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Unit 5 Integration

AST? ' . .
?3,0»\"* Antiderivatives

Lesson 1

Find the antiderivative of a given function.
* Understand the notion of indefinite integral as finding an antiderivative.
* Compute straightforward indefinite integrals.

Obijectives

1D ERato) (S Find an antiderivative of f(x) = x?

Solution

THEOREM 1.1

Suppose that Fand G are both antiderivatives of f onan interval I. Then.
G(x) = F(x) + ¢, For some constant c.

COROLLARY 10:1
Suppose that g’ (x) = f’(x) for all x in some
open interval I. Then, for some constant c,
gx) =f(x) +c¢ forall x e I.

DEFINITION 1.1

Let F be any antiderivatives of f on an interval I. The Indefinite Integral of f(x)
(with respect to x) on I, is defined by.

ff(x)dx =F(x) +c,
Where c is an arbitrary constant (the constant of integratic).

Integration:  The process of computing the integral

e
4

variable of integration is x
Integrand

Mpr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 1




Integration as Inverse of Differentiation

d ~ N xr+1
a[x]zrx 1 fxdx=r+1+c
d a ,

([ e ax) = r | dx or [ £y ax =1 +c

THEOREM 1.2 (Power Rule) o>

For any powerr # —1,
X7+
jxrdx = +c,
r

+1
Here, if r < —1, the interval I on which this is defined can be

any interval that does not include x = 0.

Example: 1 BRAZIOEE
1)jx17dx 4) f dx

4
2)jx3dx ) Jm?dm
6)[ L 4
— dx
S)fxdx x?

1) j x Sdx

2)j\/§dx

3)]%dx
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Integration Formulas

Derivative Antiderivative=Integration
d

E(F(x]]=f[x} ff(x}tixzf’(x}—kc

d
%{;ﬂ:ﬂ E[ﬂ:{.’:}=ﬂ J-ﬂdx=m+c
q 2
E(ﬂ}:zx xdx=T+c:
FI

2 @) =+ Da fx" ax=2_+c ns1
dx : n+1
i Ty = = == 4
= (e*) = e* e*dx=e*+c¢

d
sy (e} =—e~ fe"" i =—& 7" }¢

= &
E(ﬂ’:}=ﬂ‘tfﬂﬂ fﬂ‘td.t:E e

i 1 1
—{(lnx) =—=x1 jx‘ldxzf—dx:.!nx+c
dx x x
% (sinx) = cosx jcasx dx=sinx+rc
% (cosx) = —sinx J- sinxdx =—cosx+c¢

d
= (tanx) = secx fse-cz:-r dx = tanx + ¢

d
e (cotx) = —csclx f cscixdx = —cotx +c
%[Sgr__‘x) — secx tany J secx tanx dx = secx+ ¢
% (cscx) = —cscx cotx f cscx cotx dx = —cscx+c¢
4 (sin~1x) 3 J- 1 dx — sin—tx 4+
rre— me———— e = sin x4+«
dx V1 — x? V1 — a7

d 1
—_— (tan—1x) = — -1
dx( an”"x) 1522 fi—[—xz dx =tan " x+c
d 1 1
—lseclx) =——— f—_ dx=seclx+c
dx lx]va?l—1 lx|vat —1
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THEOREM 1.3

Suppose that f(x) and g(x) have antiderivatives. Then, for any constants, a and b,

f[af(x) + bg(x)]dx = aff(x)dx + bfg(x)dx.

Example: 2 BVZITERS

1) f(x3 + 2x — 7)dx

7)J (mx + a) dx

3) J(B cos x + 4x®)dx 4)] <2x'2 + \/—;) dx

1)J (36" —7 -fxz) dx 2) f (3&—%) dx

3) f(4x — 2e¥)dx 4) J(Bcosx — sinx)dx
4

SJ 2 secx tanx éx 6) .[ V1 —x2 dx

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 141




D> hashel el Find the general antiderivative.

xt/? — 34 x + 2x3/4
1)f x2/3 2)f—x5/4 dx
I)’)jxl/“(xs/4 —4) dx 4) j x2/3(x~4/3 = 3) dx

cosx e* + 3
1)j4 ——dXx Z)J — dx
e

sinx

3
C — Zx\ A
3).[43(2 +4d,x 4)J(Zcosx \Vesxldx

\..
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Derivative of Natural Logarithm Function

/\\\@%‘b‘ THEOREM 1.4

Forx # 0,

dlll—
7 nlxl=—.

Using Chain Rule and Theorem 1.4 we get:

d
U] 0

= Where f(x) #0
f(x) f(x)

d
—linlf )] =

Example: 4

For any x for which tan x # 0, Evaluate.

d
1)a[ln|tanx|]

Find the derivative.

a il mx — 211
1)——[In|sec x + tan x|] Z)dx[lnlsmx 21}
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From theorem 1.4 (differentiation rule)

d 1

—In|x| =—,Forx # 0

dx X
Corollary 1.1

In any interval not containing 0,

1
f—dx = In|x| + c.
X

Example: S HEINES
. 3 5 J 2)j< 3 + 7x‘1) dx
)f(;— cosx) X x2+1

Corollary 1.2

f'e)
00 dx = In|f (x)| + c.

In any interval in which f(x) # 0.

Example: 6 WaEINEIS

) seczxd Z)J e* .
)jtanx % e* +3

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 7




1 Jcosx
) sin x Z)J 2 _|_4
3) j tanx dx 4) f cotx dx

Identifyinglgo\t%grals That We Cannot Yet Evaluate
Example: 7

Which of the integrals below can be evaluated given the rules developed in this section?

1)Jvi_2dx

Z)fsecx dx

B)J P

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 8




Which of the integrals below can be evaluated given the rules developed in this section?

x3+1
1)J 2 dx

3)fxsin2x dx

S)J(\/F+4)dx

oy
)xz—lx

9) f(xsian + x2cos2x)dx

Mpr. Abdalla Abu Elnaga

2)f(x+ D(x—1)dx

4)J\/x3+4dx

of (&)

8) j 2x cosx? dx

Math Grade 12 Advanced 05035114830
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Finding a Function Given Its Derivative

Example: 8

Find the function f(x) satisfying the given conditions:

1D f'(x)=3e*+x, f(0)=4

2) f'(x) = 4cosx, f(0)=3

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 10




Exercise 8

1) Find a function f(x) such that the point (—1,1) is on the graph of y = f(x),
the slope of the tangent line at (—1,1) is 2 and f" (x) = 6x + 4.

2) Find a function f(x) such that the point (—1,1) is on the graph of y = f(x),
the slope of the tangent line at (—1,1) is 2 and f"'(x) = 6x + 4.
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Position, Velocity and Acceleration

We have studied :
Position d velocity d Acceleration

d
Given s{t) ﬁﬁ}\ % [s(t)] = w(i) dﬁt' e [w(8)] = alt)

To reverse that:
Acceleration Velacity Position

If we start with  a(t) A J- a{t)dt = v(t) % J-vlﬁﬂdt=5{f)
LS i

Initial conditions must be
given to find infegration
constants

Example: 9

If an object ‘s downward acceleration is given by y”'(t) = —9.8 m/s?, find the position
function y(t). Assume that the initial velocity is y'(0) = —30m/s and the initial position is
y(0) = 30,000 m.

