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Application of the definite Integration

" * Find the area between two curves using definite
Obijectives ) i
integration.

* Compute the area of a region using definite
integration with y as a variable.

Vertical Slide Horizontal Slide

»

i x = @l¥D
/’. e = —_—
(;’ t J
e T

R R
o JOD

y — g(x)

d

b . . .

= ] (Upper function — Lower function) dx - L (UBighat et — L Jf uineiene)) oy
a

b d
- [ g a=[ ¢»-gonay

, ~
[f(X) g(x)] dx

" AREA — CImEITD—
Ientlfy Cus Interzgl(gaons B ETWE EN = gfgg 112
~ TWO CURVES

b
f (top - bottom) dx
a
Set Up Integral

) f ?top—bottom) dx )
a =/

7 —g(x)

J

Switching Curves
—={ Integral may split

K
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With respectto Y
X= f(y) and x = g(y)

f [right - left] dy

Calculate &
Interpret

~ Determine
Upper/Lower |

Use a test point




1 Ehaslo) SN Find the area bounded by the graphs of y =3 - xandy=x2 - 9.

Solution 4

> X

y=x3, y =3x+2

Find the area of the region determined by the intersections of the curves.

Solution

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 2




p 2

DRl P Find the area bounded by the graphs of y=x2andy=2 — x2.0<x< 2.

Solution

FIGURE 5.5

y=x"and y =2 — x>

| I ehnls) G Find the area of the region determined by the intersections of the curves.
Y=Cos x, y = x? )

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 3




Example: 4 Find tZ:he area of the region determined by the intersections of the curves.
y=x“andy=2—-—x, y=0

Solution X

1D el Find the area of the region determined by the intersections of the curves.

y=x, y=2, y=6-x, y=0

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 141




Example: 5 Find the area of the region determined by the .

intersections of the curves. respect toy

Solution

Find the area bounded by the graphs of. B
=y andx=2 =y, 3l _z
solution [ =

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 5




1D Ehslo) GG Find the area bounded by the graphs of.

2
xZ+1

y . y=|x|

Find the area bounded by the graphs of.

y = 4dxe™ | y=|x]

-

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 6




We can solve without graphing

1> Ehanko) AR Find the area bounded by the graphs of y=x3 andy=x%—1, 1<x<3.

Solution

Exercise 7.1

Find the area bounded by the graphsof y=3 —x?andy=2x, 0<x<2.

Solution

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 7




Moe Exams 4alu 4y ) )y Slilaial

2023/2022 plad) Glaial

% Find the area bounded by the curves claaiall oy 5 pasall dahiall Aalua a4
x=3yand x =2+ 7y x=2+y* 43 x=3y

O W w] e

Mr. Abdalla Abouelnaga ' Gl g Pl ol AU o b QU Ly AR o h 5 Sy agh A Sl | GRS (g 5 Solution Steps Before Choosi

2023/2022 aladl Gladia)

Find the area bounded by the curves Elisiall g 3y guasall ahial) dabua daf
y=xand y=x%, / y=x2y y=x

1
A=f (x — x*)dx
-1
1
=R A=f(x2—x)dx
0
1
A=f (x — x%)dx
0

_ 1
A=f (x? — x)dx
-1

Mr. Abdalla Abouelnaga | B ey o B T e P o O e A L N Rt i R e TR Solution Steps Before Choosi
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2023/2022 alad) Glacial

In terms of 4, A, and A, identify Blaral) dalusal) 33 (A3 9 Ay 3 Ay ANV
the area given by the integral. Jalsill
4 4
f(z-ﬁ)dy (2-\y)dy
0 0

K 4
ﬁ A+ A,
a3
KN A

Mr. Abdalla Abouelnaga | Gyl ! U el A (g ATANT 03 5 8100y agd A ) 1 AR g e Solution Steps Before Choosi

2021/2020 alad) Gladial

erms of 4; ,A; and Az, Identify i
4 BB
- - > - .\:( y =) A A
the area given by the integral f (\/y —=)dy. T G
“033 el 2. Abdalla Abouel pS : —

K 4
ﬁ A+ A,
43
KN 4

Mr. Abdalla Abouelnaga Sy Py ol AU el A G Ly ATaNT o305 S50y agd A St G 5 e Solution Steps Before Choosi
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2021/2022 alad) pladial

Find the area bounded by the curves  eliaid) by s i) dsluan sy |

x=5yandy=4+y" A=htytyx=5y A

4
K A =fl (Sy - (4+y*)dy

20
ho A=L ((4+y2)—5y)dy

20
bl A= (5x-(4+x))dx
5

ﬁ A=f4((4+x2)—5x)dx
1

Mr. Abdalla Abouelnaga sty ity gl T80 o ol S 3 oy AR 030 5 K100 g pgh 8 45l 2 Y 6 0

2019/2020 plad) laial

Fory = x - x? and y = Kx as shown, find A, such thatA1 = A2.

