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Maximum and Minimum Values

Definition 3.1

For a function f defined on a set S of real numbers and a number ¢ € S, E
(1) f(c) 1s the absolute maximum of f on S if f(c) = f(x) forall x € § and
(11) f(c) 1s the absolute minimum of f on Sif f(c) < f(x) forall x € S.

.

An absolute maximum or an absolute minimum is referred to as an
absolute extremum. (The plural form of extremum is extrema.)

Has no

absolute
maximum

.1.

f(0)= -9
(Absolute'minimum)

y = 22 — 9 on(—o9, oo)j
Blo)y=-9

-_—

Lolod ‘e . Pagelof 187

1) (a) Locate any absolute extrema of X ="x"
(b) Locate any absolute extrema of f(x) = x? — 9 on the interval (=3, 3).
(c) Locate any absolute extrema of f(x) = x% — 9 on the interval [—3, 3].

5
4 No absolute
maximum

=3 3

/_f((i) = =9
L~ (Absolute minimum)

y=x*>—9o0n(-3,3)

Unit 4 — Term 2 — Academic year 2022/2023

Absolute
maximum

— 9 on the interval (—o0, 00).

Pw= ztq

Absolute maximum

f(-=3)=f(3)=0 °
: e s)=

: N

—= (Absolute minimum)

y =x*—9o0n[-3,3]
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2 2) Locate any absolute extrema of f(x) = %, on[=3,0) U (0, 3]

»7!,';; @ X = 0O \je‘(.\\-c_a_a AS D’f&v ;; d

No Rb&c\wk( H!k
Na HbJO\UJLQ Hl.f\

y=l/x

Theorem 3.1 (Extreme Value Theorem)

A continuous function f defined on a closed, bounded interval [a, b] attains
both an absolute maximum and an absolute minimum on that interval.

3) Locate any absolute extrema of f(x) = i ,on [1,3]

| \g— 2=\ Py =L =1 Ao e
i ‘ —*3 X=- 3 f(3) = E" 7@% Mk

y=1/xon[l,3]

locd Mo |-

\

s W
Definition 3.2
7 <\ - : :
(1@5 the local maximum of f if f(c¢) = f(x) for all x in some open

interval containing c.
(1) f (c) 1s the local minimum of f if f(c) < f(x) for all x for all x in

% some open interval containing c. '
Y In either case, we call f(c) a local extremum of f. N
SN \ ) 37

o Ry
el Wee,
R Ve
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— Notice (22
Each local extremum seems to occur at TN
(A) a pomt where the tangent hne 1 | horlzontal | [1.e., where f (x) = 0], LV

(B ==

(C) a corner (cusp) [Where i (x) 1S undeﬁned]

[f'(d) is undefined]
Local maximum :
[f"(b) = 0] :

4 Local maximum

Local minimum

[ (a) = 0]

Local minimum
[/"(¢) is undefined]

Local extrema

Definition 3.3  critical number

A number ¢ in&the domain pf a function f 1s called a critical number
of f if f'(c) =0 or f'(c) is undefined.

Theorem 3.2 (Fermat’s Theorem)
Suppose that f(¢) is a local extremum (local maximum or local
minimum). Then ¢ must be a critical number of f .

4) Find the ¢ritical numbers and local extrema F () =09

of F(x) = 2x3 —3x2 —12x + 5 (—o0,®) A |
féx()a) i 62:?SL 6 z?:lz [ Eﬂ und{ﬁﬂ

\?(01)—0 = 6x - 67~ (2-~ol _—

, x =2, x=r- .
€Y, E('l—) — ~\5 lecd Min e
A 2
W Ko
i:»g(, P(L) = —q  \ecad Mac N2
- ﬂ;}af « . Page 3 of 187 Unit 4 — Term 2 — Academic year 2022/2023 05030504917 = 16%




o, e St .v;e{xo) o
:{ S) Find the critical numbers and local extrema of f(x) = (3x + 1)2/3. ‘;;
e Q TN

(ft; P (76) = ZL 37{"\' \) ,2/ 3 ‘J“_-:-”)

Sz~ |\

?’(9() + o P(z) andefined

3xx\=0 = |X=- ‘/3 I

e ),
Pl = (32* \)3 mam (-0 w)Q_/
il
X =22
critrcal numbe- = (\/V\E,e,uen
— Theorem 3.3 $(_,\\ = 1.6 ‘P (’)lﬂ P >

We o

Suppose that f is contlr(lu%us on the closed interval [a, b]. Then,

each absolute extremum of f must occur at an endpoint (a or b) or _|| _% o
at a critical number.
— REMARK 3.4
Theorem 3.3 gives us a simple procedure for finding the absolute extrema of a continuous
function on a closed, bounded interval: 26 v Ay EO b]

QFlnd all critical numbers in the interval and compute function values at these points.

2. Compute function values at the endpoints.

3. The largest of these function values is the absolute maximum and the smallest of
these function values is the absolute minimum.

6) If f(x) 1s defined on All Real Numbers, for each case find the critical numbers.
@If the following graph represent the function of f(x).

