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[You @AliAbdalla Q@AriEl_basry-

Integrate functions of the f " x tan™ .
@ ntegrate functions of the form secs :c na:ta:mx ey 30 GBS g Exercises (9-20) | P507
Evaluate the integral. D JolUass s o
9) ﬂtanxse(@x}dx / j[gec,ﬂ Sec A '(‘O‘(\')‘ d x %ﬁ grl
J_ Secz a5 Q V/ﬂ( 50,3\0\)=m
Sec 2 Secx tanre dn Msec3x+c 8
K< B) ~tanx +c -<CE:
= J e du U= Secx 2 =
3 el = é}ecxfcanol*C) Esec3x+c ‘E
= del e D) secxtanx+c |=
=S€<‘_ = - Q \u
\b
Q A \% \\\I’?(ﬂﬂ
O\ @' e +201003261312
EoT3 — <
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Evaluate the integral.

JolUAs 8 o

EoT3
2024-2025

\ 1Al
10) fcotx csc* x dx N s %)
3 ﬂﬂ’“}‘ Pl = I ] AR
= jcgc% Cotx CSCH AN b ©
: 3
= —j [CSC?(] %C@{z c&cﬂdz ;E
Yy j csx L Clen Ckn i s
— e b BCES L B " U = <A
& - —-j A dn A :f—,(:‘&(x%&g\ al
_‘:/X—— U':‘ 2} C,
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. valuate the integral. ol A8 o
[a
11) fxtarl@(x2 + 1) sec(x? + 1) dx *

d e
RS dt = 2xdn > du=—; . .
A) gsec3(x2 +1) + Esec(x2 +1)+c

jx ’ﬂﬂm?ﬂ Sect - CH‘ B) isec3(x2+1) +=sec(x?+1)+c
2% 1 A
,:Zl_j ‘éaﬂﬁ Sect. dt VC)/ESfCS(xz-I-l)_ESEC(x +1)+c
= D) —Esecg(x +1)—Esec(x +1)+c
= 3{ j{om{, Sect {mE dt | -ﬁqnj( .SEQ;(
= '}QV]X — Sﬁc.%——(
= L (Secﬂe ) Seet tont dE
5 U= Sect
= % f(uz ‘>5”\ ‘LLLUJ@ @ du~sfc£{mwtdxm@
EIAT
E Lg 4 ) St g +201003261312 Sg

EoT3
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Evaluate the integral. JolUAs 8 o

12) ftan(Zx + 1)sec3(2x + 1) dx

B —oxs)l Sy d6=2dx = dx= ide
A sec3(2x+ 1) +c¢

"\ij tan B Sec% 6 46 B) Esec3(2x+1)+c
oy ésecS(x2+1)+c
— ’2, j[S@Q@j SQ_CQJ%CW\Q d@ D) 6séc?(x? +1\)+c
N 4
AN
= 1. ¥ Se:;Q +& j@([). ?w&;« :E?W] e
n=|

i Set (22+\) + C

e +201003261312
EoT3
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A

5 _ @
N Evaluate the integral. L Vi) O

13) j .-"..'“m,-i’i?, ;a@ Sc;{x

Ll = e B

2 3 =
f(‘,ot«x cscx  CSCx dx

©
A) §c0t3x—§cot5x+c =
a , d : 5
= jCOJL ?C. (I"” Cot?) V[)/—gcot3x—%cot5x+c 'ft:
S k. ut )| Ay Tk C) §c0t3x‘+.c E
=
_ J 2( +Ut1>(— clU\) D) —§c0t3x+c
fuu~u>&w f
3
_:_%u _%_LA_\—-Q . ___:;_'CC)J\?(_
T - e +201003261312

EoT3

\
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'\“\/// _ Evaluate the integral. § L Vi) OV K etk
14) jcotzxcsczx dx 5&2(7@ ?( d E?( 3
| Jr)an = A