-
\“
* ¢
‘l
\¢
3
L]

=) |
| =

[+2]
|
X
p—
o

1 ] 1 |
E = i 6 L‘

" Solution Steps

) COy S 2 (17 )3 Gy F iy N ) §9 = 0 G
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2021/2022 alad) pladial

Find the area bounded by the graphs (il py §) yeanal dibaia) dslusa s3]

osf y=vVx

ofy:ﬁandy:xz, 'y:xzjy:\[;;@@l A

y=x*

1 1 . . .
02 04 06 08 0w 12

A
1
M A=3
8
-l A =3
16
3 B

Mr. Abdalla Abouelnaga | SRy Ty sl (il e p0all SRy (g Sy AZAYT 030 58100 g pgd 4 2458 T R ¢ 5y Solution Steps Before Choosi

2017/2018 alad) gjlaa)

Find The graph and Area between y =sinx ;¥ =1+ cosx

C

Mr. Abdollo Abouelnagolll sl ritly sl At (U)) Gk JuSl A 5 S/5ay 202312024
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2021/2020 aad) Gladial

-

Find the area bounded by the graph of y = Jt:2 andy =2 —x 7 _
Cresvecttov. - N L sy

- —

1 = 2 & 1 v B
=!(2—x—£§)dx A=!(2—y—ﬁ)ay A=I(2—y—\/37)dy . A=[(2—y+ﬁ)dy

Mr. Abdalla Abouelnaga | Sy U Tl U e sl S (55 Ul s ALY 30 5 8150 g agd o 8 Ml 2 Gl ¢ 336 ISolution Steps Before Choosi

2023/2024 sl Gladia)

Sketch and find the area of the region bounded by the given curves. Choose the
variable of integration so that the area is written as a single integral

x=3—-y* , x=2y?

Mr. Abdalla Abouelnaga skl 7 il SUIG el S 5 JLailly ALY 538 5 8150 agd 8 Mgl - Gl ¢ 35 |Solution Steps Before Choosi
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Unit 6

Application of the definite Integration

A _Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

VOLUME: SLICING, DISKS AND WASHERS

Compute volume by means of definite integration using areas of
cross sections.

Obijectives

* Find the volume of a solid of revolution using the method of disks.
* Find the volume of a solid of revolution by using the method of

Mr. Abdalla Abouelnaga

washers. Mr. Abdalla Abouelnaga Mr. Abdalla ;\ho[wlnagu
Volume by Slicing
i th slice of solid {ith approximating cylinder

y/

r
I g\
Ar
Sliced solid ith slice of solid fith approximating cylinder
Volume of a solid with cross — sectional area A(x)
b
V= f A(x)dx
a
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

e

Mpr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 1




Find the volume of the solid with cross-section area A(x).

Alx)y=x+2, -1<x<3
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga
Exercise: 1.1 A(x) = 10e°°1* 0<x <10
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

DRI Find the volume of the solid with cross-section area A(x).
AX)=n(4-x)*, 0<x<2

Mr. Abdalla Abouelnaga

N =20+ 10,1 255

Mr. Abdalla Abouelnaga

I hsiel AR The Pyramid Arena in Memphis has a square base of side
approximately 180 m and a height of

approximately 100 m. Find the volume of the pyramid

with these measurements.
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

X

A Pyramid

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 2




The great pyramid at Gizeh is 500 feet high, rising from a
square base of side 750 feet. Compute its volume using
integration.

Mr. Abdalla Abouelnaga
Mr. Abdalla Abouelnaga

A church steeple is 30 feet tall with square cross sections. The square at the base has

side 3 feet, the square at the top has side 6 inches and the side varies linearly in
between compute the volume.

Mr. Abdalla Abouelnaga
Mr. Abdalla Abouelnaga

Example: 3 i

Mr. Abdalla Abouelnaga

. . uelnaga -2

Suppose that a dome has circular cross sections, with outliney = Exz + 90, for
-45 < x £45. (In units of centimetres, this gives dimensions similar to the

Capitol Dome in the Figure .A graph is shown in the Figure
Find the volume of the dome.

