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Antiderivatives 

Integration Unit 5 

Lesson 1 

Objectives • Find the antiderivative of a given function. 
• Understand the notion of indefinite integral as finding an antiderivative. 
• Compute straightforward indefinite integrals. 

Find an antiderivative of   𝑓(𝑥) = 𝑥2 Example: 1 

Solution 

Suppose that 𝐹and 𝐺 are both antiderivatives of 𝑓 on an interval 𝐼. Then. 
𝐺(𝑥) = 𝐹(𝑥) + 𝑐,  For some constant 𝑐. 
 

THEOREM 1.1 

Let 𝐹 be any antiderivatives of 𝑓 on an interval 𝐼. The Indefinite Integral of 𝑓(𝑥) 
(with respect to 𝑥) on 𝐼, is defined by. 

∫ 𝑓(𝑥)𝑑𝑥 = 𝐹(𝑥) + 𝑐, 

Where 𝑐 is an arbitrary constant (the constant of integration). 

DEFINITION 1.1 

Integration: The process of computing the integral 

Integrand 

variable of integration is 𝑥 

3
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Example: 1 

Exercise: 1.1 

Integration as Inverse of Differentiation 

𝒅

𝒅𝒙
[𝒙𝒓] = 𝒓𝒙𝒓−𝟏 ∫ 𝒙𝒓𝒅𝒙 =

𝒙𝒓+𝟏

𝒓 + 𝟏
+ 𝒄 

 

For any power 𝑟 ≠ −1, 

∫ 𝑥𝑟𝑑𝑥 =
𝑥𝑟+1

𝑟 + 1
+ 𝑐, 

Here, if 𝑟 < −1, the interval 𝐼 on which this is defined can be 
 any interval that does not include 𝑥 = 0. 

THEOREM 1.2 (Power Rule) 

Evaluate 

1) ∫ 𝑥17𝑑𝑥 

2) ∫ 𝑥3𝑑𝑥 

3) ∫ 𝑥 𝑑𝑥 

4)  ∫  𝑑𝑥 

5)  ∫ 𝑚4𝑑𝑚 

6) ∫
1

𝑥3
 𝑑𝑥 

1) ∫ 𝑥−5𝑑𝑥 

Evaluate 

2) ∫  √𝑥  𝑑𝑥 

3) ∫
1

√𝑥
3  𝑑𝑥 
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 Integration Formulas 
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Suppose that 𝑓(𝑥) and 𝑔(𝑥) have antiderivatives. Then, for any constants, 𝑎 and 𝑏, 

∫[𝑎𝑓(𝑥) + 𝑏𝑔(𝑥)]𝑑𝑥 = 𝑎 ∫ 𝑓(𝑥)𝑑𝑥 + 𝑏 ∫ 𝑔(𝑥)𝑑𝑥. 

THEOREM 1.3 

Example: 2 

1) ∫(𝑥3 + 2𝑥 − 7)𝑑𝑥 
2) ∫(𝑚𝑥 + 𝑎) 𝑑𝑥 

Evaluate 

3) ∫(3 cos 𝑥 + 4𝑥8)𝑑𝑥 4) ∫ (2𝑥−2 +
1

√𝑥
) 𝑑𝑥 

1) ∫ (3𝑒𝑥 −
2

1 + 𝑥2
) 𝑑𝑥 2) ∫ (3√𝑥 −

1

𝑥4
) 𝑑𝑥 

Exercise 2.1 Evaluate 

3) ∫(4𝑥 − 2𝑒𝑥)𝑑𝑥 4) ∫(3𝑐𝑜𝑠𝑥 − 𝑠𝑖𝑛𝑥)𝑑𝑥 

5 ∫ 2 𝑠𝑒𝑐𝑥 𝑡𝑎𝑛𝑥 𝑑𝑥 
6) ∫

4

√1 − 𝑥2
 𝑑𝑥 

6
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Example: 3 

1) ∫
𝑥1 3⁄ − 3

𝑥2 3⁄
𝑑𝑥 2) ∫

𝑥 + 2𝑥3 4⁄

𝑥5 4⁄
𝑑𝑥 

3) ∫ 𝑥1 4⁄ (𝑥5 4⁄ − 4) 𝑑𝑥 4) ∫ 𝑥2 3⁄ (𝑥−4 3⁄ − 3) 𝑑𝑥 

1) ∫ 4
𝑐𝑜𝑠𝑥

𝑠𝑖𝑛2𝑥
𝑑𝑥 2) ∫

𝑒𝑥 + 3

𝑒𝑥
𝑑𝑥 

Find the general antiderivative. 

3) ∫
3

4𝑥2 + 4
𝑑𝑥 4) ∫ (2𝑐𝑜𝑠𝑥 − √𝑒2𝑥) 𝑑𝑥 

Exercise3.1 
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For 𝑥 ≠ 0,   
𝑑

𝑑𝑥
ln|𝑥| =

1

𝑥
. 

 

Derivative of Natural Logarithm Function 

Using Chain Rule and Theorem 1.4 we get: 

𝑑

𝑑𝑥
[𝑙𝑛|𝑓(𝑥)|] =

𝑑
𝑑𝑥

[𝑓(𝑥)]

𝑓(𝑥)
=

𝑓′(𝑥)

𝑓(𝑥)
 Where  𝑓(𝑥) ≠ 0 

Example: 4 

For any 𝑥 for which 𝑡𝑎𝑛 𝑥 ≠ 0, Evaluate.   

THEOREM 1.4 

1)
𝑑

𝑑𝑥
[𝑙𝑛|𝑡𝑎𝑛 𝑥|] 

1)
𝑑

𝑑𝑥
[𝑙𝑛|𝑠𝑒𝑐 𝑥 + 𝑡𝑎𝑛 𝑥|] 

Exercise4.1 

2)
𝑑

𝑑𝑥
[𝑙𝑛|𝑠𝑖𝑛 𝑥 − 2|] 

Find the derivative. 

8
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In any interval not containing 0, 

∫
1

𝑥
𝑑𝑥 = ln|𝑥| + 𝑐. 

From theorem 1.4 (differentiation rule) 

𝑑

𝑑𝑥
ln|𝑥| =

1

𝑥
,For 𝑥 ≠ 0 

Corollary 1.1 

Evaluate 

1) ∫ (
3

𝑥
− 2𝑐𝑜𝑠 𝑥) 𝑑𝑥 

Example: 5 

2) ∫ (
3

𝑥2 + 1
+ 7𝑥−1)  𝑑𝑥 

Corollary 1.2 

∫
𝑓′(𝑥)

𝑓(𝑥)
𝑑𝑥 = ln|𝑓(𝑥)| + 𝑐. 