T NS

j Cal o c&ctx a x

0
A) Zcot?x —=cotS x+c <
2 3 5 o 0
(-— LN Aﬂ) B) —Leot3x~LcotSx + ¢ E
3 L el E
o o .
L f C) 3cot X+ E
= Cook M & 1.3
X o » /Iﬁgcot x+c
- (% +201003261312

EoT3

\
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/4
15)

J

\\
}

EoT3

Evaluate the integral.
N eypen

7
tan@x secd®x dx

0 -5

v
Jcom A ) Sec.xd X

f«la\ﬂ%(lJmLo\V\%) Secj(dx

O _'__.______.-/-DD

Jolldads o

/4
(}f/(ltans X +~tan’ x)|
5 7 0

/4
B) (l tan® x — %tan7 x)|

0
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~T
“

X

* 3
sl |

1

EoT3

6
= % '{jC\.Y\%\

Evaluate the integral.
)N
tan®x sec? x dx

U
j Léom?(} Seca dx

%
T\‘

G Tt
= (“\B @ +201003261312

Jolldads o

/
o G,
B) (%tan5 X — %tan7 x)ri/:/4 -%
=

)
A
v
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: v
\_,/
Determine the value of m if: f tanx sec™ x fx = §sec3 X+c o
) i d,i.& é—— ESQQDQ:LX m-\ /O/\(d-D
B) 7 % jSec pd Seca tann dx
Shoin Rule ,
O 2 = = i = SFe.
T Y EKSQQ'}CFX- Sec x kand AU = Sec 9 o
D) 3 Z
@ @ m—\ m
= SecH SecH £an % L U =
A 3 ™
P N @ +201003261312
EoT3 e
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P .

EoT3

il

AN
wl\

Secn tany AR

o j(Se:xf\) Secx banydx

|

'S
= U C

3 . \Y
— L—S‘Cc_ jf) — S€c'j4-.~* 2

e +201003261312

W_|
3
e _

A

fantd x sec x dx =\—sec™ x|— secx + ¢  then the value of n is

Janx = Segx_\

U= Secn
A = SeeH kan % dx

2024-2025 \\

|69|

Mr. Ali Abdalla

Mr. Ali Abdalla




Garde 12 Advanced

[Yo'u @AliAbdalla () @AliElbasry

= .S,ez% = *‘LQ\:)(
1 =
I J‘sechdxz@c then
= 3
2
A) f(x) = tanx +3tan3x jSeL% Secn Ao
8
(/B)%C)=3tanx+tan3x = j el iaw?%) M g
= 3tanx — tan® <
) (%) anx — tan” x 4 = o e Semaaili <_E
D) f(x) = tanx —3tan3x P <E
= j |+ U\ dn b
=l = BLA 2 Ko
\ A lal/lg( x \Sfam%k C
/z/é = L (i Ehx J‘-&mxlfg
® +2 0}‘0 1312
EoT3 )
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Evaluate the integral.
17) fcosz@sinzx dx

j i»rCojzx_ | — Cos2% dx
vl

- (HC@SLM) dx

— A—’}(.
EoT3 &

%:q

A+ C I +io100%2

Jolldads o

J’(cos2 x + sin® x) dx i

rfic%t

gy

e |
f\)kp/g’sf j U Cosx + USInZ IR
Col K DIina

q D A) %x—%sin4x+c
Sin2A = QSM G]Sf—/ B) %x +isin4x +c
IS
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- 4
“\E‘/rahfate the 1ntegra1

\/cosxsu'@x Hx = jFW |

%

19)
_ —T[/3

Let u = cosx, du = —sin xdx

0 0

, . 3 - 2\

/ vV COSESIN T = / veosz(l —cos” ) sinxdx
—x/3 J—n/3

— e

1
= \f(l — u )(— (iu) = / (u3/2 — u'/?)du
1/2 Ji72

AU = — Siwend ©)

0

2
cos”/2 x ——(:053/2 x)l
3 -m/3

0
= gu‘—/2 - guﬁ/z l = 23 Dy (= cos”/2 x + §C053/2 x)l
> > 73
2 S, e
F e’ 1 /7
Rs
N 2 e +201003261312
EoT3 .
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/2 5 L ! /2
/ cotézt'csel rda, s / cot’x cch xesc? zdx
/4 ( /4