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 3




2
The outline of a dome is given by y = 60 — %for —60 < x < 60 (units of feet), with
circular cross-sections perpendicular to the y-axis. Find its volume.

o

A. 339292.0066 ft> B. 1080007 ft3 :
C. 108007 ft° D. 180007 ft3 /\

/ \
0 N AC ) 200 2 © 5\ 0
2 \
s
// <
Ji *|

Example: 4 The base of a solid V is the region bounded by the functions

y=x2andy=2-x2? . Find the volume if V has

a) Square cross sections

b) Semicircular cross sections

c) Equilateral triangle cross sections perpendicular to the x — axis.

d) Circular cross sections

e)Square cross sections and diameter is perpendicular to the x — axis.

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 141




. . . . . X .
A pottery jar has circular cross sections of radius 4 + sin > inches for 0 < x < 2m.

compute the volume.

The Method of Disks

A) Horizontal

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

y

y =S ve

Mr. Abdalla Abouelnaga

i ?—» x Circular cross
a b sections

b
V= f n[f(x))dx.
a \_h.,_r'

: R Mr. Abdalla Abouelnaga
Mr. Abdalla Abouelnaga cross-sectional area = 7r-

il

I et S Revolve the region under the curve y =v/x on the =
interval [0, 4] about the x-axis and .
find the volume of the resulting solid of revolution. "

FIGURE 5,172 FIGURE 5.17b
=4 Solid of revolwtion

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 5
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EXCrCiSCS, 1 Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Compute the volume of the solid formed by revolving the given region about the given line.

Region bounded by y=2-x, y=0 and x=0 about  the x-axis:

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga
Mr. Abdalla Abouelnaga

B) Vertical

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

>

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

d
V= 7[g(y)I dy.
R

c
. 2
cross-scctional arca = ar°

Mr. Abdalla Abouelnaga
Mr. Abdalla Abouelnaga

agCy) x = g(y)
e b
: e >
C~fesvemnns

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 6
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Example: 6 : %

Find the volume of the solid resulting from
revolving the region bounded by the curves
y=4-x%2andy=1fromx=0 tox=V3
about the y-axis.

FIGURE5.19a FIGURE 5.19b

y=4-1* Solid of revolution

Exercise: 6.1
Compute the volume of the solid formed by revolving the given region abnut the given line.

Region bounded by y = v, y=2and x=0 about  the y-axis-

10

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 7
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The Method of Washers

One complication that occurs in computing volumes is that the solid may have a cavity or
“hole” in it. Another occurs when a region is revolved about a line other than the x-axis.
or the y-axis. Neither case will present you with any significant difficulties, if you look
carefully at the figures. We illustrate these ideas in the following examples .

Computing Volumes of Solids with and without Cavities

Example: 7

Let R be the region bounded by the graphs of y = 1/4x? , x =0 and y = 1. Compute the
volume of the solid formed by revolving R about :
(a) the y-axis (b) the x-axis (c) the liney = 2.

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

FIGURE 6.20a FIGURE 6.20b
r= iy Solid of revulution

In parts (b) and (c) the volume
will compute by subtracting
an inner Mr. Abdalla Abouelnaga
volume from an outer volume
to compensate for a cavity
inside the solid. This
technique is a slight
generalization of the method
of disks and is referred to as
the method. Vi Abdalia Abouclnacs
of washers, since the cross
sections of the solids look like
washers. v Abdan Abouelnaga

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga
Mr. Abdalla Abouelnaga

Mr. Abdalla Abouclnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 8
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Revolving a Region about Different Lines
Example: 8

Let R be the region bounded by y = 4 - x2 and y = 0. Find the volume of the solids
obtained by revolving R about each of the following:

(a) the y-axis (b) the liney =-3

(c) the liney =7 (d) the line x = 3.

v »
gl
¢ ;
Mr. Abdalla /
Mr. Abdalla Abouelnaga
Mr. Abdalla Abouelnaga Radis = =\ =y
R !
) 7 * < — 2
FIGURE 6.232 FIGURE 6.23b
Revolve about y-axis Salid of revolution
Y
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga /
/ ;
+ » X
z g I 2
4
—t J—{} y=-3
FIGURE 6.24a FIGURE 6.24b
Solid of revelution
Revolve about y = =3
Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

FIGURE 6.25a FIGURE 6.25b
Revolve about y w 7 £olid of revolution

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

flGUdE 26
Fenhebnla =}

Mpr. Abdalla Abu Elnaga

Math Grade 12 Advanced 0505114830 Page 9
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b
14

Exercise: 8.1 »

Let R be the region bounded by y =4 - 2x, the x-axis and the
y-axis. Compute the volume of the solid formed by revolving
R about the given line.