In any interval in which 𝑓(𝑥) ≠ 0. 

Example: 6 

1) ∫
𝑠𝑒𝑐2𝑥

𝑡𝑎𝑛 𝑥
 𝑑𝑥 

Evaluate 

2) ∫
𝑒𝑥

𝑒𝑥 + 3
 𝑑𝑥 

9
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1) ∫
𝑐𝑜𝑠 𝑥

𝑠𝑖𝑛 𝑥
 𝑑𝑥 2) ∫

4𝑥

𝑥2 + 4
 𝑑𝑥 

Exercise 6.1 

Example: 7 

3) ∫ 𝑡𝑎𝑛𝑥 𝑑𝑥 4) ∫ 𝑐𝑜𝑡𝑥 𝑑𝑥 

Identifying Integrals That We Cannot Yet Evaluate 

Which of the integrals below can be evaluated given the rules developed in this section? 

1) ∫
1

√𝑥23 𝑑𝑥 

3) ∫
2𝑥

𝑥2 + 1
𝑑𝑥 

2) ∫ 𝑠𝑒𝑐𝑥 𝑑𝑥 

10
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1) ∫
𝑥3 + 1

𝑥
𝑑𝑥 2) ∫(𝑥 + 1)(𝑥 − 1) 𝑑𝑥 

3) ∫ 𝑥𝑠𝑖𝑛2𝑥 𝑑𝑥 

Exercise 7.1 

Which of the integrals below can be evaluated given the rules developed in this section? 

4) ∫ √𝑥3 + 4 𝑑𝑥 

5) ∫ (√𝑥3 + 4) 𝑑𝑥 6) ∫ (
1

𝑥2
− 1) 𝑑𝑥 

7) ∫
1

𝑥2 − 1
𝑑𝑥 8) ∫ 2𝑥 𝑐𝑜𝑠𝑥2 𝑑𝑥 

9) ∫(𝑥𝑠𝑖𝑛2𝑥 + 𝑥2𝑐𝑜𝑠2𝑥)𝑑𝑥 

11
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Finding a Function Given Its Derivative 

Example: 8 

Find the function 𝑓(𝑥) satisfying the given conditions: 

1) 𝑓′(𝑥) = 3𝑒𝑥 + 𝑥,   𝑓(0) = 4 

2) 𝑓′(𝑥) = 4𝑐𝑜𝑠𝑥,   𝑓(0) = 3 

12
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1) Find a function 𝑓(𝑥) such that the point (−1,1) is on the graph of 𝑦 = 𝑓(𝑥), 
the slope of the tangent line at (−1,1) is 2 and 𝑓′′(𝑥) = 6𝑥 + 4. 

Exercise 8 

2) Find a function 𝑓(𝑥) such that the point (−1,1) is on the graph of 𝑦 = 𝑓(𝑥), 
the slope of the tangent line at (−1,1) is 2 and 𝑓′′(𝑥) = 6𝑥 + 4. 

13
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Position, Velocity and Acceleration 

If an object ‘s downward acceleration is given by 𝑦′′(𝑡) = −9.8 𝑚 𝑠2⁄ , find the position 
function 𝑦(𝑡). Assume that the initial velocity is 𝑦′(0) = −30 𝑚 𝑠⁄  and the initial position is 
𝑦(0) = 30,000 𝑚.  

Example: 9 

14
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1) Determine the position function if the velocity function is 𝑣(𝑡) = 3 − 12𝑡 𝑚 𝑠⁄  
and the initial position is 𝑠(0) = 3 𝑚. 

Exercise 9 

2) Determine the position function if the acceleration function is 𝑎(𝑡) = 3𝑠𝑖𝑛 𝑡 + 1, the 
initial velocity is 𝑣(0) = 0 and the initial position is 𝑠(0) = 4. 

15
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Estimating Distance and Acceleration 

Example: 10 

The table below shows the velocity of a falling object at different times. For each time 
interval, estimate the distance fallen and the acceleration. 
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   Questions from previous MOE examsأسئلة وردت في امتحانات الوزارة السابقة  

Moe Exam2023/2024 

Moe Exam2022/2023 

1 

Determine the position function if the acceleration function is 𝑎(𝑡) =  𝑡2 + 1, the initial 
velocity is 𝑣(0) = 4 and the initial position is 𝑠(0) = 0. 

𝒂(𝒕) حدد الدالة المكانية اذا كانت دالة التسارع هي  =  𝒕𝟐 + 𝒗(𝟎) والسرعة المتجهة الابتدائية هي ,  𝟏 = 𝒔(𝟎) والموقع الابتدائي هو  𝟒 = 𝟎. 

 Paper Basedكتابي  2

17
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3 Moe Exam2022/2023 

4 Moe Exam2022/2023 

Moe Exam2022/2023 5 

Moe Exam2022/2023 6 

18
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Moe Exam2022/2023 7 

8 Moe Exam2021/2022 

9 Moe Exam2021/2022 
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Moe Exam2021/2022 10 
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 المجموع ورمز سيجما
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0505114830 Mr. Abdalla Abouelnaga 

Sums and Sigma Notation 

Integration Unit 5 

Lesson 2 

Objectives • Use the sigma notation to compute basic summation. 

Write in summation notation:       𝑎) √1 + √2 + √3 + ⋯ + √10 
                                                            𝑏)  33 + 43  + 53  + ⋯ + 453 

Example: 1 

Solution 
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Example: 2 

Solution 

Translate into summation notation    𝑄1)   2(1)2 +   2(2)2 +   2(3)2 + ⋯ +   2(14)2 

                                                                    𝑄2) √2 − 1 + √3 − 1 + √4 − 1 + ⋯ + √15 − 1 

Exercise: 1.1 

Solution 

Write in summation notation:    The sum of the first 200 odd positive integers. 

Write out all terms and compute the sums. 

𝑎)   ∑(2𝑖 + 1)

8

𝑖=1

 

𝑏)  ∑ 𝒔𝒊𝒏(𝟐𝝅𝒊)

6

𝑖=2

 

𝑐) ∑ 5

8

𝑖=1

 

Example: 3 
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Exercise: 3.1 

Write out all terms and compute the sums. 

𝑎) ∑ 3𝑖2

6

𝑖=1

 

𝑏) ∑(4𝑖 + 2)

10

𝑖=6

 

If 𝑛 is any positive integer and 𝑐 is any constant, then. 