7/2 | 0
:/ cot? L(I"I“Cﬂtz a;)(sc2 rdr — / u?(1 + u?)du
/4 1

= /
- \ Evaluate the integral.
/2, 2yen Ao
20) | cot@x csc@; dx j Coé?( clax
vm/4 &

EoT3
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Integrate trigonometric functions using the substitution: x = a tan(@) .
12 X = atan(f) — sl plakiuly m‘ 153 clalSs sl Exercises (25-40) P507

Evaluate the integral. 2 KU ded o
Nl . @_/ V4 — x?% dx Jo

This is the area of a quarter of a circle of radius 2,

/h Vi =2z%ds=m ?
0

(a5 fazabnd)

= D SES Jy- 2 Caydb
\[ Y_ 2¢" = 2Cos 6

]2 it B it

u
//"“H\J Gr6d€ E +201003261312
/ EoT3

= 3
/20242025 \V\\\\}L(\Arfa‘lQ)o\%J (74 |
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: 4
~ Evaluate the integral.

Let u =4~ .l“?'.‘"\ff-zt = —2xdx

/ ' ¥ ; / 5 du
de=— i
0 V4—x? 1 2\/u

w3l

“hes = lll:,/Q‘3 4
2 P .
é e Sl b | T3
Y- 0 Sing SW6-% T=t3 _ D) 2+43
dr= 2 G118 db ‘ff_%__ﬁoi%ca&;: bye

‘IM"XQ == QCQ)_S e
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N f y
n 7 5 2 R P
. Evaluate the integral. > X J P8 P18 ¢4 OV S
1—7 3 Let & = 3sec#, d'= 3secd tan #db. . — x 2 N e
L—’B I = / '- d = / i HN‘WH — Hrfn’f x2 — Z - . "_D z :Q'S é‘
e 8 i .,"PJ_D ) V9sec?f — 9 3 }\ X 0
Il./-Um::_-:'ﬁ(iﬂ C.Q)Je = ;k ) SCC‘G “ fr ,Z = 3 Se.CQ \
T : e Putting all' these t()()‘ct.lm.i_ug/‘ -
se integration by parts. 8 - \ e A
Let 1 = secf and dv = sec? #df. This gives 0 T taii D Vv z2 -9 d’}{ 5 SQLQ hv\
y secl = -, tanfl = - :
sec? Bdl =secOtant — | secBtan® Hdf -73 " 3 il 9 +Vx2 -9 E
078 / / / A dr= / 9sect 0 do A) EXVER— Sutie] = +c TU
— < ¥ b= b 2 2 3
d; “ = secf tanf — [sr:r.‘ f(sec § — 1)do O A8 T2 -9 & -U
= ! 9 9 1 9., |x+vxZ-9 0
A , ‘ i ., | IO 2L Z_gudid
? =secf tan &'+ / sec Bdf — / sec” Bdf) I 2 secf tan 6 + 2 [ sec 4o B) 2 AN 9 21 3 ¥e <
: ‘ > : = 2 sec 0 tan 0 + - In|secl + tanf| + ¢ 1 o, |x+vaZ-9 =
9 / sec? 0@\ sec 0 tan 0 + /wp 0do 2 2 O) 5 Vx2 — 94 ;]n 3 +c |
’ A ' 9 ([) 2 -9 ' a
e 2 [ T
[se-(-“ﬁ'dﬁ' = é secf tan f + % /sc‘c-&f df 2\3 ( 3 D) % Vx2 —9 4+ g]l’l a7 +c E
: - 9 |z +22-9
This leaves us to compute / sec 0df). + 5 In ; + 3
For this notice if 1f."z"..x"("=-ff 4 tan @ then = i ’ ;
du = sec f tan 0:J08ec? 0, vr2—9 9 o L
/k sec (df _ [ sec O{sect+tand) 0 = . E 1.11 '
| R = y secf + tand .
= du =In|u| + ¢ A
et . ISQchEJ:LQch&N\ G-'r
= In|secd + tanf| + ¢
e +20100326131
/ EoT3 s -

v
376 -
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o e~
:25\)\@“3‘ ;/L/(’é Evaluate the integral.

