at time t =
3 minutes.

YopO pew
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e |

Suppose that the rate of change of water in a Ldl) Jare ) s olie O A (e (3835 Ll ) ()
storage tank is ALy ars olall dpeS
f(t) = 10 sin t gallons per minute.

(a) For'0'< t < 2m, determineé when the water slall sl 531k G5% Sle 220 <0< 2 (I
level is increasing and when the water level is Lailite ()5S (ses 2 yie

decreasing.

(b) If the tank has 100 gallons of water at time el die G100 st o) A O (@
t = 0, determine how many gallons are in the t=mlac St =0

tankatt = m.

.

Suppose that the rate of change of water in a pond ol Jaxs O G ol Ol 33 (e 3830 sl () (a8

f(t) = 4t — t? thousand gallons per minute.

(a) For 0 < t < 6, determine when the water level Ghseldl sriuaaiin e 0<t<6J (I
is rising and when it is falling. g
g
2. (b) Ifthe pond has 40 thousand gallons at time e el e i il 40 g A8l i 1Y (@
8 t = 0 determine how many gallons are in the t =680 Al dSaait=0
o pond att = 6.
=
[
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(0K Use the graph to list the integrals
in order, from smallest to largest

& oYl e JelSill ad a1l syl e adic]
Sy

a) folf(x)dx < fozf(x)dx < f:f(x)dx
2 1 3

b) J;f(x)dx<J;f(x)dx<fOf(x)dx
3 1 2

0 [Of(x)dx<fof(x)dx<f0f(x)dx

3 2 1
d) [Of(x)dx<fof(x)dx<f0f(x)dx

OZW Use the graph to list the integrals
in order, from smallest to largest

Sy

a) folf(x)dx < fozf(x)dx < f:f(x)dx
1 3 3

b) fof(x)dx<fof(x)dx<f0f(x)dx
3 1 2

0 fof(x)dx<fof(x)dx<f0f(x)dx

3 2 1
d) fof(x)dx<f0f(x)dx<f0f(x)dx

A Al g A8l &) gha dlindd
Past exam Questions

Q1 Find a value of c that satisfies the conclusion
of the Integral Mean Value Theorem

A i) il 2 A g 1 22

Jelill

3

a
vz
o V3
by -2
V3
A V3
d 1

[

Q https://t.me/lomaths12 Mr.Imad Odeh 0507614804 = 1,;e http://www.youtube.com/@imaths2022

Imad Ode | m—




EF==Imad Odch
Q2 Compute the average value of on the sUazall 5 yidll e sUazall Adlall ddass gial) dagdll caval
given interval
f(x)=4x+30n[0,2]
a) 7
b) 14
c) 10
d 23
Q3 Compute the average value of on the slazall 3 yidll e sUazall Alall ddass gial) dagdll caval
given interval
f(x)=4x30n[0,2]
a) —8
b) 8
c) 16
d -16
Q4 Compute the average value of on the sUazall 5 yidll e sUazall Allall ddass gial) dagdll caval
given interval
f(x) =3x*—10n[0,2]
a) 3
b) 5
c) 6
— d) 10
5
Q.
O
Q.
9
=
[
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Lesson 5.6
INTEGRATION BY SUBSTITUTION
o gadlly Jalsil)

INTEGRATION BY SUBSTITUTION
oas pilly Jalsil)
Integration by substitution consists of the
following general steps

A0 Aelall Gl shadl) e iy silly JalSal) o 5S5

e Choose a new variable u: a common choice is the N8P Ui RPN [ PN T P S WA I TR RYRENG [ SO AN )
innermost expression or du = ®dx e
e Compute du:-= %dx Au UGB uled e LY S ajm(c@.«; Jasiale
e Replace all terms in the original integrand with cJalSill A ol o 58 e J) 3 Y S N (u) dad 2ae
expressions involving u and du. Lo i
e Evaluate the resulting (u) integral. If you still can’t cuJAdliae laal & jas ) glias
evaluate the integral, you may need to try a 2 iall HlLl) el Lo Al & g d 1SS JS Jadile

different choice of u.
e Replace each occurrence of u in the antiderivative
with the corresponding expression in x.