(a) the y-axis (b) the x-axis L

(c)y=4 (d)y=-4 ;

(e) x =2 Hx=-2 >
(a) "ST” (b) 323” (©) ET (d) '233” (&) 327” (0 %

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 10
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Moe Exams dale 4y 9 calilaial

Final Revision Grade12 Adv

Find the volume of the solid with aal) aaial) Aalocs pa aesaall aaa aagl
cross sectional area —1=Sx<3J8 AX)=x+2
Ax)=x+2for —1 < x < 3.

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

B v=12n

Mr. Abdalla Abouelnaga
Mr.

Abdalla Abouelnaga

= - : . = T P T romntiee (17 Advanced
cpealall alafl slacia) L6 G = QCICS 'L AGvoOnNCcCeo
2023 P Questions wh:ch lncluded in MOE Exam Term3 (2024)

0505114830 whusaly ) Jgl alaa Lol ggh e Sinsl

Final Revision Grade12 Adv

il s ool apaall SLIa e il SlESN C Ladlly AR 53k 5 Slie g agd Bt : IED 53

Term 3 Zlall alall ad 2024 SIS ) Jualll' )51 \-'5"‘"“""'1 A Mathematics Gl2 Advanced

Questions which included in MOE Exam Term3 (2024)

E Part 3 Writing (40 ) S021) ¢ ja)

Compute the volume of the solid O O 0355 ) plaall paa el

formed by revolving the region x = yty y = x?% dhuly saaaall ikl
bounded by y = x2and x = yz Jds>

about :,y_ua.‘.n(a
Z 1 (b

o

a) the y —axis, Mr. Abdalla Abouelnaga

b)about x = 1., \

Mr. Abdalla Abouelnaga

o 1

Mr. Apdalla Abouelr

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga x =y1 \

Mr. Abglalla Abouelnage

il gl alilase JELSN

A Jsl plea

Lzl

Ly

0505114830

Mr. Abdalla Abouelnaga ' P N P T N LA TS s i S S S

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga Mr. Abdalla Abouclnaga

Mpr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 11
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Final Revision Grade12 Adv

ol Wl el Mathemotics GIZ2 Advanced
2021.2022¢ Questions which included in MOE Exam Term3 (2024)

3
Let R be the region bounded by dlauly 5agiaall Azhiall 4 R oSi 3
y=2—-x,y=0andx =0. X =03y=0y=2~-x 1&
Compute the volume of the solid R s On 0595 S planall pas i) =55
formed by revolving R about the ¥y=3Js» -
y=3.

- e (3)2dx — [ ‘(2 — o2
- Jjn(g —(z — x)%ax
v=[m@tax— [ ne - @ -xax

Bl - ~®ax— [mE—@-xax

Mr. Abdalla Abouelnaga | Bsiills plathy paall IS bal) UL o Ly ALY 538 5 Sk g agh B sgtal ;B g 55

Term 3 AU 2028 2555 (] Jealll5 550 ol F A AL Mathematics GI2 Advanced
1 Quesﬁcnswhig included in MOE Exam Term3 (2024) 2t = S
i A2 Let R be the region bounded by Aoy Bagaaall dikaiall & R (s
& y=x%y=0andx = 1. X=13y=0cy=x?
o
-E Compute the volume of the solid R Olgs e 0585 o adeaall paa Ganaa)
z formed by revolvin about the g
5 Y aR X _aall S5
'g x —axis,
AL
2
g y=1
3L
=
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Mr. Abdalla Abouelnaga
N v=78

Find the volume of the solid with sl glia) dalua ga punall paa aa gl
cross sectional area 1<x<4 & Alx) =2(x+1)2
Ax) =2(x+ 1)%for 1 < x < 4.

Mr. Abdalla Abouclnaga Mr. Abdalla Abouelnaga

Mr:-Abdalla Abouelnaga

21
2
21
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Mr. Abdalla Abouelnaga
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”
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c
=

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga
Term 3 2 2024 S o 2l S )38 Sl 3 Sl AL Mothematics Gi2 Advanced
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2020.2021p) Questions which included in MOE Exam Term3 (2024) ‘

Mr. Abdalla Abouelnaga

Find the volume of a pottery jar that has circular cross sections of radius
(4- sinizt-) cm . for 0< x >2m. o ‘
‘ Ajils dsap adilia Al A5 ol aaa gl
Jd .(4 - siné)cm Sk Lhaly

O0<x< 2

Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

[ Veesmeom [ Vessntom [d Viszwomt [fv-eent-samyome
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Unit6: Applications of the

Definite Integrals
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y = f(x)
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a > L

Revolve about x-axis Surface of revolution

Lesson 4 : Arc Length and Surface
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Unit 6

Application of the definite Integration

Lesson 4

Mr. Abdalla Abouelnaga A rc Le n gt h a n d S u rfa Ce A re a Mr. Abdalla Abouelnaga

— * Find arc length in a given interval using definite integration.