d

5. @V 1@

dx = Sec BLano d'@ J;(;lu\

2 = Sed B ]

jse.?_@)‘-JcQY\@ . Se::@lom@ A6

\—

Lang=01
\

- 2
'I. g

0

= - ; 1 t {_QTQ A) %(x2~1)5/2_..§.(3{2~_1)3/2+c %
Qo 2 ¥ Sec 8 = [xtan B) L2 — 1M1z —1)5/2 4 ¢ .

- [eans sel8 Sec6d86 3 : :

1 u=tanb & T -0+ 1 - DY
1 it = (
[Lan 8. L154an 6) Sec 8 db duSeFBdbD) 262 4dce-

:f_{f(wul)@\u j Wan de L
; 5
‘\‘O\Y\@—\- % "O\Y\ S*CQ +201003261312 =

=
(
\\ | 77 ]
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\“\x_// /Evalqate the integral. 29 2 dx g VL v OV
A A/ 2o \
X=25ec © @ ¥4
'z 02S%c8langdl , W=zu - 2kwe o
Z 2
1 4 j - 2858 on6 46 4@_3
O&anb 2
i o _ 0 Mﬁ/;;x+VxL—ﬂ+c
J Sec 8 d6H = Q_\V\\Secéafica 6\ W e o,
AL A\ C) Vx2 -4 +¢ |
— Q\h\ X\ W\ 2 al Q\“\\‘“‘%* Yzxt-u 3.2 1D) Sx+2VxZ—4
- | s 2 T i %
= i\ﬁ\’l* 9&-\/\\ m - 9.\\(\\9{4;\)/—\ - C, _;_.1
W 9 +201003261312 i ens i
EoT3 S
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\// Evaluate the integral. 30 / X I8
A= S‘&@ Va2 — 4
Aze 28 8 om0 d6 5, |-y = 26 .;XQ {2
3
1 J 258 Asag kB d o |
v | P
op 7 :
-\ J\ Sec  d6 2 X da
A) 2In|x+VxZ—4|+¢
= 2 40\(\@ SSTA B) 2In|x —VxZ—4|+c
(\[‘) o = l—,-?‘-‘i\f = G ))) %x+2m.-'
: ? _
. S\ P
= L
o NS e ma01003261312
EoT3 -
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Evaluate the integral. 31 / Viax2 -9 p B E s o
: —— dx

2
x (i &P =

jg;i‘ /%Z/%"{@ ond 39 B SGQE;:Z—;(_

Q@: 35€C9
9 X Y= @@:S&C_eﬁmede
- BJ{"OMQ 46 2 Vaxlq = 2tan ©

9 %) m—Scos'l(%x)+c
a5 j(gﬁc 6—— R) dQ Bﬂm+3cos‘l(23—x)+c
mm —3sec”? (z?x) +c

Mr. Ali Abdalla

:Béﬁ\ﬂ@f—gf})*c —\,_—
- () s gz

e +201003261312
EoT3
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. Evaluate the integral. 39 / x2 —4 i NS o d
. X
Z:QSG’_CQ )W:Q,Jcc\n% x2

2= 3% 0= Sah - 2
M =2 Sec @ Lanb a6 e

X

%
1= | b | 758 tono 48 ﬁm«;
A 5226 s
:jm?e a8 - [ 2e-" 48 2 <
Sead 4 S B A) 1n|x+\/x2—4|—m+c <
s

B) In|x + Vx% — 4| + xzx_4+c

2 JSCCQ—— CoS@ 46

C) ln|§+m|— x1_4+c
= \ﬂ\gec8+fcaw9\ — Sinb +C D) In|x + vx2 — 4| - x24—4+c
= \n| 5| - LRt

.
+201003261312
EoT3 e
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Evaluate the integral.