= 𝑐𝑛 

(𝑖𝑖) ∑ 𝑖

𝑛

𝑖=1

 

(𝑖𝑖𝑖) ∑ 𝑖2

𝑛

𝑖=1

 

(𝑖) ∑ 𝑐

𝑛

𝑖=1

 

=
𝑛(𝑛 + 1)

2
 

=
𝑛(𝑛 + 1)(2𝑛 + 1)

6
 

Sum of constants 

Sum of the first 𝑛 positive integers 

Sum of the squares of the first 𝑛 positive integers 

THEOREM 2.1 

THEOREM 2.2 

For any constants 𝑐 and 𝑑, 

∑(𝑐𝑎𝑖 + 𝑑𝑏𝑖) = 𝑐 ∑ 𝑎𝑖

𝑛

𝑖=1

+ 𝑑 ∑ 𝑏𝑖

𝑛

𝑖=1

𝑛

𝑖=1
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Example: 4 Compute: 

𝑎) ∑(2𝑖 + 1)

8

𝑖=1

 𝑏) ∑(2𝑖 + 1)

800

𝑖=1

 

Use summation rules to compute the sum: 

Exercise: 4.1 

𝒂) ∑(𝟑𝒊 − 𝟏)

𝟕𝟎

𝒊=𝟏

 𝒃) ∑(𝟖 − 𝒊)

𝟓𝟎

𝒊=𝟏

 

(Use summation rules to compute the sum): 

Example: 5 

𝑎) ∑ 𝑖2

20

𝑖=1

 𝑏) ∑ (
𝑖

20
)

220

𝑖=1

 

Compute: 
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𝑎) ∑(𝑛2 − 3𝑛 + 2)

100

𝑛=1

 

𝑏) ∑ 5

20

𝑖=7

 

Use summation rules to compute the sum: 

Exercise: 5.1 

𝑐) ∑(𝑘2 + 5)

𝑛

𝑘=0
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Example: 6 Sum the values of 𝑓(𝑥) = 𝑥2 + 3, evaluated at 
𝑥 = 0.1,  𝑥 = 0.2,  𝑥 = 0.3, … . , 𝑥 = 1.0  

Example: 7 Compute the sum of the form ∑ 𝑓(𝑥𝑖)∆𝑥𝑛
𝑖=1  for the given values of 𝑥𝑖 

𝑓(𝑥) = 𝑥2 + 4𝑥,   𝑥 = 0.2,0.4,0.6,0.8,1.0      ∆𝑥 = 0.2; 𝑛 = 5 
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exams  
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Grade 12 Advanced 

We Will do the best  
To make you the first 

0505114830 

Mathematics 

Mr. Abdalla Abouelnaga 

Area 

Integration Unit 5 

Lesson 3 

Objectives • Estimate the area under a curve on a given 
interval using rectangles. 

• Compute the area under a curve using 
summations and limits. 

Area 
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Solution 

Exercise: 1.1 

Approximate the area under the curve 𝑦 = 𝑓(𝑥) = 𝑥2 + 1 on the interval [0,2], 
Using 4 rectangles. 

Example: 1 

Solution 

Approximate the area under the curve 𝑦 = 𝑓(𝑥) =
1

𝑥
 on the interval [1,4], 

Using 3 rectangles. 
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Solution 

Exercise: 1.2 Approximate the area under the curve 𝑦 = 𝑓(𝑥) = 2𝑥 − 2𝑥2 on 
the interval [0,1], Using 10 rectangles. 

For a function 𝑓 defined on interval [𝑎, 𝑏], if 𝑓 is continuous on [𝑎, 𝑏] and 
𝑓(𝑥) ≥ 0 on [𝑎, 𝑏], the area 𝐴 under the curve 𝑦 = 𝑓(𝑥)on [𝑎, 𝑏] is given by 

𝐴 = lim
𝑛→∞

𝐴𝑛 = 𝑙𝑖𝑚
𝑛→∞

∑ 𝑓(𝑥𝑖)∆𝑥

𝑛

𝑖=1

 

DEFINITION 3.1 
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Find the area under the curve 𝑦 = 𝑓(𝑥) = 2𝑥 − 2𝑥2 on the interval [0,1]. Example: 2 

Solution 

Solution 

Exercise: 2.1 Estimate the area under the curve 𝑦 = 𝑓(𝑥) = √𝑥 + 1 on the interval [1,3]. 
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Let {𝑥0, 𝑥1, 𝑥2, … … , 𝑥𝑛} be a regular partition of the interval [𝑎, 𝑏],  

with 𝑥𝑖 − 𝑥𝑖−1 = ∆𝑥 =
𝑏−𝑎

𝑛
,  For all 𝑖. 

Pick points 𝑐1, 𝑐2, … . . , 𝑐𝑛, where 𝑐𝑖 is any point in the subinterval [𝑥𝑖−1, 𝑥𝑖], For 𝑖 = 1,2, … , 𝑛. 
(These called evaluation points).  
The Riemann Sum for this partition and set of evaluation points is: ∑ 𝑓(𝑐𝑖)∆𝑥

𝑛

𝑖=1

 

For a continuous, nonnegative function 𝑓,  the area under the curve 𝑦 = 𝑓(𝑥) is the limit of 
Riemann sum.  

𝐴 = 𝑙𝑖𝑚
𝑛→∞

∑ 𝑓(𝑐𝑖)∆𝑥

𝑛

𝑖=1

 

The limit will give the same answer for any evaluation point  𝑐𝑖 ∈ [𝑥𝑖−1, 𝑥𝑖], For 𝑖 = 1,2, … , 𝑛 

Where 𝑐𝑖 = 𝑥𝑖 (right end point), For 𝑖 = 1,2, … , 𝑛 

DEFINITION 3.2 

Choice of Evaluation Point 

𝒄𝒊 = 𝒙𝒊 𝒄𝒊 = 𝒙𝒊−𝟏 𝒄𝒊 =
𝟏

𝟐
(𝒙𝒊−𝟏 + 𝒙𝒊) 

The Right Endpoint The Left Endpoint The Mid Endpoint 
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For Increasing function   

For decreasing function   

Choice of Evaluation Point 

Choice of Evaluation Point 
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Choice of Evaluation Point 

Approximate the area under the curve 𝑦 = 𝑓(𝑥) = 𝑥2 + 1 on the interval [0,1], 
using 𝑛 = 16 rectangles. 
And the evaluation rules           a) left endpoint      b) midpoint        c) right endpoint. 

Example: 3 

Solution 

a) left endpoint   
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   b) midpoint       

  c) right endpoint. 
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  Example: 4 

Solution 

Compute Riemann sum for 𝑦 = 𝑓(𝑥) = √𝑥 + 1 on the interval [1,3], For 
𝑛 = 10,50,100,500,  1000𝑎𝑛𝑑 5000. Using    
   a) left endpoint      b) midpoint     c) right endpoint. Of each interval as the 
evaluation point 

a) left endpoint   

   b) midpoint       

  c) right endpoint. 
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Use Riemann sum and a limit to compute the exact area under the curve 𝑦 = 𝑓(𝑥) = 𝑥2 + 3𝑥 
on the interval [0,1]. 