Objectives * Find surface area of a solid of revolution using definite integration.

* Solve mathematical problems involving applications on arc length
or surface area.

Arc length of y = f (x) on the interval [a, b]

S:f\/1+[f’(x)]2 dx

7]
' If f' is continuous on [a, b] then the
length of

- The curve The curve
I ui2 y=f(x), x=g(y) ,
1+(f(x)] dx a<x<bis a<y<bis

5=

n-l-.___‘n_

Mpr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 1
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DIl G [ind the arc length of the portion of the curve y = sin x with 0 < x < Tt

Find the arc length of the portion of the curvey = x? with0 < x < 1.

Find the arc length of the portion of the curve y = x* with 0 < x < 1 and compare to the
arc length of the portion of the curve y = x? on the same interval.

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 2
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Example: 2 Find the arc length of the portion of the curve x = y2with 0 <y < 4.

Find the function of the curve that passes through (1,1) and its arc length is given by

4
L= 1+1 d
_! ax

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 3

32



Example: 3

A cable 1s to be hung between two poles of equal height that are 20 feet apart. It

can be shown that such a hanging cable assumes the shape of a catenary, the general
form of which 1s y = acoshx/a = %(e-":f“ + e—*/%)_In this case, suppose that the cable
takes the shape of y = 5(e*/19 4 ¢=*/19) for —10 < x < 10 =
How long is the cable? 201

FIGURE 6.37
v = 5(e*/ 10 4 =3/10)

set up the integral for arc length and then approximate the integral with a numerical
method. v=2x-x% ., 0<x<2

= fle + (2 —x)dx = 2.9578
(0]

IEI — J'Z\,fl + 4(1 — x)2dx = 2.9578
i

= fi!z + 2(1 — x)2dx = 2.9578
i

D J’z\;g F (2 — 2x)2dx = 2.9578
0

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 141
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set up the integral for arc length and then approximate the
integral with a numerical method. y =x3,-1<x<1

=[ V1 + x6dx=3.0957

BN = [ VT 9xZ dx=3.0957
= [ V1 + 3x* dx=3.0957
B = | V1 +9x*dx=3.0957

Find the arc length of the portion of the curve

3
y=§ (x2 + 2)z  from x=0 to x=3

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 5
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Yy
A

Y =S

Surface Area

L

b Lbz

Revolve about x-axis Surface of revolution

b
Si= / 2 f(x)v/1+ [f'(x)]2dx,

Revolution about x axis

Sz j: 27 f(x) Jl +| f'(.x)]z dx

Revolution about y axis

Mpr. Abdalla Abu Elnaga

s=["27g(») 1+[g W] @

Math Grade 12 Advanced 03505114830 Page 6
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10> <Yasls) (SN Find the surface area of the surface generated by revolving y = x*,
for 0 < x <1, about the x-axis.

Find the surface area of the surface generated by revolving y = x?,
HETCISET. for 0 < x < 3, about the x-axis.

Find the surface area of the surface generated by revolving y = Vx,

for 0 < x £ 2, about the x-axis.

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 7
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Find the surface area of the surface adiall 9T e Algiall ) dalua aa gl
generated by revolving y = sin x, for O < x < Wy =sinx
0 < x < m, about the x —axis. X saall Jsa

Fid

ﬁ .S‘:f 4 sinxV1 + cosx dx
0
mT

ﬁ S=f sinx+/1 + cos?x dx
0

¥4
S=J’ 2mwsinx+/ 1+ cos?x dx
0

T
ﬁs=f 2w cosx+/ 1+ cos?x dx
0

Term 3 ; 2024 SI0 o 52 Suallls 5 el 8 il AU Mothemotics GI1P Advonced
€ 1 ~daal athnemaTicCs Ul AdvancecC
2023 plall glata Questions which included in MOE Exam Term3 (2024)

Find the arc length of the portion of iadall ga gial Gagdll Jgh agl

the curve y = Inx with 1 <x < 3. 1<x<3p y=Inx

3
ﬁ s=f\/1+lnx2dx
1

>
-
<
~N
=
=
o
o
—
G}
e
=
L
>
3]
-4
o
c
(e
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Part 3 Writing (44 ) S0l ¢ 5all

Find the arc length of the portion of

iaiall e grad Gusdll Jsha anf

with 0 < x < 2.

thecurvef(x)zf:\/ﬁ+4t+3dt Q.«-f(x)=f:\/t2+4t+3dt

X2

Mr. Abdalla Abouelnaga Al Pl aall RS e el BN G )y AT o3 § Siies agh A agia ;oY o 5%

Term 3 1 oas
2021.2022p\xl Ghaial Questions which included in MOE Exam Term3 (2024)

poles 40 m apart. If the rope
assumes the shape of the catenary
y = 10(e*/20 + e~*/20),

—20 < x < 20, compute the length

of the rope.