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 12




Exercise 9

1) Determine the position function if the velocity function is v(t) = 3 — 12t m/s
and the initial position is s(0) = 3 m.

2) Determine the position function if the acceleration function is a(t) = 3sint + 1, the
initial velocity is v(0) = 0 and the initial position is s(0) = 4.

Mpr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 13




Estimating Distance and Acceleration
Example: 10

The table below shows the velocity of a falling object at different times. For each time
interval, estimate the distance fallen and the acceleration.

I N O N N

I O e I
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Questions from previous MOE exams d&ull 5 ) 5l cibladial 8 caa ) 5 Al

@: Understand the notion of indefinite integral as finding an antiderivative I Moe Exam2023/2024 I

Determine the position function if ot Eoleadl) Al il 13) Al Adlal) ada
the acceleration function is Al Agadall Asyudly () = 2 + 1
a(t) = t2 + 1, the initial velocity is .5(0) = 0 a AluN) adgadly w(0) =4
{0) = 4 and the initial position is
s(0) = 0.
2 3
A S(t)=1—t;+%+‘l't S(t)=%+f2+4t C S(t)=%+t+4 5(:}=§+2t+4

A

@ | Paper Based 1S | [ Moe Exam2022/2023 ]

Determine the position function if the acceleration function is a(t) = t? + 1, the initial
velocity is v(0) = 4 and the initial position is s(0) = 0.

S(0) = 0.5% Y @Bsall 3 1(0) = 4 o Al Agaiall A yudly, @(f) = 12 + Teob £ eadll A cills 13 Ailal) AJal) 22a
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@ Find the antiderivative of a given function [ Moe Exam2022/2023 ]

Find the general antiderivative. AL ALl sal
e +4 e +4

Hlnle“+4i+c In|e*| + ¢ x—4e *+¢ H x —4e* +c¢

[

@ ¥ Bl ARAY ARt i Shal (BA) | Moe Exam2022/2023 |

Find the general antiderivative. Aol dlal) asgl

[Zsecxtanxdx fZSecxtanxdx

H 2secx+c E 2sectx+c 2tan?x + ¢ E 2tanx+c

A

@ l Moe Exam2022/2023 I

¥ dgae bl dills (BT)

Find the derivative of the function. A\l dEida aagl
flix)=x*+6x2 -2 f(x) =x*+6x% -2

Hron=v+ec-2:frm=r+ex—2 ] Fo=ac+12x [ r=ad+s-2x

C

@ Find the general antiderivative. .L..La‘;"_ 1 adal .'i:.;"i [ Moe Exam2022/2023 ]

f (3x* - 3x)dx j (3x* - 3x)dx
5 . - %l 3 3
12x -3+ ¢ 3x°—3x2+¢  |§ X —x"+c g —zxf+ec
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0 0 0

@ 0.10: 111 Slaen Gl @iidall gule il [B1) Moe Exam2022/2023
Find the general antiderivative. Aol Al aa gl

J' 2x T 2x
X214 sz T 0x

E 2x%(x2 + 4) E In|x? + 2x| + ¢ (x2+4)2+c E In|x* + 4| + ¢

D
[ Moe Exam2021/2022 ]
Find the general antiderivative, Al ANl aagl
sinx sinx
J-Ems,_,xdx fscuszxdx

s Ssecix+ec
e, Stanfx+¢

¢ Ssecx+c¢

4 —5secx+rc
c

@ I Moe Exam2021/2022 I

Find the general antiderivative. aba) dllal .\:_..Ji

8x 8x
fxzﬂdx jx%?dx

1

2 2|—,,In|;1t2 +7| + ¢
1

B ;!nlx2 +T| +c

< 2In|x®+7| +¢

d ‘llnlar:2 +7[ +C
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[ Moe Exam2021/2022

Determine the position function if dgaiall Aepuad] dlla s 1) ddlSall A1) 2a
the velocity function is B G gigly v(t) =8 -6t A
v(t) = 8 — 6¢ and the initial 5(0) =4
position is 5{0) = 4.

2 s =6t —8t+4
b s(t) =8t — 612+ 4

c s()=Bt—-3t*+4

d s(E) =3t —8t+4
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Unit 5 . Integration
Lesson 2 p°
AD
Objectives * Use the sigma notation to compute basic summation.

g Sema Notation e T

Sigma Notation is a concise and convenient way to represent long sums.

Sums and Sigma Notation

For example,

14+2+3+4+5 (Sum of the first five whole numbers) Fm just a fancy way

of saying, “Add
everything up!”

1+4+49+16+ 25+ 36 (Sum of the squares of first six whole numbers)

There is an obvious pattern for numbers involved

If we take a sequence of numbers a,,a;, as, ..., a,
then we can write the sum of these numbers(series)as a4 +a; + az + -+ a,,

A shorter way of writing this: Slgma Notation
Upper limit
(Last value of i ) n

General term of the sequence

Greek letter “Sigma” E a =q;+a,+as;+-+a,

Summation
gy |

Lower limit
Index of Summation ( First value of i)

Example: 1

Write in summation notation: @) V1 ++v2 + V3 + -+ + 110

b) 33 +43 +5% + ... +453
Solution

Mr. Abdalla Abouelnaga ;rade 12 Advanced 05 505114830
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Translate into summation notation Q1) 2(1)?+ 2(2)%2+ 2(3)%+ -+ 2(14)2

: Q2)V2—-1++V3-1+vV4—-1+--++V15-1
“

Example: 2
Write in summation notation: The sum of the first 200 odd positive integers.

Solution

Example: 3

Write out all terms and compute the sums.

8
a) Z(2i+ 1

6
b) zsin(Zni)
=2

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 2




Write out all terms and compute the sums.

6
a) z 3i2
i=1

10
b) z(zu +2)

THEOREM 2.1

If n is any positive integer and c is any constant, then.

n
(i) Z c =cn Sum of constants
i=1
o n(n +1) | Rl
(i) Z i = — Sum of the first n pasitive integers
i=1

n
(iii) Z 2 = n(n+ 1)6(2n D Sum of the squares of the first n positive integers

THEOREM 2.2

For any constants cand d,

n n n
z(Cai +dbl) = Czai + dzbl
i=1 1 i=1

=

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 3




Example: 4 Compute: (Use summation rules to compute the sum):

a) 28:(21' +1) b) Z(zz +1)

Use summation rules to compute the sum:

70 50
a) Z(Bi—l) b) Z(B—i)
i=1 i=1

Example: S EEe]iloli=E

20 20 . o
a);lz b)é(ﬁ)
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Use summation rules to compute the sum:
100

a) Z(n2 —3n+2)

o) Z(k2 +5)
k=0
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I Ehite) (S  Sum the values of f(x) = x% + 3, evaluated at

x=01,x=02,x=0.3,...,x=1.0

DUl BV o npute the sum of the form Y1, f(x;))Ax for the given values of x;

f(x) =x%+4x, x=0.2,04,0.6,081.0 Ax=02;n=5

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 6




Questions from previous MOE 4&Lull 5 ) 55l cililaial & < ) 5 4l

Term 1

Questmn 3 MIDE Exam 1013."11]14 .j-
3 Q.3: Use the sigma notation to compute basic summation j
T Compute the sum, Egaall caiun ?,4
% 10 10 j
< DEX Da+n
E i=6 i=6
=
= | =
2 60 E 95 40 E 220 g
3 : E
] ("1
£ i
(T