> :SLVO\V\'@

2
X
33) f — dx
V9 + x2 {Aot= 25eB
l.(-*#. o =_}3ta1‘:9.:i.r = 3 sec” df d'}t = %Q&}G Ci_ 6

a
/ =dx
J 8Ot 22

/‘ 27 tan? f sec2 6
e

VO + 9tan?§
=9 /scq?\ﬁﬂH 9 / sec Adf

10 = /Qtanﬂasecede =9 /fw--’ @ — 1) secHdd

9 9
secf tan f — —
9 9

V9 + a2

2

S&QQQ&G: \Y\\SCCQ"\'"‘C\V\%’\ (2 -
ég_—rc?%gdﬁ_: %\V\\Acc@'\-’(’:{‘ﬂ@\@ +201003261’3_12Ol \

J

Y Sl Aad s o
fsecnx dx = _1sec"‘2xtanx+n:ifsec"‘2x dx
A) xv92+x2 —%ln x+\/§+x2 -
O
xV9+x2 9 x+Vo+x2 —_
B) e = +c §
w xV9+xZ2 5 x4Vo+x2 <
In | secfl + tanfl| + ¢ C) 2 + Eln 3 + . ﬁ
XV9+x2 5 x+V9+x2 .
D) _Eln 3 +c 5
@e,vew FOGH)
3 f&m 6 %<6
Lo 8
9 [(Secb-\) 26 dC
3 '..:":_', _-:'-
[ sl o (St o5
==

HT&Q%V\Q@ 82
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[You @AliAbdalla O@AIiElbasry

2
x
The appropriate change of variables for the integral g —=——3 T4
V9 + x2
A) x=9tanéf
B) x=3siné %—Biccm%
C) x =3sech B
x =3tan @ 3
<
The appropriate change of variables for the integral f V16 + x?% dx is <—I
A) x=16tan6 o = Y Lanx s
B) x =4sinf
C) x=4secH
x =4tan@
T
(% +201003261312 [E:
EoT3 .
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. {821 = 212 SO

J (27 Lon6) .a2)sec 8 (212) ses 6 48
= 18 [ LanB S8 a6
1282 jﬂm g S»@;Q Secl tard dé
g2 f §Qc ) ;ac 6 SecB¥on8 d6
ol JLU U dw (® +201003261312 \L!

EoT3

Evaluate the integral. g7 vi OV
\J’_g‘ = l\l—i 2 3 1
34) J'x3 /8+x2 dx %:Q\I_{_ -EQV\.Q A) 5(8+x2)5—16\/§(8+x2)5+c
dn= 22 Kec BAD B) 23£(8+x2)§+16\/§(8+x2)§+c
b 3 1
@Qﬁm@ ) §(8+x2)5— 328+ x%)z+c

D)

| You D) @AliAbdalla () @AliElbasry

3 1
22 (8 + x2)7 — 16VZ(8 + x?)7 + ¢

Mr. Ali Abdalla
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Evaluate the integral.

g P vi OV

%\Y\\éﬂc G+-(om + R SecQlanBaC l/sec39d9

= Ul 6 2

35) f\/m dax djfﬂ y 5'2?6 46 A) 6T +8In Vi6+x2+x .
V1baxt = USec B B) 2xvT6+ 22 +8In [0 4 )
| ~xV16+2% +8In 16+:2” +c E
j”k&q&ce&@ ] " 2 3
;( D) %x\/m—Bln _”6*: vt PO f
<
3 _A .
6] sl 46 ‘u{ .

A
= }: \V\\gﬁc O J(G 9\ & < S Q Eﬂ 7:&(!690?6 =In|secd + tanf| + ¢

d

= +201003261312
EoT3 B\ \ ZAN, I 9

1 1
— | —secftanf + — SElcilul)
(25(—3(‘ an .

LJt‘ﬂ(/\

=EIES
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o g

36 -
) f V4 + x?

T

R

Evaluate the integral.