Solution 

Example 5 

40



Mr. Abdalla Abu Elnaga   Math Grade 12 Advanced    0505114830  Page 11 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Solution 

Example 6 Use the given function values in the table below to estimate the area under 
the curve using left-endpoint and right-endpoint evaluation. 

Left-Endpoint 

Right-Endpoint 
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 Questions from previous MOEأسئلة وردت في امتحانات الوزارة السابقة  

exams  
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The Definite Integral 

Integration Unit 5 

Lesson 4 

Objectives • Understand the notion of a definite integral. 
• Compute a definite integral using Riemann sums. 
• Find the area under a curve on a given interval using Riemann sums. 
• Learn the properties of definite integrals. 
• Apply the Integral Mean Value Theorem. 

Area Under a Curve 

Definition 4.1 

For any function 𝑓 defined on [𝑎, 𝑏], the definite integral of 𝑓 from 𝑎 to 𝑏 is 

∫ 𝑓(𝑥)𝑑𝑥 = 𝑙𝑖𝑚
𝑛→∞

∑𝑓(𝑐𝑖)∆𝑥

𝑛

𝑖=1

𝑏

𝑎

, 

Whenever the limit exists and is the same for every choice of evaluation points, 𝑐1,  𝑐2,  … . . 𝑐𝑛. 
When the limit exists, we say that 𝑓 is integrable on[𝑎, 𝑏]. 

Definite Integral 
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Theorem 4.1 

If 𝑓 is continuous on the closed interval [𝑎, 𝑏], then 𝑓 is integrable on [𝑎, 𝑏].  

Note: 

If 𝑓 is continuous on the closed interval [𝒂, 𝒃] and 𝒇(𝒙) ≥ 𝟎 on [𝒂, 𝒃] then 
  

∫ 𝒇(𝒙)𝒅𝒙 =
𝒃

𝒂
Area under the curve  
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Example: 1 

Solution 

Exercise: 1.1 

Use the midpoint rule with 𝑛 = 6 to estimate:  ∫ √𝑥2 + 1𝑑𝑥
3

0

 

Use the midpoint rule to estimate:  ∫ 30(1 − 𝑒−𝑥 3⁄ )𝑑𝑥
15

0

 

Solution 
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Evaluate the integral by computing the limit of Riemann sums:  ∫ 2𝑥 𝑑𝑥
1

0

 Example: 2 

Solution 

Exercise: 2.1 

Solution 

Evaluate the integral by computing the limit of Riemann sums:  ∫ (𝑥2 − 3) 𝑑𝑥
3

1
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A Riemann Sum for a Function with Positive and Negative Values 

When 𝒇 is both negative and positive on [𝒂, 𝒃]  

When calculating Riemann sum  

If 𝒇(𝒄𝒊) < 𝟎    𝒇𝒐𝒓 𝒔𝒐𝒎𝒆 𝒊 

The height of rectangle is negative. 

𝒇(𝒄𝒊)∆𝒙 = −𝒂𝒓𝒆𝒂 𝒐𝒇 𝒕𝒉𝒆 𝒊𝒕𝒉 𝒓𝒆𝒄𝒕𝒂𝒏𝒈𝒍𝒆 

Definition 4.2 

Suppose that 𝑓(𝑥) ≥ 0 on the interval [𝑎, 𝑏] and 𝐴1 is the area bounded between 
the curve 𝑦 = 𝑓(𝑥) and the 𝑥 − 𝑎𝑥𝑖𝑠 for 𝑎 ≤ 𝑥 ≤ 𝑏.   

Further, suppose that 𝑓(𝑥) on the interval [𝑏, 𝑐] and 𝐴2 is the area bounded between the curve 
𝑦 = 𝑓(𝑥) and the 𝑥 − 𝑎𝑥𝑖𝑠 for 𝑏 ≤ 𝑥 ≤ 𝑐.  

The signed area between y = 𝑓(𝑥) and the 𝑥 − 𝑎𝑥𝑖𝑠 for 𝑎 ≤ 𝑥 ≤ 𝑐 is:  

𝑆𝑖𝑔𝑛𝑒𝑑 𝐴𝑟𝑒𝑎 = 𝐴1 − 𝐴2 

∫1𝑑𝑥 +∫2𝑑𝑥 

The Total area between y = 𝑓(𝑥) and the 𝑥 − 𝑎𝑥𝑖𝑠 for 𝑎 ≤ 𝑥 ≤ 𝑐 is:  

𝑇𝑜𝑡𝑎𝑙 𝐴𝑟𝑒𝑎 = 𝐴1 + 𝐴2 

∫1𝑑𝑥 −∫2𝑑𝑥 
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Solution 

Example: 3 Compute the integrals and interpret each in terms of area: 

𝑎) ∫ (𝑥2 − 2𝑥)𝑑𝑥
2

0

 𝑏) ∫ (𝑥2 − 2𝑥)𝑑𝑥
3

0

 

𝑎) ∫ (𝑥2 − 2𝑥)𝑑𝑥
2

0

 

𝑏) ∫ (𝑥2 − 2𝑥)𝑑𝑥
3

0
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Solution 

Example: 4 Write the given total area as an integral 

a) b) 
c) 

Estimating Overall Change in Position 
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An object moving along a straight line has velocity function 𝑣(𝑡) = 𝑠𝑖𝑛𝑡, if 
the object starts at position 0, determine the total distance travelled and 
the object’s position at time 𝑡 = 3𝜋 2⁄  

Solution 

Example: 5 

Exercise: 5.1 

Solution 

Use the given velocity function and initial position to estimate the final 
position 𝑠(𝑏). 𝑣(𝑡) = 40(1 − 𝑒−2𝑡),   𝑠(0) = 0,   𝑏 = 4 
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If 𝑓 and 𝑔 are integrable on [𝑎, 𝑏], then the following are true. 

i. For any constant 𝑐 and 𝑑, 

 ∫ [𝑐𝑓(𝑥) + 𝑑𝑔(𝑥)]𝑑𝑥 = 𝑐 ∫ 𝑓(𝑥)𝑑𝑥 + 𝑑 ∫ 𝑔(𝑥)𝑑𝑥
𝑏

𝑎

𝑏

𝑎

𝑏

𝑎
 

ii. For any 𝑐 in [𝑎, 𝑏],  

∫ 𝑓(𝑥)𝑑𝑥 = ∫ 𝑓(𝑥)𝑑𝑥 + ∫ 𝑓(𝑥)𝑑𝑥
𝑑

𝑐

𝑐

𝑎

𝑏

𝑎

 

  

Theorem 4.2 

For any integrable function 𝑓, If 𝑎 < 𝑏 we define: 

∫ 𝑓(𝑥)𝑑𝑥 = −∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

𝑎

𝑏

 

If we integrate backward along an interval, the width of 
the rectangles corresponding to a Riemann sum ∆𝑥 would 
seem to be negative. 