Bl pa et s (T ) IS A R o2 ) S 1 Ol i 0505114830

Final Revision Grade 12 Adv

Term 2

Questions from previous MOE exams  dilads )y ool o g dbi

Mothemotics G2 Achvonced

Question 14 MOE Exam 2021/2022

Compute the sum,

i{:* +3)

(=5

E-ym iaaa]

Z{F +3)

(=5

050541 4830 St 1 5 s Ll pof o 35401

Mr. Abdalla AEuueTnagﬂ

O b pl | 3 il bl (ol AT i 5000 2 g - k) 15 Solution Steps Before Choosing
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Final Revision Grade 12 Adv

Term 2

Questions from previous MOE exams  4ulads )3y cllaids vy AL

Mothemotics G2 Advonced

Question 18 MOE Exam 2021/2023

vl :I

18 il g laad| 3oyl base [ sacnd] o) aldaie] (B2) 3

Compute the sum of the form = 3

) ~aduall ansde'-d! L) ?1

2, fexons D faoax (8

=1 i=1 ;:7

for values x; where Cun x; ald %

= L= L

f(x)=3x+5;x=2,4,6 f(x)=3x+5 x=2,46 2

—— n=3; Ax=2. | Mm=3; Ax=2 =

s

102

o o f

Mr. Abdalla Abouelnaga iyl ey pn plall il 7 ol g AR w0 g g o Al - Rl 5 Solution Steps Before Choosing
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Unit 5: Integration

The exact area under the curve is found as the
Limit of thhe sum of areas of smaller rectangles
as n becomes very large.

Area—zﬂlf(x) — Area=li_mz;:f%a—)f(x)

Bl - resse

Lesson 3 : Area
(e Caal Aablocall: GG g yald

<
Grade 12 Advanced
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Unit 5

Lesson 3

Integration
e

Objectives » Estimate the area under a curve on a given

interval using rectangles.

 Compute the area under a curve using

summations and limits.

Area

To compute the area beneath the graph of y = f(x) and above x — axis on the interval [a, b]

For f(x) = 0 and f is continuous on interval [a, b]

To approximate the area:

Partition: Divide the interval [a, b] into n subintervals
b-a
Length of each subinterval: Ax =——
n

Thepointsare: % =a —) x=atilx

xy = xg+Ax
Xy =xp +Ax And 50 on
Construct a rectangle on each subinterval [x;_,, x;]
Width: Ax
Length: f(x;) The value of the function at the right endpoint of the subinterval

i=1.23..%n

Then the area beneath the graph of y = f(x) is roughly the sum of the areas of rectangles.

Area: A ¥ Sum of the areas of rectangles

A% A= ) floe
Area: A ¥ flag )hx + flay)Ax + flag)dx + - +f(x, )Ax

i=1

letn=4
Area= AN A, = flag)Ax + flay )Ax 4 flxg)Ax + flxy)Ax

Myr. Abdalla Alloue]naga srade 12 Advanced 035

.0

i ]
Area under y = f(x)

20+
15+
L
05T

f,_,-w

Ax | Ax | Ax | Ax

Ei
X X3 X fi
X &4

Area under i = f{x)
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D) ¢:Raaio) BN Approximate the area under the curve y = f(x) = x? + 1 on the interval [0,2],
Using 4 rectangles. .

P e R " S S
T T T T

x
s 1 135 2

Approximate the area under the curve y = f(x) = ion the interval [1,4],

Using 3 rectangles.
Solution

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 2




Approximate the area under the curve y = f(x) = 2x — 2x% on

the interval [0,1], Using 10 rectangles.
:

DEFINITION 3.1

For a function f defined on interval [a, b], if f is continuous on [a, b] and
f(x) = 0cnja,b], the area A under the curve y = f(x)on [a, b] is given by

n
A = lim 4,, = lim zf(xl-)Ax
n—oo n—oo
i=1

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 3




1D Rl CBPAN Find the area under the curve y = f(x) = 2x — 2x2 on the interval [0,1].

Solution

Solution

Estimate the area under the curve y = f(x) = vx + 1 on the interval [1,3].
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DEFINITION 3.2

Let {xq, X1, X5, wu ... , X, } be a regular partition of the interval [a, b],
. b—a .
with x; —x;_1 = Ax = — For all i.
Pick points ¢4, ¢, ....., Cp, Where ¢; is any point in the subinterval [x;_q, x;], Fori = 1,2, ..., n.
(These called evaluation points). n
The Riemann Sum for this partition and set of evaluation points is: Z f(c)Ax
i=1

For a continuous, nonnegative function f, the area under the curve y = f(x) is the limit of
Riemann sum.

n
A= r{i_{(f)lozf(ci)Ax Where c¢; = x; (right end peint), Fori = 1,2, ...,n
i=1

The limit will give the same answer for any evaluation point ¢; € [x;_1,x;], Fori =1,2,...,n

Choice of Evaluation Point

When we cannot compute the limit of Riemann sums (or at least not directly).
\We can approximate the area by calculating Riemann sums for large values of n

Choices for evaluation points ¢;E€ |xi—p,x;), FOri = 1,2, ...,n

The Right Endpoint The Left Endpoint The Mid Endpoint
— €i = Xi-1 Ci=5 (X1 + %)
AT . I 1 N
P i o 3
B® / \\ 13- 1 b
£ A1 3 0
AR i ..,.,__.-/"/
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Choice of Evaluation Point

€E[xiq, 2 ,Fori=1,2, ....n
For Increasing function
Example: f(x) =9x% + 2,0n [0,1]

The Right Endpoint

Thea Left Endpoint
C; = Xy

The Midpoint
€Ci = Xi—1

e
ES

1
) (xz 4 + x7)
(e

L]

bl el

o2

o
} } } = = filil T I
M4 04 08 (301 T |_ [I \ | | ‘
e ol Tom L B4
Gives overestimation for the area Gives underestimation for the area

-

approximated > Actual area approximated - Actual area
area under graph ared under graph

Choice of Evaluation Point

;S [x;q. %], FOri =1,2,...,n

For decreasing function

The Right Endpoint

The Left Endpoint
C; = X;

The Midpoint
Ci = Xiji—1 1
ci =5 (x;i_1 +x;)
\ ' fix) 1\ ¥— fix}h 2
hY
1 RIGHT 8 1 LEFT 8 ] AT 8

Gives underestimation for the area Gives overastimmation for the area
approximated < Actual area approximated > Actual area
area

under graph area under graph

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 6
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Choice of Evaluation Point

y=f(x) onla,b] px=2""%  x=atidx
n
c;€ [x;_1,%;], Fori=1,2,..,n > e
= = C: = X: i) -
Ll A ; Riemann Sum: 4= Zf(ci)ﬂx N
Evaluation points: € =& tilx i=1 N o !
T=82% ... rlt:,l_'ﬂ ----- o1 gpraind
. FLx
The Left Endpoint € = Xj—1 7 Py
Riemann Sum: A, = Zf(ci)ﬂx
Evaluation points: g =a+ (i— 1)Ax i=1 =
i=1.23...n = -
1 B M-l grasint
S c;=—(x;_1+2x;)
The Midpoint AN i o v -
: . 1 i . = : =
Evaluation points g =a+ (i—i)&r Riemann Sum: 4, Zf{f:}f'-x T__lr_r—
=t
|.-: 1.2,3r-u-p?1- LR o Wy N W I ‘-:.1
arskelgEanaE

Example: 3

Approximate the area under the curve y = f(x) = x? + 1 on the interval [0,1],

using n = 16 rectangles.
And the evaluation rules a) left endgoint  b) midpoint c) right endpoint.

a) left endpoint

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 7




b) midpoint

c) right endpoint.