THEOREM ag

[ Fla@)g'@ ax = £ + ¢

| EXAMPLE  Evaluate FORN
1) Jerxzdx 2) J(x3 + 5)100(3x2)dx

2

3y 4)

o) chosx2 dx J(S tanx + 4)° sec? xdx

&

I

[
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| EXAMPLE Evaluate FOER)
=
sinVx =
T dx @)
X
s
£
@ Evaluate dafong

2 f x3(x* +1) dx

2
2 fx:” (x*+1)3dx

3) f\/1+10xdx

https://t.me/lomaths12

4) J\/3x+1dx
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(0728 Evaluate iad aa ) |
1) 2 2) 2 /3
X\ x4+ 4dx x“\x3+2dx ..5
o
@)
kS
ks
R LS 9
—dx
Vx
(03N Evaluate Qo 2a )
1) f t’cos t® dt 2) J 6x% cosx® dx
3
Q.
O 3) fxzseczx3 dx 4) Jsinxcosxdx
Q.
o
=
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V38 Evaluate

3‘-*\95—\.35“

D

f sin3x cos x dx

2)

f sin’ x cos x dx

3) ) 3
sint(cost + 3)4dt

b fseczx Vtanx dx

5 6 sin x
) 4xsecx?tanx? dx )
Vcos x
[
= 7 cos (1) 8) chosx
o x
= f —z 9 Vsin x2
@)
Q.
o
=
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O Evaluate

daf 2l

1) cos(3vx)
f —\/} dx

2) fx ex2+1 dx

3) fex e*+4 dx

5) el/x
f dx
X

https://t.me/lomaths12

o) Je"(1+e")2 dx
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| EXAMPLE
Evaluate Qo 2a )
(tan~1x)?2
1+ x?
I Evaluate Lafl 2a 5l

1) (sin~1x)3

i &

1

2) esin™ x
—dx
J- V1 — x?

3) f dx
tan~1x (1 + x2)

https://t.me/lomaths12
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THEOREM 6.1 6.1 L ki
For any continuous function, f fedlaie dla Y =
ff’(x) dx =In|f(x)| + ¢ 3
fx) ; O
on any interval in which’,"f(x) # 0 f(x) #0 Sz gl e "g
£
| EXAMPLE |
Evaluate Qo aa )
1 2
) f *dx 2) jtanxdx
x3+5
Q7
Evaluate dad 2a )

1) v
fv2+4 dv

2) f x° |,
1+x0

3) 3e*
fZex 7 X

4) f tan2x dx

eXx—e*
D[y
e*+e™*

https://t.me/lomaths12
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f 5x d
4+ x2)6 ¥

s Imad Odeh 1
Evaluate EONCIKENgY &
Inx
Do (x . 2) f\/lnx i 9
x @)
kS
ks
3)

4) 4
Jx(lnx+ 1)2 dx

5) f x3 I
V1 —x*

5
o
Q.
Q
Q.
o
=
[ @& https://t.me/lomaths12
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Evaluate daf 2l &
b * d 2) f _r dx "E"S)

f 1+x0 Vi—x* o
T
=
1
D [
xvxt—1
| EXAMPLE
Evaluate daf 2a gl

https://t.me/lomaths12
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Evaluate dad aa g
1) f 1+x
122 dx
2t+ 3
D [2i3,
t+7

3) fxx p
1+ x5 x
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Evaluate dad aa g
1 3Vx
7 dx
1+x
2) f 3Vx
dx
1+ x3
1
D[ w
V1+x
[
3
Q.
@)
QL
(¢
=
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Evaluate

Df

1
—— dx
V1+Vx

daf 2
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Z)f

tZ

dt
Vt+3

S)f

sin 2x

1+ sin2 x
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Substitution in Definite Integrals

b u(b)
j f(u(x))u’(x)dx = j f)du
a u(a)
| EXAMPLE Jie
Evaluate Qo aa )
2
f x3Jx* +5dx
1
| EXAMPLE Jla
Evaluate Qo 2a g