B s=20(c-e)m
ﬁ s=20(el-e)m
s=10(e—e)m
BN s=40(e-eHm

>
©
<
o
b 5=t
o
o
R
-
U
=
2
+a
>
0
o
I
=
—_—

3
- A rope is to be hung between two 240 M Lagiy 22l Cuagas Om e (3alad a3
galalea dlude JS& 2850 A g Jaad) S 13
¢y = 10(e*/20 + ¢~*/20)
deall Jsb ) =20 < x < 20

Ll g wilase A

0505114830 <bualy )l Jgi alza
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Find the arc length of the portion of

B s=V10
B s=2V10
s =5
B s=2V5

riaiall e giad (ugl) Jgh aagl
the curve y = 3x + 2 with 0=x<220 y=3x+2

0<x <2

Mr. Abdalla Abouelnaga Gl g 0 paall AL el GESIL ¢ il g ALY 038 8 SH2ag g A ) s i 5 3150

Final Revision Grade12 Adv

Term 3 o 2008 SR 0 Jadll 5150 Gl el L) Mathematics GI2 Advanced
2021.2022¢ka0) cadal Questions which included in MOE Exam Term3 (2024)

Y Find the surface area of the surface el gl e .13,:..1! =l dalusa 239
generated by revolving y = x2, for D=sxs1Wy= x%
0 < x < 1, about the x —axis. X ypall Jea

1
ﬁ s=f 4 xV1 + 2x dx
0

1
ﬁ s=f 4w x\J1 + (2x)% dx
0
1
S=f 2w x%J1 + (2x)2 dx
0
1
ﬁ S=f 2w x%2V1 + 2x dx
(1]
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Identify the integral for the surface area of the surface of revolution for 1555 3 (s rhaudd) daliaal Jalsh 252
the shape described by y = x ,1<x <2 revolved about thex-axis. s> 1< x <2 &y = Vix chow

s |

2 2 ] 2 |
Abdalla Abpusprss -1__' Abdalls Afousl =] 1_. M Ablallz A 3_-_”.:.&—.—_-. Mr. AbdaZ2a Abouelnaga
iy s=2m ﬁl-ta;dx s =2 JJ?‘I-{_—_.}*—de (] s = NES l-l-:;;df.' s=2n!-\ff\."1+xdx
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Unit6: Applications of the

Definite Integrals
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Ux=Ucos 96 Uy = -U sin 6..'°
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Lesson 5 : Projectile Motion
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Unit 6

Application of the definite Integration
Projectile Motion

Objectives * Solve physical problems involving velocity.
* Solve problems on projectiles.

Introduction
d d

» There are several different types of projectiles.
We will only study horizontal projectiles and

Lesson 5

Position E Velocityamall de dt 'A‘&Cjcfﬁ‘ratlon

—_—= v
(D) - =v() objects in free fall,
Types of Projectiles
4] . )
L] AO¢
' " 0 ]
' “" L] L]
Velocity Position ga s S !
Acceleration ; I ..
t)\.mﬂ\ ]
a(t) f a(t)dt = v(t) J v(t)dt = S(t) R Horizontal Projectile
/ A bouelnag
Newton’s Second Law of Motion ~ Mr. Abdalla Abouelnaga
Newton’s second law of motion, ignore any other forces, such as air resistance.
b F=-ng,
States that: F = ma <

where the minus sign indicates that the force is acting downward
Where: F is the sum of the forces acting on an object, &
a(t) = h'(1)

m is the mass of the object

’
 is the acceleration of the object. W'ty = -g.

l W = mg,

/ /\ The force due to gravity is wcight.

§ g is the gravitational constant.