If 𝑓(𝑎) is defined, we define: 

∫ 𝑓(𝑥)𝑑𝑥 = 0
𝑎

𝑎

 Definite integral represents area, area from 𝑎 to 𝑎 is zero. 

Definitions: 

𝒂)∫ 𝒇(𝒙)𝒅𝒙 +∫ 𝒇(𝒙)𝒅𝒙 =
3

2

2

0

 

𝒃)∫ 𝒇(𝒙)𝒅𝒙 −∫ 𝒇(𝒙)𝒅𝒙 =
3

2

3

0

 

𝒄)∫ 𝒇(𝒙)𝒅𝒙 +∫ 𝒇(𝒙)𝒅𝒙
1

2

2

0

= 

𝒅)∫ 𝒇(𝒙)𝒅𝒙 +∫ 𝒇(𝒙)𝒅𝒙 =
3

2

2

−1

 

Example: 6 Use theorem 4.2 to write the expression as a single integral. 
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  Example: 7 Assume that ∫ 𝑓(𝑥)𝑑𝑥 = 3
3

1
 and ∫ 𝑔(𝑥)𝑑𝑥 = −2

3

1
  

Find  

𝑎)∫ [𝑓(𝑥) + 𝑔(𝑥)]𝑑𝑥 =
3

1

 

𝑏)∫ [2𝑓(𝑥) − 𝑔(𝑥)]𝑑𝑥 =
3

1

 

𝑑)∫ [4𝑓(𝑥) − 3𝑔(𝑥)]𝑑𝑥 =
3

1

 

c)∫ [𝑓(𝑥) − 𝑔(𝑥)]𝑑𝑥 =
3

1

 

Piecewise Continuous Functions: 
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  An Integral with a Discontinuous Integrand 

Evaluate:  ∫ 𝑓(𝑥)𝑑𝑥
3

0
, where 𝑓(𝑥) is denoted by 𝑓(𝑥) = {

2𝑥,   𝑖𝑓 𝑥 ≤ 2
1,   𝑖𝑓 𝑥 > 2

 

Example: 8 

Evaluate:  ∫ 𝑓(𝑥)𝑑𝑥
4

0
, where 𝑓(𝑥) is denoted by 𝑓(𝑥) = {

2,   𝑖𝑓 𝑥 ≤ 2
3𝑥,   𝑖𝑓 𝑥 > 2

 Exercise: 8.1 
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  Exercise: 8.2 Use geometric formula to compute the integral:  

𝑎)∫ 3𝑥 𝑑𝑥
2

0

 

𝑏)∫ 2𝑥 𝑑𝑥
4

1

 

𝑐)∫ √4 − 𝑥2 𝑑𝑥
2

0

 

Theorem 4.3 

Suppose that 𝑔(𝑥) ≤ 𝑓(𝑥) for all 𝑥𝜖[𝑎, 𝑏] and that 𝑓 and 𝑔 are integrable 
on [𝑎, 𝑏]. Then, 

∫ 𝑔(𝑥)𝑑𝑥 ≤ ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

𝑏

𝑎
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  Average Value of a Function 

𝑓𝑎𝑣𝑒 = lim
𝑛→∞

[
1

𝑏 − 𝑎
∑𝑓(𝑥𝑖)∆𝑥

𝑛

𝑖=1

] =
1

𝑏 − 𝑎
∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

 

Compute the average value of: 𝑓(𝑥) = 𝑠𝑖𝑛𝑥 on the interval [0, 𝜋] 

Example: 9 

Exercise: 9.1 

Compute the average value of: 𝑓(𝑥) = 2𝑥 + 1 on the interval [0,4] 
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  Compute the average value of: 𝑓(𝑥) = 𝑥2 + 2𝑥  on the interval [0,1] Exercise: 9.2 

Definite Integral of Constant Function 

∫ 𝒄 𝒅𝒙
𝒃

𝒂

 = 𝒄(𝒃 − 𝒂) 

𝑶𝒓 ∫ 𝒄 𝒅𝒙
𝒃

𝒂

 = 𝒂𝒓𝒆𝒂 𝒐𝒇 𝒓𝒆𝒄𝒕𝒂𝒏𝒈𝒍𝒆 

= 𝒍𝒆𝒏𝒈𝒕𝒉 × 𝒘𝒊𝒅𝒕𝒉 

= 𝒄(𝒃 − 𝒂) 
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Estimating the value of Definite Integral 

Theorem 4.4(Integral Mean Value Theorem) 

If 𝑓 is continuous on [𝑎, 𝑏], then there is a number 𝑐𝜖(𝑎, 𝑏) for which. 

𝑓(𝑐) =
1

𝑏 − 𝑎
∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

 

Continuous function will take on its average value at some point. 

This is only another form of differential Mean Value Theorem  

Use integral Mean Value Theorem to Estimate the 
value of: 

∫ √𝑥2 + 1
1

0

𝑑𝑥 

Example: 10 
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  Exercise: 10.1 Use Integral Mean Value Theorem to Estimate the value of: 

𝑎)∫ 3𝑐𝑜𝑠 𝑥2
𝜋 2⁄

𝜋 3⁄

𝑑𝑥 

𝑏)∫  
 3

𝑥3 + 2

1

−1

𝑑𝑥 

Find the value of 𝑐 that satisfy the conclusion of the Integral Mean 
Value Theorem 

∫ 3𝑥2
2

0

𝑑𝑥   (= 8) 

Example: 11 
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Find the value of 𝑐 that satisfy the conclusion of the Integral Mean 
Value Theorem 

Exercise: 11.1 

∫ (𝑥2 − 2𝑥)
1

−1

𝑑𝑥   (=
2

3
) 
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The Fundamental Theorem of Calculus 

Integration Unit 5 

Lesson 5 

Objectives 
• Learn the Fundamental Theorem of Calculus (Part I) and use it to compute 

various definite integrals. 
• Learn the Fundamental Theorem of Calculus (Part II) and use it to compute 

derivatives of functions defined as definite integrals. 
• Write the equation of a tangent line at a given point to a function defined 

as definite integral. 