—_— Q{qne
dxn= 2 ¢ 846

\J Ug 2t = 2Sec

Q,Srﬁcﬁ(é’ d 6

dx

\W\Scce Aol «C
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Garde 12 Advanced /

g P L - O

()a/ln|x+m|+c
B) In|x —V&+xZ|+c
Q) slnfx+Va+xZ|+c
D) §1n|x_+xf4'-|-—x2|+c

_ \ JH —\')(1 \ a
:\.v\\\___wfx-l w\xj‘ﬁ?ﬂ —r?’(\ — n2 5C
/E:;\ . g +201003261312

: y
N Evaluate the integral.

37. / xV x2 8 dx

2 I
- £ gf ),
i 3 3
L e _
_,BIq %] _

e +201003261312

i

[trear reoax = —reor +c
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Let = = 3tané, dr = 3sec? 6 df

) 4 / sec” Ado
I= /.1'2 V22 +9dx
= f 27 tan® fsec? A1/ 9 tan? 8 + 9da:

= bl/tan Osec” Odx

= sec”? f tan f + steca

*Sl[w(‘r‘ 0 — 1) sec® Odz

O

To compute [ sec” @ df, we use integration by
parts with « = sec® @ and dv = sec® 8d#.

sec” § dff

I=81

— 81 [ sec® 0do

=sec ftanf — / 3sec® f tan® §do

=sec’ftanf —3 /59(‘38(59029 — 1)de

81
— — In|sec@ + tanf|

=sec ftant — 3 [(sc('s f# — sec® 0)dd 8

EoT3

1 4 3 4
== sec® O tan 6 + i /se@ 0do

Putting all this together gives:
(sec® B — sec? #)dx

= % sec® 0 tan 0 -+ 21—3 /ser:"1 0do

1 : 1
%scc" ftanf — 8? /5ec3 0do

81 81
=7 sec® 0 tan ) — 5 sec @ tan @

e +201003261312

[Yo'u @AliAbdalla () @AliElbasry

g VL v OV
2= tang|

A)

899399

#do / sec” B
B) 9.99399
2—+13

2413

C)

D)

Mr. Ali Abdalla
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YouITT) @AliAbdalla () @AliElbasry

Evaluate the integral. j lqcﬁ\\’)( g7 v [ OV
X z = don g A
W [Fmm Gl mte dp M b s v
L=t = Sec O B) sec®(tan"1x) —isec(tan‘1 x)+c¢ .
-éav’]ge Q 6 W@S(‘Can_l x) —sec(tan™1x) + ¢ E
QA0 UL TS a 9
Sec B - 6 D) %sec3(tam‘1 x) + sec(tan™tx) + ¢ <_(
2 i f
:f&m@ SecB a6 féch Lan B See 8 IO 5
= j[fﬁéﬁ-—\) SecQéaﬂéolé U= S @
du= S« 8 fand 48
= j V) gl (AU\ 2 \ u F N )
~ LSQC(J“‘W\"Y Sﬂ(@%)oﬁ%—ﬂz
EoT3 J
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[You @AliAbdalla Q@AliElbas.y

Evaluate the integral. gL v ) OV -
40)[@ A) m—ln|m+x|+c
Wi ZEW\Q B) VA+xZ+In|Vd+xZ+x|+c
3
O 2Va+x?+nVa+xZ+x|+c |8
0
<
<
=
5%
(% +201003261312 [ :
EoT3 _ 4
2024-2025 ‘ IMERAIFALT RIS
Garde 12 Advanced lYOII @NiAbda[la O@AliElbasry
' dx ‘
Use a trigconometric substitution to evaluate f —_
R V9 + x2
2.
A(;<ln i | &t ~
\/_ J S 3t = dy-=3Sec 8 A6
In|==X|+c¢ éﬁ 1_3Sec -4
B) B - = \l e o o L
©
O In[=E 4 X yc ° | 3 3
Vot Oy j _ U . 2%8db [
?/){ s —+ oW S 0 i
=
jge_ce 412 € \y\\&cE}—‘r!\GV\@\TQ

e +201003261312
EoT3
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