15

t2
j te 2dt
0
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Evaluate
2

|

1) fx\/xz + 1dx
0

3
2) f x sin(mx?) dx
1
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t
O | @

-1

2
4) f t2et> dt
0

X

2
e
) fl_l_erdx
0
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1+e*

6)

f
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Evaluate 2 ‘
/2 : Inx "E)
1) f cot x dx 2) > 8
3 1
m/ 'g
4 1 1
X — X
3) f dx 4) J ———dx
4 Vx ] vxZ +1
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1
5) (e* — 2)%dx
!
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1
6) J‘{/}(sz + 5)dx
0
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3 P <
f(4)=3,f(0) =-2
1) 2
j xf(x*)dx
0
Let oSl
f@®=-2f1)=5
1) 2
f x*f(x3)dx
1
Let oS
f)=1,f(0)=3
1) /2
f cos x f(sinx)dx
0
:
S I et &
Q , f(2)=-3,f(0)=2
= b ff ()
Vx
0
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Past exam Questions

Q1  Which of the following can be integrated ) JalSl 3o 18 alasiuly salah oSy ol Las (s
using the integration rule
f &) dx =In|f(x)|+c f(x) #0
f(x)

a) 2x
f cos(x?) dx

sinx
b) f ¢ dx

cos? x

©) f e*
dx
N
d) csc? x
f dx

cotx

Q2  Find x|
e*—e™*
f—_ dx
e*+e™*
a) In(e*—e™)+c
b eX —e ¥ 2
) ( . ) te
c) e t+te™”
e
d In(e*+e™)+c
Q3 Find Az
L) 1 1
E fﬁcos (;) dx
&) sin( ! ) +c
@) - +2
% x
1
= b —sin (—) +c
X
) sin (i) +c
2
x
d . (1)
sin{—|+c¢
X
[
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Q4  Find. Azl |
f 2sin? x dx
a)ai=2isinxcosx +/c
b) 2sinxcosx+c
c) sin3x N
3 c
d) sin 2x
x— +c
2
Q5 Find Azl
fx"”\/ x*+3dx
1
a) E(x4 +3)32 4 ¢
b 1
) gx‘*(x5 +3)" +¢
1
2 g(x4+3)1/2+c
1
d) g(x4 +3)32 4 ¢
Q6  Find Al
[
—dx
N
o 1.
2eV*
=y 2
=Y 2
& eV
o
1
& 9 e,
= 2
d)  2e*+¢
[
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Q7 Find =]
G
f sin’ x cos x dx 2
8 O
a)noi<cos® x ©
) +cC 3
° £
b) —sin®x N
3 c
c) sin®x N
3 c

d) 7sin®xcosx+c

Q8

Find -

/2
J 3 sin? x cos x dx
0

Q9 If

4 6
f f(x)dx =10 and J f(x)dx =3
Find

6
f f(4—x)dx
2

UIapQO pru]
N

d 10
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Q10 If

Find

a) 12

d -6

6
f f(x)dx =12
0

6
f f(6 —x)dx
0

| Q11  If f is continuous and

F'(x) = f(x)

OS5 alaia Ay £ S 1y |

for all real numbers x

Find
1

D IFE) - F]
1

P CIF10) - F(2)

) 2[F(5) - F(1)]

d) 2[F(10) - F(2)]

J:Of(%x) dx

X o penl

)

| Q13 Find

YopO pew]

1
f (e* —2)2%dx
0
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| Q14 Find

3
f x2e* dx

| Q15  Iffis continuous and

8
J f(x)dx = 15
1

Find
2
f x%f(x3)dx
1
I [Q16 Find
= dx
© [—
= e*+e™”
Q
Q.
o
=
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[Q17 Find |
f 3Vx

1+ x3

=Y
=
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Best wishes
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