Fundamental Theorem of Calculus is a theorem that links the concept of differentiating 
a function with the concept of integrating a function. 

Secondly, it is saying that differentiation and integration are in some sense inverse operations. 

Firstly, it provides us with a powerful technique to evaluate definite integrals without using 
geometric areas and limits of Riemann sums.  

Introduction   

If 𝑓 is continuous on [𝑎, 𝑏] and F(𝑥) is any antiderivative of 𝑓(𝑥), then.  

∫ 𝑓(𝑥)𝑑𝑥 = 𝐹(𝑏) − 𝐹(𝑎)
𝑏

𝑎

 

To compute definite integral, find an antiderivative and evaluate it at the two limits of 
integration, which is much easier than computing limits of Riemann sums.  

∫ 𝑓(𝑥)𝑑𝑥 = 𝐹(𝑥)|𝑎
𝑏 = 𝐹(𝑏) − 𝐹(𝑎)

𝑏

𝑎

 

Theorem 5.1   _ (The Fundamental Theorem of Calculus. Part I) 

Example: 1 

𝐼𝑓 𝐹(𝑥) = 𝑥𝑙𝑛 𝑥 − 𝑥 + 𝑐    𝑖𝑠 𝑎𝑛𝑡𝑖𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒 

 𝑓𝑜𝑟 𝑓(𝑥)𝑓𝑖𝑛𝑑 ∫ 𝑓(𝑥)𝑑𝑥
𝑒

1

  

𝐼𝑓 𝐹(𝑥)   𝑖𝑠 𝑎𝑛𝑡𝑖𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒 𝑜𝑓  
  𝑓(𝑥) = 3𝑥2 + 5 , 𝐹(2) = 5  𝑓𝑖𝑛𝑑 𝐹(1) 

A 
B 
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Example: 2 Compute:  

𝑎) ∫ (𝑥2 − 2𝑥)𝑑𝑥
2

0
= 

b) ∫ (2𝑥 − 3)𝑑𝑥
2

0
 = 

𝑐) ∫ (𝑥3 + 2𝑥)𝑑𝑥
1

−1

= 

𝑑) ∫
2

𝑥
𝑑𝑥

−1

−3

= 

Remember 

∫
1

𝑥
𝑑𝑥 = 𝑙𝑛|𝑥| + 𝑐 

Don’t forget the 
absolute value. 

𝑒) ∫ (
𝑡 − 3

𝑡
) 𝑑𝑡

4

1

= 

Continuous 𝑥𝜖ℝ 

Continuous 𝑥𝜖ℝ 

Continuous 𝑥𝜖ℝ 

Continuous 𝑥𝜖ℝ\{0} 

Continuous 𝑥𝜖ℝ\{0} 
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𝑎) ∫ (√𝑥 −
1

𝑥2
) 𝑑𝑥 =

4

1

 

𝑏) ∫ (𝑥√𝑥 +
3

𝑥
) 𝑑𝑥

4

1

= 

Exercise: 2.1 

Continuous 𝑥𝜖(0, ∞) 

Continuous 𝑥𝜖(0, ∞) 

𝑐) ∫ (
3

√1 − 𝑥2
) 𝑑𝑥

1
2

0

= 

𝑑) ∫ 𝑠𝑒𝑐2𝑥 𝑑𝑥
𝜋

4
0

= 

𝑒) ∫ 𝑐𝑜𝑠2𝑥 𝑑𝑥
𝜋

2
0

= 
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Example 4 

Compute:  

𝑎) ∫
𝑒2𝑥 − 2𝑒3𝑥

𝑒3𝑥
𝑑𝑥 =

2

0

 

Example: 3 

𝑏) ∫ 𝑡(𝑡 − 2)𝑑𝑡 =
4

0

 

Explain how you know the proposed integral value is wrong and find all mistakes. 

𝑎)  ∫
1

𝑥2
 𝑑𝑥 =

−1

𝑥
|

𝑥 = 1

𝑥 = −1
= −1 − (1) = −2

1

−1

 

𝑏) ∫ 𝑠𝑒𝑐2𝑥 𝑑𝑥 = 𝑡𝑎𝑛𝑥|
𝑥 = 𝜋

𝑥 = 0
= 𝑡𝑎𝑛𝜋 − 𝑡𝑎𝑛0 = 0

𝜋

0

 

𝒇(𝒙)= 𝒆−𝒙 − 𝟐  is continuous on [𝟎, 𝟐] 

Continuous 𝑡𝜖ℝ 
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Exercise: 4.1 Identify the integrals to which fundamental theorem of calculus applies; 
the other integrals are called improper integrals.  

𝑎) ∫
1

𝑥 − 4
 𝑑𝑥

4

0

 

𝑏) ∫ √𝑥  𝑑𝑥
1

0

 

Domain: [0, ∞) 

𝑐) ∫ 𝑙𝑛𝑥 𝑑𝑥
1

0

 

Domain: (0, ∞) 
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a) Find the area above 𝒙 − 𝒂𝒙𝒊𝒔 and 
under the curve: 𝒇(𝒙) = 𝒔𝒊𝒏𝒙  on the interval [0, 𝜋] 

Example 5 

b) Find the area above 𝑥 − 𝑎𝑥𝑖𝑠 and below the curve of: 𝒚 = 𝟒 − 𝒙𝟐 

C)Find the area below 𝒙 − 𝒂𝒙𝒊𝒔 and above the curve of: 𝒚 = 𝒙𝟐 − 𝟒𝒙 
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2 

2 5 0 

Exercise: 5.1 

a) Find the area of the region bounded by 𝒚 = 𝒙𝟑,   𝒙 = 𝟑 and the 𝒙 − 𝒂𝒙𝒊𝒔 

b) Find the area between 𝒚 = 𝒔𝒊𝒏𝒙 and the 𝑥 − 𝑎𝑥𝑖𝑠 for −𝝅/𝟐 ≤ 𝒙 ≤ 𝝅/𝟒 

c) Find the area between 𝑓(𝑥) = {
𝑥, 𝑥 < 2
2, 𝑥 ≥ 2

 𝑎𝑛𝑑 𝑥 𝑎𝑥𝑖𝑠 𝑜𝑛 [0,5] 
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If 𝑓 is continuous on [𝑎, 𝑏] and F(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡
𝑥

𝑎 , then               𝐹′(𝑥) = 𝑓(𝑥),  on [𝑎, 𝑏] 

Theorem 5.1   _ (The Fundamental Theorem of Calculus. Part II) 

Part II says that every continuous function 𝑓 has an antiderivative, namely, ∫ 𝑓(𝑡)𝑑𝑡
𝑥