Mpr. Abdalla Abu Elnaga
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Compute Riemann sum for y = f(x) = vVx + 1 on the interval [1,3], For
n = 10,50,100,500, 1000and 5000. Using
a) left endpoint  b) midpoint c) right endpoint. Of each interval as the
evaluation point

Solution

a) left endpoint

b) midpoint

c) right endpoint.
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Example 5

Use Riemann sum and a limit to compute the exact area under the curve y = f(x) = x? + 3x
on the interval [0,1].
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Example 6 Use the given function values in the table below to estimate the area under

the curve using left-endpoint and right-endpoint evaluation.

Left-Endpoint

Right-Endpoint
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Final Revision Grade 12 Adv

Questions from previous MOE 4&Lull 5 ) 55l cililaial & < ) 5 4l

Use the given function values to

using right—-endpoint evaluation.

Tern 1 " Questions from prewuus MOE exams exa

Questl.on 1 5

estimate the area under the curve

MOE Exam 2023/2024

Q.15: Estimate the area under a curve on a given interval using rectangles

s el ‘-J_u chbad o 5 49 i | Mothemotice GI2 Advanced

a3 Aalecall paEil Slaeadl ANl aud 335
ccaall Bl il Aals s aladiily el

0.0

0.2

0.4

0.6 | 0.8

2.0

2.2

1.6

14 | 1.6

6.8 o

7.2

H 1.36 H

Tern 2§ “Questions from previous MOE exams  4blud 3y ot oo g 480

=
=
<
=
=
&
=
e
T
L
=
=1
a
g
=
o
=
('

- Question 17 MOE Exam 2022/2023

Q171 Slibsiuall alaaiul S3ame S50 b dlly iminll Cond dslonsldl ivaT (B2)

Use the given function values to

estimate the area under the curve

using right-endpoint evaluation.

ot dabucall pofil Slamall Allall o aadsd

0505114830

Mothemotics G1Z2 Advanced

il dulgl AbL o aladiudy (dalal
x 1.0 112 14 | 16 | 1.8
00) 04| 06|08

f_(-_x)

1.2

0505114830 Sl M i s tadllpd s Jsatn

Mr. Abdalla Abouelnaga

gy Tl el s’ i ytall e g foadlly Ata il 50y g o4 il - ) 5 4%
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Term 2

" Questions from previous MOE exams e &)y e =2 5484 | Mothemotics G12 Advanced

Question 15 MOE Exam 2021/2022 .
Use the given function values to S Aabad sl Slawall A0 ol psiid
estimate the area under the curve <ol Aulgll) AbaE sl phaiSialy | daiall

using left-endpeint evaluation.

r [00]o1]o02]03]04
fi) |20 | 24 [ 26 [ 27 ] 26

I | Y IS P P P R |

Final Revision Grade 12 Adv

g

=

o2
0505114830

o o

IS S

Mr. Abdalla Abouelnaga | cisehyplashs gl s il ks o ol AR c3n 2 00y gt o8 i - AR g5 Solution Steps Before Choosing

Term 1 | Mathematics GI2 Advanced

= Question4  MOE Exam 2023/2024 .3-
il Question 4 Compute the area under a curve using s::;l;::ﬁms and limits plsiels A jFaial ciad Aated daal j
b = 3
E Use A = lim A, = lim B, f(x,) Ax, A= HmAL = lim T, ) Ax a2aiu j”
g to find the exact area under the curve iadiall a3 ARAN At o
Bl y=flx)=x*+1 = e
c y=f(x)=x%*+1
H|| on the interval [0, 1]. - &
Kol 0,10 55 e 2
- -
o g

(F7}

£ g
=

Mr. Abdalla Abouelnaga 05051148320
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Unit 5: Integration

Jwalsil) -5 3aa

limits of integration (where to start

integral sign @ and where to stop adding rectangles)

tsth
lriifirte;:r:hse sjms_* f (x ) dx
of the rectangles @ / \

shows the variable of
integration and must be
included whenever the integral
sign is used

integrand: shows
the function being
integrated

Lesson 4 : The Definite integral
JJM\ JA\S:\.“: @‘Jﬂ ‘_).HJJJ‘

Grade 12 Advanced
PaBio puc il

Mr. Abdalla Abouelnaga
0505114830
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Unit 5

Integration

Lesson 4 wﬁ{e Definite Integral

Understand the notion of a definite integral.
* Compute a definite integral using Riemann sums.
* Find the area under a curve on a given interval using Riemann sums.
* Learn the properties of definite integrals.
* Apply the Integral Mean Value Theorem.

Obijectives

Area Under a Curve

The fimit of Riermanrmn Sums 5 T}

filx)y =0 on [a,b]

T = B
Area of
A= lim ;) Ax region
lim > f(ep)
i=—1
¥ fii=)
Foranyc;c [x;_1,x;:, Fori = 1,2, ...,

Whhat i the values of [ (c;) are negative @

Definition 4.1

For any function f defined on [a, b], the definite integral of f from a to b is
n

jbf(x)dx = rlli_{(r)lto(ci)Ax,

Whenever the limit exists and is the same for every choice of evaluation points, ¢;, ¢, .....Cp
When the limit exists, we say that f is integrable on|a, b].

Definite Integral

limits of integration {(where to start

integral sign @ and where to stop adding rectangles)

ts th
Iri?::i::ESi? r'1I:hSE sjms f (x) dx

of the rectangles /'

integrand: shows
the function being
integrated

shows the variable of
integration and must be
included whenever the integral
sign is used
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Note:

f; f(x)dx =Area under the curve

¥ f(x)
P—
b
> A= ] f(x) dx
Area under /-
the curve

- . - The definite integral of

a ' > ) b " x f(x) between x=a & x=t

! Theorem 4.1

If f is continuous on the closed interval [a, b], then f is integrable on [a, b].