Mpr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 1




A) (In one Dimension) Vertical Motion
The highest height h(t) = y(t) = ?And the velocity h'(t) = ¥'(t) = v(t) = 0 and time ¢ =?

a=h'(t)=-9.8m/s*

®
/ 1 a = h"(t) = -32ft/s*
@
l R Ren h'(0)=y'(0)=v (0)=
IGEIRSTY h(0)=y(0)= i o
® Initial timefa
| e
® ° Earth surface (at impact): height h(t) = y(t) =0
Velocity h'(t) = y'(f) = v(t) =7 *
\"Time t=?
INGEIRYEINGTY h'(0)= y'(0£= v (0)= WS EEIN @I Initial height  h(0)
}i(@())Zy(O)Z Initial velocity h'(0)
Mr. Abdalla Abouelnaga Mr. Abdalla Abouelnaga

Free Fallen » Acceleration h"(t) = a(t) =-g
Velocity h'(t) = y'(t) =v(t)=-gt+ v,
Position () = y(t) =s(t)=—3gt? + vot + ho

Mr. Abdalla Abouelnaga

m/s?

a(t) =-9.8 m/ s? Acceleration h'"(t) = a(t) =-32 ft/ s2

Acceleration h"(t) =

Velocity  h'(t) = y'(t) = IR RE /s | Velocity h'(t) = y'(t) = e e/ /S
Position h(t) = y(t) = J mmr Rl anm i m | Position h(t) = y(t) = J0) st L an 2 ) f

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 2




Example: 1

Identify the Initial Conditions:
For the following examples we are going to identify the initial height h(0) and initial
velocity h'(0)

1.An object is dropped from a height of 80ft.

Answer:

2. An object released from a height of 60ft with an upward velocity 10ft/s
Answer:

3. An object released from height of 20ft with a downward velocity of 4ft/s

Answer:

Note: the height and velocity are given in ft so you need to change it into
meters to use:h’'(t) = —9.8m/s? or you can use h''(t) = —32ft/s?

1D Ehaslo) (SR If a diving board is 4.5 m above the surface of the water and a diver start with
initial velocity 2.4m/s upward, what is the diver velocity at impact?

=

Question 34 MOE Exam 2019/2020

A diver drops from 36 meters above the water. What is the diver's velocity at impact?

26.6 m/s H -26.6 m/s 36 m/s E -36 m/s

Solution Steps B

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 3




A ball is propelled straight upward from the ground with initial velocity 19.6m/s. Ignoring the
air resistance find the equation for the height of the ball, determine the maximum height and
the amount of time the ball spend in the air.

Example: 3

One of the Basketball players has a vertical jump of 20 in, what is the initial velocity required to
jump this height?

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 141




It has been reported that former basketball star Michael Jordan had a vertical leap of
135cm. Ignoring air resistance, what is the initial velocity required to jump this high?

A ball is propelled straight upward from the roof of a 30 m height building with initial velocity
10m/s Find:
1) An equation for the velocity on the ball at any time t?

2)An equation for the height of the ball at any time t?
3)The time it takes for the ball to reach the Earth.
4)The velocity of the ball when it hits the ground?
5)When does the ball reach it maximum height?

6)The maximum height of the ball?

Myr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 5




la svocinaza B) - The Motion of Projectiles in Two Dimensions Vi Abdalla Ay

Here we apply Newton’s Second law to vertical and horizontal directions separately.

Vertical Force (gravity)
y"'(t) = —9.8m/s?
Initial vertical velocity

y'(0) = v, = vysind

1y sin &

"\ Iz

Ly cOos O

.

Vertical and horizontal
components of velocity

PROJECTILE MOTION @eyus

Ay
: A Ux: Ucos@
Uy=0
Uy=Usin®,, Ux=Ucos@
Ux=Ucos@ Uy:-UsinG"' u
A\ A
0 Range (R) B X
© Byjus.com

No horizontal force acts on the object
x"(t)=0
Initial horizontal velocity

x'(0) = v, = vycosh

Solving Projectile Motion Problems
>

Mr. Abdalla Abouelnaga
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Mr. Abdalla Ahouclnug‘.'h.
-
(L)

Abdalla Abouelnaga

Mr.

Mr. Abdalla Abouelnaga

Irndrial wertical welocitss

2" (£)

Mr. Abdalla Abouelnaga

1o S

Mr. Abdalla Aboucl-nuzil -

2CEY o

Motion with angle

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

17 cosE

::-' Mr. Abdalla Abouelnaga

Horm=ontal velocity

x"(t) =0

x'(t) = vycosO

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Hormz=ontal ThMestance

Mr. Abdalla Abouelnaga

x(t) = vycosO t

Mr. Abdalla Abouelnaga

y'(®)

—9.8t + vysinf

Height/vertical

y"(t) =a(t)=-9.8

Or

Mr. Abdalla Abouelnaga

Example 4

Mr.
determine the time of

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

y'(t) = =32t + vysinb

Mr. Abdalla Abouelnaga

y(t)

—4.9t? 4+ vysinft + h,

or

y(t)

—16t2 + vysindt + h,

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

the flight and the horizontal range.