𝑎
 

The antiderivative function 𝐹 is defined as an integral of the function 𝑓  
  

Find the derivative F′(𝑥) 

𝑎) 𝐹(𝑥) = ∫ (𝑡2 − 2𝑡 + 3)𝑑𝑡
𝑥

1

 

Example 6 

𝑏) 𝐹(𝑥) = ∫ (𝑡2 − 3𝑡 + 2) 𝑑𝑡
𝑥

0

 

𝑐) 𝐹(𝑥) = ∫ (𝑡2 − 3𝑡 − 4) 𝑑𝑡
𝑥

2

 

𝑑) 𝐹(𝑥) = ∫ 𝑠𝑒𝑐𝑡  𝑑𝑡
2

𝑥

 

Exercise6.1 

𝑎) 𝐹(𝑥) = ∫ 𝑡 𝑒2𝑡  𝑑𝑡
1

𝑥

 

𝑏) 𝐹(𝑥) = ∫ 𝑡 𝑒2𝑡  𝑑𝑡

𝜋
4

0

 

𝑐) 𝐼𝑓 𝐹(𝑥) = ∫ √4𝑡2 − 1  𝑑𝑡 𝑓𝑖𝑛𝑑 𝐹(1) ,
𝑥

1

𝐹′(1) 

 2)Upper is a function 

3)Upper and lower are variables 

1) Upper is x 

Three Cases 
If 𝒇 is continuous on [𝒂, 𝒃] and F(𝒙) = ∫ 𝒇(𝒕)𝒅𝒕

𝒙

𝒂 , then   𝑭′(𝒙) = 𝒇(𝒙),  on [𝒂, 𝒃] 

If 𝑭(𝒙) = ∫ 𝒇(𝒕)𝒅𝒕
𝒖(𝒙)

𝒂
, then 𝑭′(𝒙) = 𝒇(𝒖(𝒙))𝒖′(𝒙) (chain rule and Fundamental Theorem 

If 𝑭(𝒙) = ∫ 𝒇(𝒕)𝒅𝒕
𝒖(𝒙)

𝒈(𝒙)
, then 𝑭′(𝒙) = 𝒇(𝒖(𝒙))𝒖′(𝒙) - 𝒇(𝒈(𝒙))𝒈′(𝒙) 
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  Example 7 Find 

𝑎) ∫ (𝑒𝑥/2)2 𝑑𝑥
𝑡

0

 

𝑏) ∫ (𝑠𝑖𝑛2𝑥 + 𝑐𝑜𝑠2𝑥) 𝑑𝑥
𝑡

0

 

𝑐) ∫ 12𝑡5𝑑𝑡
𝑥

1

 

Using The Chain Rule and Fundamental Theorem of Calculus. Part II 

If 𝑔(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡
𝑢(𝑥)

𝑎
, then 𝑔′(𝑥) = 𝑓(𝑢(𝑥))𝑢′(𝑥) 

Or                   

 
𝑑

𝑑𝑥
∫ 𝑓(𝑡)𝑑𝑡 = 𝑓(𝑢(𝑥))𝑢′(𝑥)

𝑢(𝑥)

𝑎
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  Example 8 , compute 𝐹′(𝑥) If  𝐹(𝑥) = ∫ 𝑐𝑜𝑠𝑡 𝑑𝑡
𝑥2

2
 

, compute 𝑓′(𝑥) If  𝑓(𝑥) = ∫  (𝑒−𝑡2
+ 1)𝑑𝑡

𝑥2

0
 

, compute 𝐹′(𝑥)  If  𝐹(𝑥) = ∫ √𝑡2 + 1 𝑑𝑡
𝑥2

2𝑥
 Example 9 

, compute 𝑓′(𝑥)  If  𝑓(𝑥) = ∫ 𝑠𝑖𝑛𝑡2𝑑𝑡
2−𝑥

𝑒𝑥  

Exercise 8.1 

Exercise 9.1 
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, compute 𝑓′(𝑥) c) If  𝑓(𝑥) = ∫ 𝑒2𝑡𝑑𝑡

𝑥𝑒𝑥

2−𝑥
 

Computing the Distance Fallen by an Object 

Example 10 a) Suppose the downward velocity of a sky diver is given 
by 𝑣(𝑡) = 9(1 − 𝑒−𝑡)𝑚/𝑠 for the first 5 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 of a 
jump. Compute the distance fallen. 

b) Find the position function 𝑠(𝑡)  
if 𝑣(𝑡) = 40 − 𝑠𝑖𝑛𝑡 𝑓𝑡/𝑠𝑒𝑐, 𝑠(0) = 2 
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  a) Find the position function 𝑠(𝑡)  
if 𝑣(𝑡) = 10𝑒−𝑡𝑓𝑡/𝑠𝑒𝑐, 𝑠(0) = 2 

Exercise10.1 

Acceleration, Velocity and Position Functions 

a) Find the position function 𝑠(𝑡) if 𝑎(𝑡) = 4 − 𝑡  𝑓𝑡/𝑠𝑒𝑐2, 
𝑣(0) = 8,   𝑠(0) = 0 

Example 11 

b) Find the position function 𝑠(𝑡)  if  𝑎(𝑡) = 16 − 𝑡2𝑓𝑡/𝑠𝑒𝑐2, 
𝑣(0) = 0,   𝑠(0) = 30 

Exercise11.1 
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  Rate of Change and Total Change of Volume of a Tank 

Suppose that water flows in and out of a storage tank. The net rate of change (that is the rate in minus the 
rate out) of water is 𝑓(𝑡) = 20(𝑡2 − 1) liter per minute.  

a) For 0 ≤ 𝑡 ≤ 3, determine when the water level is increasing and when the water level is decreasing. 
b) If the tank has 200 liters of water at time 𝑡 = 0, determine how many litters are in the tank at time 

𝑡 = 3 minutes. 

Example 12 

Exercise12.1 

Suppose that the rate of change of water in a storage tank is 𝑓(𝑡) = 10 sin 𝑡 gallons per minute. 
a) For 0 ≤ 𝑡 ≤ 2𝜋, determine when the water level is increasing and when the water level is decreasing. 
b) If the tank has 100 gallons of water at time 𝑡 = 0, determine how many gallons are in the tank at time 

𝑡 = 𝜋. 
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Finding a Tangent Line for a Function Defined as an Integral 

, find the equation of the tangent line at 𝑥 = 2 a) For the function  𝑭(𝒙) = ∫ 𝒍𝒏(𝒕𝟑 + 𝟒) 𝒅𝒕
𝒙𝟐

𝟒
 

Example 13 

, find the equation of the tangent line at 𝑥 = 0 b) For the function  𝑦 = ∫ 𝑠𝑖𝑛√𝑡2 + 𝜋2𝑑𝑡
𝑥

0
 

, find the equation of the tangent line at 𝒙 = 𝟎 For the function  𝒚 = ∫ 𝒆−𝒕𝟐+𝟏𝒅𝒕
𝒙

𝟎
 Exercise13.1 
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 Questions from previous MOEأسئلة وردت في امتحانات الوزارة السابقة  

exams  
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Integration by Substitution 

Integration Unit 5 

Lesson 6 

Objectives • Compute integrals using substitution. 