If f is continuous on the closed interval [a, b] and f(x) = 0 on [a, b] then

y=f@ onlabl  a=2"% x=a+it
n

e [x i.x], Fei=13, .. .18

T
Riemann Sum: 4 = Zf(ci)ﬂx
Evaluation points: g =a+ilx =1
i=123. ...n

Ci = Xi1 -
Riemann Sum: A = Zf(f-'i)ﬂx
Evaluation points: ¢, =a+ (i - 1)Ax i=1

=T ol

|
€= 2 (xiq +2;)

L3
Riemann Sum: A, = Zf(c,—]&:c

Evaluation points: = 4
q=a+e—i Ax i=1

i=123..n

# Choice of Evaluation Point R;EA_A_E.&BE_R‘/ ﬁ
diC

Ly

Aoy
/
v Tl | dl
J
o
o T v
righteend perint
o Fixn
F .
o x  xy Ay xa B £
o eamed periang
¥ Fixh
S
s -
o @ &y xy %y B x
i o
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} 3
Example: 1 Use the midpoint rule with n = 6 to estimate: j /xz + 1dx
0

Solution

15
1D GGEGMEN  Use the midpoint rule to estimate: J 30(1 — e‘x/3)dx
0

Solution
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1
Example: 2 Evaluate the integral by computing the limit of Riemann sums: j 2x dx
0

Solution

3
I C{GECHPEE Evaluate the integral by computing the limit of Riemann sums:J (x* —3)dx
1
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A Riemann Sum for a Function with Positive and Negative Values

When f is both negative and positive on [a, b]

When calculating Riemann sum \\ /
If f(c;) <0 forsomei \ . / g
: / _
The height of rectangle is negative. S v
@Co SEEDI

f(c;)Ax = —area of the ith rectangle

S(c,)) == O

The graph of [ is shown below. A total of 24 right-hand rectangles are shown, eightin blue
and 16 inred. All 24 of the rectangles have the same width. Which of the statements below
is/are true?

a .
z 1
I E f( — 5+ 2 ) "3 is the sum of the areas of the blue rectangles.
=1

18 .
z 1
II. E f( —1 +§ ) N is the sum of the areas of the red rectangles.
=1

24 .
2 1
IIL E f( — b6+ e ) "5 Is the sum of the areas of all of the rectanales.
=1

AN

§> 7

Definition 4.2

Suppose that f(x) = 0 on the interval [a, b] and A, is the area bounded between
the curve y = f(x) and the x — axis fora < x < b.

Further, suppose that f(x) on the interval [b, c] and A, is the area bounded between the curve
y = f(x)and the x — axisforb < x < c.

The signed area betweeny = f(x) and the x — axis fora < x < cis:

Signed Area = A; — A,

jldx+j2dx

The Total area betweeny = f(x) and the x — axis fora < x < cis:

Total Area = A; + A,

jldx—jde
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Bclnle) G Compute the integrals and interpret each in terms of area:

i
:
:

2 3
a) f (x? — 2x)dx b) ] (x? — 2x)dx
0 0

Solution 4 =gt

2
a) j (x% — 2x)dx

3
b) f (x%2 — 2x)dx
0
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Example: 4 Write the given total area as an integral

a) b) : ©)

1 [ 1 2 3 4 : j 4
-1 n m
a=10.67 '
‘ -2
1 2 -

-2 -1 0

Estimating Overall Change in Position

Distance Total amount the object has moved. This depends on the whaole path traveled, not just the starting and
ending points. Distance traveled is always a non-negative number. A scalar guantity
A .

Displacement Change in position of an object. g

| =} ey ——
O FTFES4F32a4011 23

An object moved from A to B then moved to C A—
Find  Total Distance =8+4=12units
Change in posit = final position — initial position

—4— 0 =4ynits Asthe object move 8 units forward then it moved 4 units backward

final position(object’s position) = Change in pesition + initial position TO=HTR

Velocity ~ WWhen the velocity is positive it means the particle is moving forward along the line, and when the

velocity is negative it means the particle is moving backwards. wid)
r o =
Changeinpsiion RSNEORE R
on [0,T] 0 :; s Ll
T = 1 ¥ : ] ' L] " T - o

[} etona
0
We are going to evaluate the area of each region then we will add areas i3
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D Nanio) M An object moving along a straight line has velocity function v(t) = sint, if
the object starts at position 0, determine the total distance travelled and
the object’s position at time t = 37/2 )

Use the given velocity function and initial position to estimate the final

position s(b).  wv(t) =40(1—e"?), s(0)=0, b=4
40 -

20 4

a= 140.01

D 2 4 5
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Theorem 4.2

If f and g are integrable on [a, b], then the following are true.
i. Foranyconstantcandd,

ff[cf(x) +dg(x)]dx =c f;f(x)dx +d ffg(x)dx
ii. Foranycin][a,b],

jbf(x)dx = fcf(x)dx + de(x)dx

Definitions:

For any integrable function f, If a < b we define:
a b
| reodr == reoa
b a

If we integrate backward along an interval, the width of
the rectangles corresponding to a Riemann sum Ax would
seem to be negative.

If f(a) is defined, we define:

a
f f(x)dx =0 Definite integral represents area, area from a to a is zero.
a

Example: 6 Use theorem 4.2 to write the expression as a single integral.

2 3
a)J; f(x)dx+Lf(x)dx=

b) j Fdx - f Fdx =

c) foz f(x)dx + Llf(x)dx =

d) f_zlf(x)dx + j:f(x)dx =

Mpr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 9




Example: 7 EEeeiraeee. flsf(x)dx = 3 and ff g(x)dx = =2

Find
3
Q) f [FG0) + g()]dx =

3
b) j 2(0) — g()]dx =

3
o [ 1760 - geolax =

3
d) f [4f () — 3g(0)]dx =

Piecewise Continuous Functions:

Continuous functions on a closed interval are integrable on that
interval. mheorem 4.1

Discontinuous function with finite number of jump discontinuities
(piecewise continuous function) are integrable.

Example:
The function f(x) has a jump discontinuity atx = 2 4

Otherwise, the function is continuous i

L4f(x)dx = sz(x}dx+L4f(x)dx

:Al —|—Az
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An Integral with a Discontinuous Integrand

Example: 8

ifx <
Evaluate: f03 f(x)dx, where f(x) is denoted by f(x) = {le ' i;fxx; 22

4 d . (2, ifx<?2
Evaluate: Jo f (¥)dx, where f(x) is denoted by f (x) = {Bx, if x> 2

=12

b =6

o 4 | Height =2

side = 2
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Use geometric formula to compute the integral:

2
a)f 3x dx
0

4
b)] 2x dx
1

c) f:\/mdx

Theorem 4.3

Suppose that g(x) < f(x) for all xe[a, b] and that f and g are integrable
on [a, b]. Then,

ng(x)dx < Lbf(x)dx

Larger functions hawve larger
imntegrals
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n
1 1 (° P —
= lim —Z x;)Ax =—f x)dx T
fave n%o[b_a. f(x) ] b_aaf() | ’ | ’ | ¢
=1 7 (Qi) .’r"'n)
Average depth of a cross section
of a lake

Average Value of a Function

§ Example: 9

Compute the average value of:  f(x) = sinx on the interval [0, ]

Compute the average value of:  f(x) = 2x + 1 on the interval [0,4]
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Compute the average value of: f(x) =x2%+2x

Definite Integral of Constant Function

on the interval [0,1]

b y
j cdx =cb-a) |
a
b
or L cdx = area of rectangle
= length X width 0
=c(b—a)
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Estimating the value of Definite Integral

Let [ be a continuous function on a closed interval [a, b

Extreme Value Theorem
Then, f has a maximum and minimum value Let M : the maximum value

Let m : the minimum value

Then, m= f(x)= M xela, b] Using Theorem 4.3

b b b
3 f mdx = J- flx)dx < J- M dx m, M are constants
s i 18

Integral Mean b
Value Theorem m(b—a) = f flx)dx = M(b — a) Divide byh — a
(15

1 fbf(x)dx < M Average value of f on|a, b

Average value lies between the maximum and minimum , since [ is a continuous function

There must be some value ce(a, b) for which

1 P
£ = 5= | FIax
Theorem 4.4(Integral Mean Value Theorem)

If f is continuous on [a, b], then there is a number ce(a, b) for which.

