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Mr. Ali Abdalla Elbasry

Unit 5 - Term 3

Lesson 5.6 (Answer Key) Mr. Ali Abdalla Elbasry Lesson 5.6

Integration by Substitution Math Teacher | Unit 5 - Term 3 Integration by Substitution

General Steps: a [:L‘ sin z’dz n f(3 tanz + 4)° sec’ zdz
1. Choose a new variable u (innermost expression).
du
2. Compute du = d—d.’L‘ w=ta® = du = 2zdz u=3tanz +4 = duw= 3sec’ zdz
5
3. Replace all terms with u and du. Evaluate integral. §od i
4. Replace u with corresponding x expression. =— / sin(u =& / u’du
Choosing the correct substitution (u):
1 uf
A) Brackets: (__1:2+1\5—>u:g_-,2+1 BY Bocic: a 7952 0D v gr—oflnd | Y = ——cos(u) +¢ i
r \ > ) NNUULS. V Jo T & —7 W Jo T & & g9 0
2
C) Exponents: e* "2 — 4 = 22 + 2 D) Angles: sin(33:4) — u = 3z* 4
= —geon(=’) 3 e il O
2 = 18 Y 3L

I. Evaluate the Indefinite Integrals

n /w2(:c3 + 2)100d n f(B:c +4)"dx
u=2° +2.23Vdy = 3l Linear inner function (az +b) :
B o5, B/ -
NE

=1 [umea SRR Tra
8-3
2 1 =1 z° du = 62°d
. ) kD W= u M s g — Gz ae
_l e . B (3I+4)5 - 2/
3101 T 24 Nl
(a® + 2)1 :2[5in('ft)du
_=—_—
303 ‘ Ly il
= —In|u|l +¢
= —2cos(u) +e¢ 6
1
= —2cos+/z +¢ =E]n(1+a:6)+c
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Unit 5 - Term 3

n fmﬂdm

u=2-=sfe=" o =2=2 Sud "dr = —du

RS sin _aeas"S i — dz
V1—a?
7‘/(2 — u)y/udu
:fuudu
= f (u¥? — 2u'?)du
4 J
— ’U._ + c
4
—, zuu“z u3? 4o
5
_ (sinTtaz)? 5

B fw_3dm

4 — gt

m f(\/a:-l-l

4

w=4—z' — du=—dz3dz

1
uw=+vr+1l = du= ——dzr
EVE

1 /
=—— /‘u’]"zdu
4 ;
zﬂfu"du

0,
=——(2u"") +c

T(2ul’) "

= —u
5

1

:—5\/4—3:4—|-c .
= E(\/EJrl)E'Jrc

1 1 i
a [ mmt

1
u:ﬁ#fl —" du:2

i |
:2f—du
i

=2In|u|+¢c

dz

T

=2In(vz+1)+

13 [
13

—dx
f Vr+z

u=zc'* —= dz = 4uidu

12u° :
- f 0 e [ 12u i
u 4+ ud 1443

m=1+u> = dm=3udu

= 4fldm =4l +a%*) +¢
m

mfﬁdm

(Hint: Let 1 + 4/@ = u)

u=l++vr = do=2(u—1)du

B /‘ 2(u—1) 4
=92 /{ul-’? —u V) dy
— (%u"w = 2u1*f2) P C

(1+va)** — 41+ v2)"* +c

oolpb-

=2tan(u) + ¢

=2tan"1(2¥%) + ¢

Lesson 5.6 Answer Key | Teacher's Copy Page 3 of 23 Lesson 5.6 Answer Key | Teacher's Copy Page 4 of 23



Mr. Ali Abdalla Elbasry Lesson 5.6 Mr. Ali Abdalla Elbasry
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Integration by Substitution Unit 5 - Term 3 Integration by Substitution

1
fmd"”

T

m ‘/memzdm fln‘/gd;,; m ./e“”\/em+4dn:

u=ef 4 —dy ="e"dz

2
H:\/; — ‘LLBZ.’L', du = 1 dzx Pak’ gl B 25de —1]1311"2 :_%h'lﬂc
2y x z
_ %/Budﬂ = /ul":zdu
. 1
=4 1 du w=ne — du=—dzg
142 o
2" i
_ — %E'n s v I ) = ;’lLS”Z—FC
=2tan '(u) +c = :ijudu:iu2+c i
2 4
. - ] . o 3( T +4)3;"2 au
= 2tan"'(v/z) +¢ =3¢ +e 1 - :
= —(Inz)*+¢

/eﬁ 18 /\/mdm & /_Cosilzf%m 22 | / Nt

dz
vz *
(Hint: Let . = 2%)
il
U=z = du= l_d;r: =g = du=—dr H:I/Eﬁdﬂ:*jdﬂf z 2
2.7 2 v w=g22r =z, du=2zdx
_ 1/2 = o
i e frm LI
2 (=0
2 ., = —sgin(u) +¢
=2e"+e¢ =—u¥? ¢ (®) L.
3 = gsin (u) + e
— = —sin(l/z) +¢
= Z(lnz)*®+c 1 :
(Inz) = Esin'l{mz)—Fc