Introduction 

▪ Choose a new variable 𝒖: a common choice is the innermost 
expression or “inside” term of a composition of functions. 

Integration by substitution consists of the following steps:  

▪ Compute: 𝒅𝒖 =
𝒅𝒖

𝒅𝒙
𝒅𝒙 

▪ Replace all terms in the original integrand with expression 
involving 𝒖 and 𝒅𝒖 

▪ Evaluate the resulting (𝒖) integral. If you still can’t evaluate the 
integral, you may need to try a different choice of 𝒖 

 Integration by Substitution 

▪ Replace each occurrence of 𝒖 in the antiderivative with the 
corresponding expression in 𝒙. 
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Example: 1 

𝑎) ∫(𝑥3 + 5)100(3𝑥2)𝑑𝑥 

Evaluate: 

𝑏) ∫ 𝑥𝑐𝑜𝑠𝑥2𝑑𝑥 

Note: When choosing 𝑢 

• Choose a part of the function that 
you have its derivative. 

• Choose a troublesome term. 

𝑐) ∫(3𝑡𝑎𝑛𝑥 + 4)5𝑠𝑒𝑐2𝑥𝑑𝑥 
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Exercise: 1.1 

𝑎) ∫
(𝑡𝑎𝑛−1𝑥)2

1 + 𝑥2
𝑑𝑥 

Evaluate: 

𝑏) ∫
𝑡𝑎𝑛−12𝑥

1 + 4𝑥2
𝑑𝑥 

𝑐) ∫
𝑠𝑖𝑛√𝑥

√𝑥
𝑑𝑥 
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Example: 2 Evaluate: 

𝑎) ∫
𝑒√𝑥

√𝑥
𝑑𝑥 

𝑏) ∫
𝑐𝑜𝑠(1 𝑥⁄ )

𝑥2
𝑑𝑥 

𝑎) ∫
√𝑙𝑛𝑥

𝑥
𝑑𝑥 

𝑏 ∫ 𝑡𝑎𝑛𝑥𝑙𝑛(𝑐𝑜𝑠𝑥)𝑑𝑥 

Exercise: 2.1 
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Example: 3 

𝑎) ∫
𝑥2

𝑥3 + 5
𝑑𝑥 

Evaluate: 

Theorem 6.1 

For any continuous function 𝒇(𝒙) ∫
𝒇′(𝒙)

𝒇(𝒙)
𝒅𝒙 = 𝒍𝒏|𝒇(𝒙)| + 𝒄 

On any interval in which 𝒇(𝒙) ≠ 𝟎  

𝑏) ∫ 𝑡𝑎𝑛𝑥 𝑑𝑥 

𝑎) ∫
𝑥

2𝑥2 + 1
𝑑𝑥 

Exercise: 3.1 Evaluate: 
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𝑏 ∫
1

1 + 𝑒𝑥
𝑑𝑥 

Example: 4 Evaluate: 

a) ∫
𝑥

√1−𝑥4
𝑑𝑥 

b) ∫
𝑥3

√1−𝑥4
𝑑𝑥 

c) ∫
𝑥2

1+𝑥6
𝑑𝑥 
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  d)∫
𝑥5

1+𝑥6
𝑑𝑥 

Exercise: 4.1 Evaluate: 

a) ∫
1+𝑥

1+𝑥2
𝑑𝑥 

b)∫
1+𝑥

1−𝑥2
𝑑𝑥 
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Example: 5 

𝑎) ∫ 𝑥 √2 − 𝑥𝑑𝑥 

Evaluate: 

𝑏) ∫
2𝑡 + 3

𝑡 + 7
𝑑𝑡 

𝑐) ∫
𝑡2

√𝑡 + 3
3 𝑑𝑡 
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  Exercise: 5.1 Evaluate: 

𝑎) ∫
1

1 + √𝑥
𝑑𝑥 

𝑏) ∫
1

𝑥 − 𝑥2/3
𝑑𝑥 

∫ 𝑓(𝑢(𝑥))𝑢′(𝑥)𝑑𝑥 = ∫ 𝑓(𝑢)𝑑𝑢
𝑢(𝑏)

𝑢(𝑎)

𝑏

𝑎

 

Substitution in Definite Integral 

The limits of integration change from 

𝒖: 𝒖(𝒂) 𝒙 = 𝒂 

𝒖: 𝒖(𝒃) 𝒙 = 𝒃 
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𝑎) ∫ 𝑥3√𝑥4 + 5
2

1

𝑑𝑥 

Example: 6 Evaluate: 

𝑏) ∫
𝑡

(𝑡2 + 1)2

1

−1

𝑑𝑡 

𝑐) ∫ 𝑡𝑒−𝑡2/2𝑑𝑡
15

0
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𝑎) ∫
𝑒𝑥

1 + 𝑒2𝑥
𝑑𝑥

2

0

 

Exercise: 6.1 

𝑏) ∫
𝑒𝑥

1 + 𝑒𝑥
𝑑𝑥

2

0

 

Example: 7 Make the indicated substitution for an unspecified function. 

𝑎)       𝑢 = 𝑥2 𝑓𝑜𝑟 ∫ 𝑥𝑓(𝑥2)𝑑𝑥
2

0
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𝑏)      𝑢 = 𝑥3 𝑓𝑜𝑟 ∫ 𝑥2𝑓(𝑥3)𝑑𝑥
2

1

 

Exercise: 7.1 

𝑎)       𝐹𝑖𝑛𝑑 ∫ 𝑐𝑜𝑠𝑥.  𝑓(𝑠𝑖𝑛𝑥)𝑑𝑥  
𝜋/2

0

𝑖𝑓 ∫ 𝑓(𝑥)𝑑𝑥 = 2
1

0

 

b)        𝐹𝑖𝑛𝑑 ∫
𝑓(√𝑥)

√𝑥
𝑑𝑥  

4

1
𝑖𝑓  ∫ 𝑓(𝑥)𝑑𝑥 = 3

2

1
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 Questions from previous MOEأسئلة وردت في امتحانات الوزارة السابقة  

exams  
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