F©) = o [ Foax d

Continuous function will take on its average value at some pairit.

This is only another form of differential Mean Value Theorem
o]

1D R CENON (Use integral Mean Value Theorem to Estimate the

value of: Remember
fm<f(x)=M xelab]

1
j x2+ 1dx
0

¥
m{b—a}EJ- flx)dx = M(b—a)
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Exercise: 10.1 Use Integral Mean Value Theorem to Estimate the value of:

/2
a) 3cos x? dx
/3

b) dx

4 x3+2

1D ehnls) BNEER Find the value of ¢ that satisfy the conclusion of the Integral Mean

Value Theorem 2
j 3x%dx (=8)
0
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Exercise: 11.1 Find the value of c that satisfy the conclusion of the Integral Mean
Value Th ! 2
alue Theorem (x? — 2x) dx <= §>

-1
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Questions from previous MOE 4&Lull 5 ) )5l cililaial 8 < ) 5 Al

Term 1 | Questions from previous h‘:ﬁﬁ exams_ Ei:ﬁ.u m_m_uﬂ" Mathemotics GI2 Advanced
Question 4 MGE Exam 2023/2024
Q.4: Apply the Integral Mean Value Theorem
Compute the average value of F(2) = 3x% — 13 dawgia) daidll caal
f(x) = 3x* — 1 on the interval .[0,2] &) e
[0,2].

3 E 3 <] a 10

Final Revision Grade 12 Adv

[EETRE I e

0505114830

Mr. AbdallaAbouelnaga gl rladly paandl S0 Y 51 Al F e SN g S o8 Tl g s P 0505114830

Term 1

Questions from previous MOE exams b &) 3y el 0y AL

Question7 MOE Exam 2023/2024

Q.7: Learn the properties of definite integrals

Evaluate f;’ f(x)dx, where S ¢ f; fx)dx iad s
4x, x=2 4x, x =2

sl B, fo={ 1" 32

6 E 9 16 ﬁ 21

Mothetotics GI2 Advonced

oL
N
™=
v
=
b=
(]
e
g
n
2
=4
o
=
LL

A o
s Wl

Mr. Abdalla Abouelnaga [ ™ 3y plah sl Sl (41 o okl o e Sliay AfS o ) Sy ol g e 0505114830

il gl alll s T

0505114830
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Final Revision Grade 12 Adv

o

Term 2 Questions from previous MOE exams  4alai )5, —Ghob ol jgat | Mothemotics Gl2 Advanced

Question 14 MOE Exam 2022/2023

CL14: 1 sagasall JalSill ol cnle wipmill (B2)

14

Assume that: il L

+ o + e
f, f(x)dx = =5 and [, g(x)dx = 3. _f;g(x)dx =3, J‘;f{x)dx = -5

4
find [, [4g(x) — 3f(x)]dx. J, T4g(x) = 3f(x)]dx 2

27

-3

0505914830 Sl N g alea tadl o aus 354

Mr. Abdalla Abouelnaga ™ | ey ol e 1yl g ol A o 6 Al g o ) - Bl e Solution Steps Before Choosing

Tert 2 | Guestions from previous MOE exams  4iba i) 3y cbsit 3 Ak | Mo themotics G12 Advanced

E Question 15 MOE Exam 2022/2023

Q15: 1 Lalfill b Glrugiall dagdll & 380 Fubs (B2)

Find a value of ¢ that satisfies the Al Al Ao (a3 Al € Aasd sl

conclusion of the Integral Mean = 1 b S T

S S ; Jf(c) — fﬂ F(x) dx Jalsall ddau,giall
alue Theorem f(c) = i:—_n-[:t f(x)dx

2
2 J’ 3x2dx(=8)
3x% dx(=8) 0
0

"

Final Revision Grade 12 Adv

EEEE_
Sl Gl

- &

0505114830 iyl i plaa dandli pal B 35t

Mr. Abdalla Abouelnaga iy T ol Uy oy all s o folly AR 38 o Sl gt o gl - RN 5 3% Solution Steps Before Choosing
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Term 2

“Questions from previous MOE exams 4iba a3y ot o g atial. | Mothemn tics

Gl12 Advanced

Question 16  MOE Exam 2022/2023

Write the given (total) area as an
integral or sum of integrais.

The area above the x —axis and -
below y = 4x — x2.

4
J' (4x — x*)dx
0

Final Revision Grade 12 Adv

(1]
f —(4x — x8)dx &

-4

4
f —(4x — x%)dx
(1]

2
f (4x — x*)dx
0

163 1 agamall JalSill aagha ole wiyndll (B2)

S JalS5 g b Blmall daliaal) (Jass) )

.r:bLAL‘iE&A:_n.EJL'n

¥ —y3aall (3gb Aaleadl
¥ =4x —x?
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Question 16 MOE Exam 2021/2022

Write the given (total) area as an 3 Jals3 By g

integral or sum of integrals.
The area above the y —axls and

below y = 4 — x°.

- J:-u - X)dx

Wl [ -

L (4 - R)dx

E [2-[4 —x%)dx
g
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Term 2 B Questions from previous MOE exams 4hla i)y bt 0 ;4id | Mathemaotics GI2 Advanced

Question 17 MOE Exam 2021/2021

Compute the average value of Jlx) = 4x + 3 Jibugd Lad) cual
f(x) = 4x+3 on the interval .[0,2] aaith e
|0,2].

ﬁ'?
ﬁll
ﬁZZ
ﬁH

0505114830 Sbssts M g ples gl i 3suln

Mr. Abdalla Abouelnaga gty ol pasall 0 o sl b g ol LA w8 5 0005 22 2 2l - R Solution Steps Before Choosing
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B Questions which included in MOE Exam Term? {2024}
Question 18 MOE Exam 2021/2022

2021.3022 plall plaaf

Write the expression as a singhe cys WS 5.11-‘45;&-13 s
Integral.

5 5 5 5
I _."'{x}dx—J’ flx)dx J; f{r]dx-Lf[x}.{x
L 2

4
ﬁ L flx)dx
E f:,r[xmx

ﬁ J;s fix)dx
ﬁ f:f (x)dx

Mr. Abdalla Abouelnaga | gpchy gl gl i il oLk o fally AB0S e & Stg gt o8 4l - CAED 5 Solution Steps Before Choosing |
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Questions from previous MOE exams A & ) 3y Ciblaiab s 5 Al

Question 19 MOE Exam 2021/2022

Assume that o Lagd
[ f@)dx=5and ['g(e)dx=~3. [ p)dx=-3,f f(x)dx=5
Find [7'[2f(x) — g(¥)}dx. ) 127(6) - gla) |z 35
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Unit 5: Integration

f{x)dx —>
=] . ‘ﬂ‘

a X

If f is comtinuous on |a, b] and F(x) = f:f(t)dt,ﬂm F'(x) = f(x).on |a, bl

\j fof(x)dx = F(x)I2 = F(b) — F(a)

-

F(x)

Lesson 5: The Fundamental Theorem
of Calculus
Jalsil) 9 Judaldnl) B Ao A a8l 1 el Ad) g ald
Grade 12 Advanced
padio juc Silidl

T M-mlla,
- Q\bog‘elnaga
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Unit 5 Integration

Lesson 5

The Fu@‘fental Theorem of Calculus

) ) * Learn the Fundamental Theorem of Calculus (Part I) and use it to compute

Objectives various definite integrals.