Lesson 5.6 Answer Key | Teacher's Copy Page 5 of 23 Lesson 5.6 Answer Key | Teacher's Copy Page 6 of 23
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1—:1:2 1+ z2

(Hint: Factor denominator)

B f 1+$ E fH—mdm [m csc’ 2idx E ftan4mdm

AL e = 3z dx si H
:f;d;':-}—[ 'T’,d:c BT —dit =32 ds :fsmtl:rdx

14z 1 12 1+a? cos 4z

(1-o)(l+z) 1-=z B
1 1 2 =3 [ o8¢ uau u=cosdx —> du= —4sindadz
; =l atrs o>

:flf:ndm , | L
1 = ——cot(u) +¢ =—= [ —du

=tan '(z) + %l n(l+2z%) +e¢ & S

==-In|l —2|+e¢
1 1
:_ECOt(m )4 :—Zln|cos4:c| 2l

E fsin3:ccosasdas a f—etmm dz a /111(511193 m /’cos(;nm) e

1—sin’z tanx

L= 1 dz u:lnm:;»du.:ldm

sing tanz 2

=11} & xd; S}
U =8 & —.di = ©05 zd W22 o 230 pm— 2,0

cos?x - fudu = fcos(u)du

ut
= — = tanx o=
1 ¢ /e sec?zder —> u=tanc 5 — sin(u) + ¢
Sl
2

sin z ‘ =sin(lnz) + ¢

— ) + e — fe du 1 . ;

= E(ln(sulm)) +c
1 € etmm e
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Integration by Substitution

—i1 —2
E f i dz B [ i g dz E /cos(tan 3z) sec’ 3xdx

2 \/7
m sec” zv'1 — 2tan zdx —_—
f 14 2% —a2 z+T7
u=1-—2tanz = du= —2sec’ zdz w=14+2z—1z" —duw=(2 - 2z)dz u=z+7 = z=u-7,dr=du u = tan 3z —> du = 3sec” Jxdz
1 /s = = 1—9 1
= ——fuif‘zdu du = —2(z — 1)dz :fu du = —/CDS(U)du
2 u 3
1 [ldu
i = e 1
=——u??+e 2/ u = /(1— 2)031; = —sin(u) +¢
:flln|1+2mfu‘:2\+c 1
2 =u—9In|u|l+c = 3si):t(tauS:L')ﬁ—c

1 s
= _E(l — 2tanz)?*? 4

=g — Glne S e

mf -f /T dz E /sec2w\/makc

f vV 1-— .7.7 1 == 376 1 + .1-5
(Letu = z% (Let 2°/2 = w) '
w=a® = vl =2% du=32%dz w=tanr — du = sec’ zdz
v=z" — u’= .7:6, du = 3z%dz vz = 2% .
:f 1 du :\/ul-‘fgdu
14+ u? ' 5
Pl 2l z°, du= E:EJ-‘"d:E

= if—du U=
3/ V1-u?
= Eu”2 +e
3 g

= tan"!(u) +e
2 1
=—[ —du
5J 1+4+u?

=tan !(z®) + ¢

(tanz)*? +¢

w| b

2
= gtan ) +-¢
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Integration by Substitution Unit 5 - Term 3 Integration by Substitution Unit 5 - Term 3
5 . Il. Evaluate Definite Integrals
m f(1+81n11’1) dz m f l—Slllzfﬂd g
—_—azx
L [ L T
1 f 2’y zt + ldz / dz
ans =S8 Vcos?z = coszx 1
. w=z'+1 = du=4z%dz 2 _i
u=1+sinz = du = coszdx u=sing = du=coszdr LY 1 du7$d1
33:1—)2,1::2—}17
5 =j 1 du r=1—0,z=e—1
= [u du 1+22
i il 17
= Ef ul2du 1
ub e l(u) e 2 = fu udu
= ? +€

= tan '(sinz) + ¢
(1+sinaz)® +

G’:l;—l

= %(m/ﬁ —2V/9)

3
m f —dz m ———-dz e 1
(1+z?)tan 'z A 335/6 B L dx m i dt
Challenge: Let u. = /6 1 zhhx+z 1 (1 +¢2)2
1
w=tan 'z — du= T aE : | q
A uw =gt — dz = 6u’du 2 j 2 S I =
= " —as = -
1 @(lnz+1) H{g) (EEREAE
1
:3/?&5 :12f 8 i
1-w w=lnet+l —F du=—dz =—f(t)
7
=3lnjul+e : i ;
1 Since f(t) is an odd function
:12/(—1—1—1_1‘)@ z=1-21,z=e—2 ft)
_ 1
=3In|tan"" x| +.c ; over a symmetric interval:
=—12u—12In{1 —u|+¢c 7./ ldu
=0
=—12z"% —12In |1 — 2"%| + ¢

= [lnu)} =1n2
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In2 t
e
/ _¢

0 14 e2

In2 t
e
45 f &
0

u=e'"= du=-e'dt u=1+e = du=e'dt

t=0—1,t=In2>2

2 3
1 1
- f ’)du :f —du
1 14w 5 U

 fau?