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Mr.

Mr. Abdalla Abouelnaga

An object is launched at angle 8 = — from the horizontal with an initial speed of 98m/s.

Abdalla Abouelnaga

Y
olf
\\Q/
Abdalla Abouelnaga

T

6

-J Abdalla Aboueligga
W \

vecos(o)

i
)

W

Mr. Abdalla Abouelnaga
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. . T . .
An object is launched at angle 8 = 3 from the horizontal with an

initial speed of 98m/s. determine the time of the flight and the

horizontal range.
vsin(n)

0

LS

ycos(0) AX

ra
e ]

W

Example:5

Venus Williams has one of the fastest serves in women'’s tennis. Suppose that she
hits a serve from a height of 10 feet at an initial speed of 120 mph and at an angle of
7° below the horizontal. The serve is “in” if the ball clears a 3’-high net that is 39’
away and hits the ground in front of the service line 60" away. (We illustrate this

. . . ¥ ' TR o #° o
situation in Figure 6.46.) Determine whether the serve is in or out. L "
/4"3% [
s
‘csun‘,\\ /
FIGURE 6.46

Height of tennis serve

Mr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 8




A baseball pitcher releases the ball horizontally from height of 6t with initial velocity of
130ft/s, find the height of the ball when it reaches home plate 60ft away.

¢ 190 1

o ; 0 =100

Consider a knuckleball (see example 5.7) with lat-
eral motion satisfying the initial value problem x"(f) =
=25 sin(4wt + 0,),
X'(0) =x(0) = 0. With w =1, 0, = x/2., find an equation for x({)

Mpr. Abdalla Abu Elnaga Math Grade 12 Advanced 0505114830 Page 9
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Mathematics G2 Advanced

An object is launched from the 4y 20° daglha
ground at an angle of 20° with an
initial speed of 48 ft/s. Find the time

of flight. (ignore air resistance)

Mr. Abdalla Abouelnaga

t=1.026s

t=16.45s

t=2.03s

Mr. Abdalla Abouelnaga

t=45.1s

. @aall o) dagl .48 ft/s ddiaid

) (e La pusn (33 A
(9!963‘ R-AJLE.A L)MAJ)

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

2021.20225d (lalal

Questions which included in MOE Exam Term3 (2024)

2024 S ol 2 Juadld 5 g claial 8 Ademiall ALy i

Gl s Tl anll (AL capdal) S G el 5 ALY1 038 5 S0 g pgh (& g iUl 6550

Maothematics Gl2 Advanced

Find the time of flight of an object
launched at angle 30° with initial

Mr. Abdalla Abouelnaga

speed 40 m/s.

=
=
<
o~
-
]
=
]
-
&)
=
=l
oL
-
-]
(-4
™
i

4.08s

K ¢
B t=7.07s
t=10s

BN t=17.3s

Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga

30° Lyl il aand Gabadll (aj 2af

.40 m/s 48\5 4S s pa
Mr. Abdalla Abouelnaga

Mr. Abdalla Abouelnaga
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Term 3

_— 2024 CIEY ol ) Juaill 5151 Glatal (B Laial) AL Mathematics G2 Advanced
2021.2022q\s) plaial Questions which included in MOE Exam Term 3 (2024)

Final Revision Grade12 Adv

An object is dropped from a height 50 ft gl oo pen Jali

of 50 ft. Y'(0) 5 y(0) Ayt Jag il saa
Identify the initial conditions y(0)
and y' (0).

R v (0)
M y(0) = -50,y'(0) = 0
¥(0) = 0,y'(0) = 50

ey v(0) =0,y'(0) =—-50

50,y'(0) =0 .

Mr. Abdalla Abouelnaga Gl s plailly granll el (s sdal) SIS el s ALY 230 5S10a 5 pgd (8 g 1 ) ¢330

Final Revision Grade12 Adv

2024 S02N 0 S5 130 ol A Cacll ALY
Questions which included in MOE Exam Term3 (2024)

Mathematics Gl2 Advanced

~ 2
Term 2 2020.2021p) Gjaal

A diver drops from 120 ft above the water (about the height of an Olympic platform
dive).What is the diver’s velocity at impact ? (gravitational constant 32 ft /sec?).

H"‘fi’;"—éz'ﬁ/’s'efﬁ H j‘;sfi/'sé’c“ S H '?"—azf"%s-ft/s‘ee-fr- H 1120f t/seclnaca
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