* Learn the Fundamental Theorem of Calculus (Part Il) and use it to compute
derivatives of functions defined as definite integrals.

* Write the equation of a tangent line at a given point to a function defined
as definite integral.

Introduction

Fundamental Theorem of Calculus is a theorem that links the concept of differentiating
a function with the concept of integrating a function.

Firstly, it provides us with a powerful technique to evaluate definite integrals without using
geometric areas and limits of Riemann sums.

Secondly, it is saying that differentiation and integration are in some sense inverse operations.

Theorem 5.1 _ (The Fundamental Theorem of Calculus. Part I)

If f is continuous on [a, b] and F(x) is any antiderivative of f(x), then.

b
[ reax = Fo) - F@

To compute definite integral, find an antiderivative and evaluate it at the two limits of
integration, which is much easier than computing limits of Riemann sums.

b
j f()dx = F)IL = F(b) — F(a)
a

ilf F(x) =xlnx —x + ¢ is antiderivative E If F(x) is antiderivative of
; e f(x) =3x*+5,F(2) =5 find F(1)
for f(x)find J f(x)dx

1
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Example: 2 ESSuldUEE

a) foz(xz —2x)dx=

b) J(2x — 3)dx =

c) jl (x3 + 2x)dx =

N
! ‘
0= |

A /
\ * /
\ Y /

Continuous xeR

—

Continuous xeR

Continuous xeR

] .
\\.
\ -

Continuous xeR\{0}

Remember
|

—dx = In|x| + ¢
X

Don’t forget the
absolute value.

———

f
f

f
/

Continuous xeR\{0}

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 2




0 J[ (F-5)ix= |

x2

4 3 o i ¥
b) f (x\/E + —) dx = B g
1 x LY //ﬂ

Continuous xe(0, o)
1

d) [#sec’x dx=

VA
e) 2 cos®x dx=

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 3




Example: 3 Compute; d=314
jZer_ze3xd E ‘ i :

a —ax =
) . 3% ¥

f(x)=e™* — 2 is continuous on [0, 2]

b) f4t(t —2)dt = N

a =533

Continuous teR

Example 4

Explain how you know the proposed integral value is wrong and find all mistakes.

a) J —dx__—lxx:_11=—1—(1)=—2

i
5 X=T
b)f sec xdxztanxlx O=tan7t—tan0=0
0 -~ =

S

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 141




Identify the integrals to which fundamental theorem of calculus applies;

* 1
a)J; x—4

b)flx/i dx

1
c) f Inx dx
0

dx

the other integrals are called improper integrals.

-

30
o
w0
G 3 = =
-0

Domain: [0, )

Domain: (0, o)

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 5




Example 5 1

a) Find the area above x — axis and

under the curve: f(x) = sinx on the interval [0, 7T]

b) Find the area above x — axis and below the curveof: y=4-—x

C)Find the area below x — axis and above the curve of: y = x? — 4x

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 6




a) Find the area of the region bounded by y = x3, x = 3 and the x — axis

b) Find the area between y = sinx and the x — axis for—m/2 < x < /4

x, x <2

2 x>2 and x axis on [0,5]

c) Find the area between f(x) = {

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 7




Theorem 5.1 _ (The Fundamental Theorem of Calculus. Part Il)
F'(x) = f(x), on [a,b]

If f is continuous on [a, b] and F(x) = f;f(t)dt, then
The antiderivative function F is defined as an integral of the function f

Part Il says that every continuous function f has an antiderivative, namely, f:f(t)dt
Three Cases .
If f is continuous on [@ b] and F(x) = [ f(t)dt, then F'(x) = f(x), on[a, b]

1) Upper is x

2)Upper is a function If F(x) = f:(x) f(®)dt, then F'(x) = f(u(x))u'(x) (chain rule and Fundamental Theorem

3)Upper and lower are variables If F(x) = f;%)f (t)dt, then F'(x) = f(u(x)u'(x) - f(g(x)) g’ (x)

Example 6 Find the derivative F'(x)

a) F(x) = fx(tz — 2t + 3)dt

1

b) F(x) = jx(t2 —3t+2)dt

¢) F(x) = jx(t2 —3t—4)dt

2

d) F(x) =j sect dt

X

1
a) F(x) =j te? dt

X

Vs

b) F(x) = jzte” dt

0

c)If F(x) = jx\/4t2 —1 dt find F(1),F'(1)

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 8




Example 7 Find

t
a)f (e¥/?)? dx
0

t
b) f (sinx + cos?x) dx
0

X
c)j 12t5dt
1

Using The Chain Rule and Fundamental Theorer‘g@ Calculus. Part II

If g) = [P F(©)dt, then g’ (x) = F(u(0))u' (x)
Or

L9 pnyde = £ (w0’ ()

Mpr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 9




Example 8 If F(x) = fzxz cost dt , compute F'(x)

YRR S P ——

2
Crenmple © If F(x) = [, V2 +1dt compute F'(x)

; If f(x) = fezx_xsintzdt , compute f'(x)

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 10




xe*

o)If f(x) = f2 . e’tdt |, compute f'(x)

Computing the Distance Fallen by an Object
Example 10 a) Suppose the downward velocity of a sky diver is given
by v(t) = 9(1 — e~ “)m/s for the first 5 seconds of a

jump. Compute the distance fallen.

b) Find the position function s(t)
if v(t) = 40 — sint ft/sec, s(0) = 2

Mpr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 11




Exercisel0.1 a) Find the position function s(t)

if v(t) = 10e tft/sec, s(0) = 2

Acceleration, Velocity and Position Functions

Example 11

a) Find the position function s(t) ifa(t) = 4 — t ft/sec?,
v(0) =8, s(0)=0

Exercisell.1

b) Find the position function s(t) if a(t) = 16 — t?ft/sec?,
v(0) =0, s(0) =30

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 12




Rate of Change and Total Change of Volume of a Tank
Example 12

Suppose that water flows in and out of a storage tank. The net rate of change (that is the rate in minus the
rate out) of water is f(t) = 20(t? — 1) liter per minute.
a) For0 <t < 3, determine when the water level is increasing and when the water level is decreasing.

b) If the tank has 200 liters of water at time t = 0, determine how many litters are in the tank at time
t = 3 minutes.

Exercisel?2.1

Suppose that the rate of change of water in a storage tank is f(t) = 10 sin t gallons per minute.
a) For0 <t < 2m, determine when the water level is increasing and when the water level is decreasing.

b) If the tank has 100 gallons of water at time t = 0, determine how many gallons are in the tank at time
t =m.