=102 f=ln2=ng

® [tau’] u} f

= tan 1(2)7% =In3 — In2 = In(1.5)

I1l. Definite Integrals & Properties
8., "
If/ f(z)dz = 3, Find / cos zf(sinz)dx
0 0

W= Bing: —> dy— cospdn

1
r=0—=0,z=7/2 =1 — f flu)du =3
0

m If /2 f(z)dz = 4, Find f4 f(\/—@d
1 1 2

s =y B mpe

u=+z = du=
2v/x e

r=1—= 1, =42 == Ef“f(u)du:2(4):8
1

|
.

IV. Word Problems & Generalizations
m, e
If/ flz)dz = 3,find:f f(E)dm
1 2

2
A)u=2/2 = dp, == 2[ F(u)du =2(3) =6
1

Ed If /2 f(z)dz = 3, find: f}nze’"‘f(em)dm
1 0

2
B)u=e" — dulsedl — f flu)du =3
1

10 10
V10 —
0 Ve+V10—x 0 Vz+/10—z

u=10—2 — z=10—u, dz =—du (0 — 10, 10 — 0)

0 T 10 A==z
I= 9 — (—du) = v d:c (Proven)
10 /1 e /ﬂ 0 /1

dz for any positive g, then find

m Generalize to ] = fa 7 Flz)
0

z) + fla —z)

(z) 0 ond /Wﬂ sinx
flz) +£(5—2) v 0 sinz+cosz

2f = f”f(a* §d —/ﬂqlda:=a.=>l=

[T~

5
First: a = = IZE Second: a =7/2 = I:%
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Integration by Substitution Unit 5 - Term 3 Integration by Substitution Unit 5 - Term 3

- . s e winw - r -1 2
B When a patient is undergoing surgery, he is injected with anesthesia, and after B If both F(z) — : and Gfa)— 2:1: e inidbdviissok s sai
t hours the concentration of anesthetic in the patient’s blood is z2+1 i |
2t 3 function f(z), then the value of the constant C by which the two functions F'
C(t) = ———mg/cm” . Find the average concentration of anesthesia e
(36 + 123 and G differ is:
in the blood during the first eight hours after injection. A C—1 B C— -1

~

c & — =l } D. Cannot be determined

1 f8
Avg = —f Q—t(_.,dt
8 Jo (36 +t%)%2

u=36+1> = du=2tdt (0 — 36, 8 — 100) c=G(z) - F(z)

2 2
o -/Iouu—sf‘é = 5 [_Zu‘lz"z]lun __1/1 1)y _ 1 m /Cm3 B :'J - ;1 3 :La 1 B
~ Bl -3 w  4\10 &) 60 "® R wER
Or c¢=F(z) — G(z)
m The Weather station observed the temperature C in a city after midnight, so it 1 3 “1-22 1521+ 22)

1 o WWEx "\ ) :
was found that it can be modeled with as the following: T'(¢) = 3 — E(t = 5)2 z? + NV 2 3 A0+ 1 z?+1

°C where t is the time after midnight. Find the average temperature in the city

from 10 AM to 3 PM. e — e |
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Integration by Substitution Unit 5 - Term 3 Integration by Substitution Unit 5 - Term 3

V. Graphical Analysis VI. Shortcuts: Integrals Involving (az + b)

m The function f is continuous for all real f

function f’, the derivative of f, on [—2, 8] is o
shown on the right and consists of a f(am +b)" dz = M +C f(gm —1)? de = 1
a(n+1)

semicircle and two linear pieces.