Mpr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 13




Finding a Tangent Line for a Function Defined as an Integral

Example 13

2
a) For the function F(x) = f: In(t3 + 4) dt , find the equation of the tangent line at x = 2

b) For the function y = fox sinvVt? + m?2dt , find the equation of the tangent lineat x = 0

1D (GBI For the function y = f: e P +ldt , find the equation of the tangent lineat x = 0

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 14




Final Revision Grade 12 Adv

Questions from previous MOE 4&Lull 3 ) )5l cililaial 8 < ) 5 Al

Term 1 "Questions from previo Mothemotics GIZ2 Advanced

stion B MOE Exam 202372024

Q.8: Learn the Fundamental Theorem of Caleulus (Part 1) and use it te compute various definite intagrals

"‘ " 4' - - - 1
Evaluate fn’ﬁ (sin x — cos x)dx. g J‘ﬂﬂ (sinx — cos X)dx dad 15

V2 -1 H V2+1 6 —J2-1 —Z+1

il gl o) 2 al

Mr. AbdallaAbouelnaga ™ [ ™ il p o ettt | e (4 5 el ol oo & Eiany g fe Syl A g s T o 0505114830

-
=
<L
=
i 7
-
=
e
e
o
]
=]
@
2
ol
o
=
L

Questions from previous MOE exams  abbads )3y ol it 5 4kl | Mothemntics G2 Advanced

T ' Question 5 MDOE Bxam 2023/2024

i Learn the Fundamental Theorem of Calouhs (Part B} .and use it to compute derivatives of funcbons defined {.Jb-‘-“ﬂ
Question 5 s dlefinite: integralsipAiid faf by GO L dhgi o iy dally ol Lot oot 2yl i i

If asw  f(x) = f;inx(t2+4) dt. Compute f'(x) s

Mr. Abdalla Abouelnaga [ gy CLai paial s (1} Lot m o s iy Afh L i Ty © LAkl 5 0505114830
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Term 2

Questions from prev
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(B2)
Evaluate.
r ) 3x
[(==)= It
e X
[
= 2x+c

1
ﬁ F—x—l—c
e |

1 X
—;—er +c

e*—2x+¢

Q13: 1 B3game SialS) 3yl Logile Jlgd ke gy JolSily Juliill gl dslll & psill e vbynill Mark(s): 4/4

X ZEB.I) 3
— X

Az Jagl

E3I

A s tadlh gl Bls 5t

[T

0505114830

Mr. Abdalla Abouelnaga

Term 2

s el ol A i all iy o ol g ARAE 3k G ST g o2 Sl - ARl 5

" Questions from previous MOE exams  4ila a5y ol L g A4

Solution Steps Before Choosing

Mothermotics G112 Advonced

Question 21 MOE Exam 2021/2022

ItF(x) = [ sin3tdt,
compute ['(x).

ﬁ Fi(x) = 2xsin3x® + sin 3x

“ F'(x) = 2xsin3x® — sin 3x
F(x) = sin 3z — sindx
ﬁ [(x) = sin3x = 2xsin3x*

Final Revision Grade 12 Adv

Cfx) = [F sin3tat easy

J(x) pal
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Mr. Abdalla Abouelnapa
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Solution Steps Before Choosing
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Unit 5: Integration

7
1 = _ff(x)-dx

-
=S
L
=
==

> = g (t) Differentiation - dx — g,(t)-dt

1 = [ Fro(e)l-g (t).ax

Lesson 6 : Integration by Substitution
O 92l Salsil) = puaboad) (i all

Grade 12 Advanced
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Integration by Substitution
* Compute integrals using substitution.
If you have the indefinite integral
f (2x + 3)ex2+3xdx It seems 3 difficult integral
P ;—x [x2 +8x] =2x+3  Part of the integral is the derivative of another part

To integrate such functions, we are going to use U Substitution — > Integration by Substitution

Which is unwinding of the chain rule in differentiation
if we have d +3x] = dr, . p43x
ST [e.rz x] [;x + 3.’::] e

Using chain rule =(2x+3) - Exz+3x

So, to integrate J-(Zx +3)e" 30y =t

Integration by Substitution

Integration by substitution consists of the following steps:

= Choose a new variable u: a common choice is the innermost
expression or “inside” term of a composition of functions.

du
= Compute: du = de

= Replace all terms in the original integrand with expression
involving u and du

= Evaluate the resulting (u) integral. If you still can’t evaluate the
integral, you may need to try a different choice of u

= Replace each occurrence of u in the antiderivative with the
corresponding expression in x.

Mpr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 1




Example: 1 Evaluate:

a) f(x3 + 5)190(3x2)dx

Note: When choosing u

b) f xcosx?dx * Choose a part of the function that
you have its derivative.

* Choose a troublesome term.

c) f(Btanx + 4)>sec?xdx

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 2




|

of

(tan™1x)?
1+ x?

tan~12x
1+ 4x?

sinvx

dx
Vx

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 3




Example: 2 WaVEINEIER

a)f%dx

b f cos(1/x) iy

a)f\/l_

nx
dx
X

b j tanxin(cosx)dx

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 141




Theorem 6.1

f'(x)
f)

For any continuous function f(x) dx = In|f(x)| + ¢

On any interval in which f(x) # 0

Example: S5 EEIVCITEIY

[
@) x3+5 x

b) f tanx dx

PO GG Evaluate:

| 7o
ON v el

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 5




bf ! d
1+ e* x

I hano) (G2 Evaluate:

a)f\/li7dx

23
b)j'V?fifcix

o[ ~_dx

1+x°

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 6
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dx

d)f =

1+x6

a) [ == dx

1+x2

b) [ 5 dx

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 7
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| hanfe) (S Evaluate:

a) j x V2 — xdx

b J‘2t+3dt
) t+7

t2
C dt
)f Vt+3

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 8
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i :
% DY Gge e Evaluate:

b u(b)
[ rep@arn= [ faa

u(a)

The limits of integration change from

xX=a —> w:u(a)
x=Db —> w: u(b)

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830
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Example: 6 IVZINEICE
2
a)f x3yx*+5dx
1

1 t
b) f_l—(tz 12 dt

15
c)j te t/2dt
0

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 10
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2 eX
—=d
a)jo 1+e2x ™

2 eX
b d
)fo T+ex ™

IRl ) CRVAR  Make the indicated substitution for an unspecified function.

2

a) u=x? forj xf(x?)dx

0

Mpr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 11
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b) u=x3 forj x2f(x3)dx

1

/2 1
a) Findj cosx. f(sinx)dx if j f(x)dx =2

o) Find [ X2 dx if [7f(x)dx =3

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced
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Tern 2§ " Ouestions from previous MOE exams  4ba )5y bl os ™ | Mathematics G12 Advanced

Question 11 MOE Exam 2022/2023 j
L Q11 1 Slalsl alad oy el JatSill diy obs plaaioul (B2) g

B
g Evaluate the indicated integral. cdgiaall & Jalkil Ao anl %’
= f
& ftan 2x dx J-tan 2xdx 4
] 3
s E
2 3
3 -cot2x }
il 2
z in 2 g
= sin2x E

LL
+c 2
ﬁ cos2x E
1 . =)
ﬁ —~2—Inlsm 2x|+ ¢ 3
1 ;
ﬁ —Eln|cos£x| L

ey ol paaadl s L e yhall s 1 Joil g ALAE] 0l 5 5005 g A il - Ml 15 343 Solution Steps Before Choosing

Mothemotics G2 Advanced

Question 12 MOE Exam 20222023

Q12T sl st oy aalily LalSil 48 5 alaaiul (B2)

Evaluate the indicated integral. caginall & Jalssll Ao as gl
fx3 x*+ 3dx J-:c3 x* +3dx

1 %
E(x“L +3)2+¢

Final Revision Grade 12 Adv

0505114830 cbeats M g ales  tadl i s Jsdn

1,05 a8
S+ rey

1 5
E(x*+3}?+c

1 3
E(Jc4 +3)2+¢
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