A) Find the x coordinate of each critical point of f ' l [ ] \ ' f(a,.?: +b)7" dz = Inife 8| +C /(3 —22)" dz = —%1{1 |3 —2z|+C

a

on [—2, 8]. Classify each as a local max/min or : |
. 4 \ ax-+b
neither. [eaa:er e C s fe‘f*‘* L
a
B) Find the z coordinate of each point of inflection for f on (-2, 6). \ s
azrt —3dx+
az+b o . —3z+4 e
o z f’(t)dt . fk dr = = + C where k is constant f2 dzr = 32 +C
Find lim ———. 3/2 3/2
2 by~ 2 5
= 3(z—4)? [Vaaroao =2 ipprico [vETE =BT o

o 1 3
Evaluate: f f'(4 — 2z)dz and f (4 —2z)dz
-3 -2
E) Let g(z) = f'(x) - 2 find ¢'(3)

f'(x) B e
) 2 —" 4 36 —8
f'x)  ——— 444 ——— 000

A) f'(z) =0 = z =4 (Max), z = 6 (Min)

B) Inflection at extremaof f': 2 =0, z = 2

p 3 P ) [N R
i

©) L'Hopital: lim, 4 g = lim, 4

D)u=4—2z = dr=—3du = —%fszf’(u)du: 3/

6 — 6
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VII. Challenge Training VIII. Past Exams Questions
8 NE:
fﬂ:S(Z—l—i) dz nfi/jd;c: .. +e afmg\/:c‘*—l—?»dmk ... +oe
& T

i Ay
o5 T A 1 . 2 A. §(m4+3)3/2 B. E$4(w5+3)3’/2
#(3+2) =(:(2+3)) = oo " 2eV® e
1 il
1 C. =(x*+3)17 || b =(='+ 3" }
stk BB g0 (22 + 3)? C ~e’® ‘ D. 2¢V® W 6 ) | 6l ) ,
:/(2;1:-&“3) a*= T3 Fe= 18 +c 4 | |

_ 4 l/ 1/2
u= 2 = du= —dz BEATEN= ar® o

1
8 2.z
/m9(2——i) dzx

2/e”du:2e‘/5+c

1 ;
= E(ZA 1 3)321%

B e +3 d du
U= & — r = — = —
2648 2
a / S dx u f&:(m2+1)2dw= ... te¢
10 9 1+2°
B u+3) 8du_1/‘ 5 8, (2z—3) (22 —3)"
_f(\z uz—zu(u—r—Su)du— 0 s Fe ﬁ\w—4+£ |Bw_ﬁ+;g_4+;g_2}
u:m3,«‘2:>du:%\/5dm M3 PPeta T2 |
5 3 6 4 2
x 2z x G z
6 = ool I [ e
2 f ;du = 2tan"Y(z*?) +¢ f i 6 2 2
14w
u=gz+1
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Inx
u/c034msinmdm— ... + € nfl Sdﬂ;* + c u[siHSmcosxdm— oo + € mf—dm— .. + ¢
+x
cos’ z cos® 1 i 4 ) 1 i & sint z sin? z 1
A. B."— A. —tan (2 B. —tan " (z A — B. A lInz RO
5 5 4 @ 4 (%) 4 4 >
.5 . Bpasad 1,4 4 1 1
c s’z p, _Sin’z C. 4tan™ (z%) D. 4tan™ (2°) c cos'x D. Ssin? 2 cos C. E(lﬂm) D —
5 5 4
u_—ﬂ:4 i
i =cosxT = du= —sihzdz u=snzx L
I f 1 4
= —du tan™ (") ke
- /u.4du = —%cosﬁz+c 4) 1+4? 4 fu?d,u = %sinﬁ‘:c—}—c /’udu = —(lnz)* +¢

f4a:e;”2da:= .er F e a fSiI:/‘zEdm: I -f —— m fmsin(m:c)da:= e F+oe
z

_3:2

( A. — cos(mx) J B. cos(mz)

2_—2%/3 18 ="/8 : 1 o
A. 2z% B. —2¢ A. —2sinv/z B. —2cosvx A o COS(E) B. 2+c°5(ﬁ)
_ g —p? L
C. 2z%¢ * { D. —2¢ } C. 2cosvz D. 2sinv/z P T | . —sin(mz) D. icos(mm)
C. —2+2sin(§) ‘ D. 2—25111(5) m
u=—z = du=—2zdr .
uw=+z % =mz —> du=mdz
3
2[ du = —2¢~* R _%[ u
- e'du=—-2e"" +¢ . - = 2
2[smudu = —2cosy/T +¢ fsillud’u = —cos(mz) +c
=% @A

2——25in(%):2—\/§
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A fsm(g) B. fsm(;)
: .1
C. sin(—) D SIH(F)
1 1
u=— = du=——dz
T 22

il
- fcosudu = =8in(—) +e
z

2x
15 =
. ./E2+1d3:_ ... +¢

1
A. 5]11(3‘32 +1) B. In(z® + 1)

c. In(2z) D. 2In(z® + 1)

u=24+1 — du=2zdz

L 2
= | —du=h|z"+1|+e
u

|

\ A. 5¢°° B. —¢”
5

C. &5 D. —e®

w= b = du="5dz

m /sin(3:c)da:= e T €

\ A. %Cos(Saz) B. 3cos(3z)
1
{C. ggcos(&r) D. —3cos(3z)

9= 3t = du=3ds

1, 1
= E[sm(u)duf 3cos(3:r) Fe
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