. C—OD/%)
HlTi::,?N[ . R goph
. . ﬁ\,)‘\(/})rmog,\,_&xr@*
= L
f %:\‘i
0525 =7 f

-
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}l X 7) If the following graph represent the first derlvatlve of f(x). w;fz
7~ TN

P u

< h

. - POy grph
]9(1) =0 @(7‘) avgeined J

Z:_. (L

——
e —

8) If f(x) s defined and continuous on (—oo, OO), and the following graph
represent the first derivative of f(x). Find the critical numbers.

e Pra) T

C/\UJ,,LS v :/QM
S/Ll)\

> r/?k/,fte\"y\

e W - b 9(/'——'2 \[\ 3‘3

=0

N
9) If f(x) is defined an@on (=3, 3], and the following graph
represent the first derivative of f(x). Find the critical numbers.

5?,(9(_) C W 550

o8 5J\,o) a/yjoubu D
db&‘(\,.zf’ ot fu;-P/—'

3/2 on,ag "N e\ D

P /ﬁtt\f\u\ @

b = r
_ Juwp P urdefined

y4 ! <]
5} Plo=o
a -
. A ) v f“tr

2 ( N\
_\‘: oy ! Page 5 of 187 Unit 4 — Term 2 — Academic year 2022/2023 0503050917 = ﬁ{;\ -
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{0) By using the following graph find any critical number and write the reason. "’t

L!
1k
e
F

:_ %00 %-5 \-H
24 Qs“"i\ \‘
AT R
\/ VERAREEGT N
T \p
Sk ()\\3\%’
Criticalxz_bl = xr= O x= 2 =3

number

) undefined ?,(1) (o) o\ e b cal
reason eCmne/ unolﬁjcl'hﬁd ?Hon%w\ﬁgs 3 WP ’l'akgel\k

culp ‘Lfaﬁg\e ?(ﬁdemd ? ) uvdddnis
AL

At x = and x = l’[ No critical numbers, why?

Bl P@“ W Not incleded -'\n the datmayn
2 @)

11) Find the critical numbers 06 & /(,D)

A) () =xe 3 B) f(BE=e™
]l_)(%)_ V. e +;( (Qze)
2
_% ): \ — 22)
/
P(%) -0 E = undeﬁm:eﬂ
2
\—2722="°
2
22 =\
70’1" i 2
= -
_ xZ
= '\_‘\/ﬁ, = —f_"—”
3 :?‘ ] ﬁ';‘ ";,)
35 Q g
lﬁ@é."_ Page 6 of 187 Unit 4 — Term 2 — Academic year 2022/2023 0502050917 _"‘ !»Po\ ?j
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1n the interval 0 211'

]‘?f( )

£ Y
ol g Hmrn

& 12) Find the critical numbers an@}xtrema of f(x) =sinxcosx ’ %‘:‘;

= CoSZ - Go$x 4+ Sin (—&nn)
2 1
(oS ¢ — - Sinot

—o¥ > SAs G +Cosz
= ~an = & 5|4
| Janx ==1 @ }C
-5

E(g)

Pi3) = S Gan

Ezl)\UV\&Cp\HCd

<
= /
g

p(av) \/’\3 (%) H\/Q(%‘/ P

13) Find the critical numbers and absolute extrema of

a) [0,2]

==\ & 1o
. il number
C&S}i‘}b ‘.. Page7of 187

b) [-

Unit 4 — Term 2 — Academic year 2022/2023

x)=x3—3x+1on

3,2]

(© (-3,

o=\ QE’&””}

2= QE‘J/’?’}
cacki A
7{:—-\ —
A=l A

0503050917
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14) Find the critical numbers and absolute extrema of f(x) = x%e on 732

a) [-2,0] b) [0,4] S4S

= ,L 7
G/ J\. :)

15) If f(x) = 2x3 + ax? + bx has critical pointat x = 1 and x = —2
find the value of a and b.

P(?() 62" + 2a2+b

JE(\) 0 6(\)’1_}2(1(\)-»(\0:0 204 b= -é)/
{?((-—2): 0 ‘6('..7_)14’2Q(-'L) *¥b-o rqa’t‘b"‘—lq‘\ V
do = 18
a=3

2(3)+b= - 6

B=1)

€\
€ r: § 5

\J
) '}1_ o
- h.

(o8,

Qﬁ‘ J, Ve
% o X o '4 _+<_. Page8of187 Unit 4 — Term 2 — Academic year 2022/2023 0503050917 = s
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?ﬁ For questions (16 —22) Find the critical numbers for each function. % :—«:\‘i

7—2x?, x<1 s
wlﬁ)f() { —12x, x> 1
’ x <\ Z >\

/ _ T ?_
2 -1 E(D uv\deﬂ‘n%/ P LIy R-HK
/

|

C)ﬂ'\\‘CaQ Y\MW ? < —LW" ‘ HD_’_?””&

%:\/730/ 7(:6 -Ll-’;t;o 2x¥-\l=0

17) f@) = —=—  Domain (- 00/) @ 20120

]9(91)’ N — @) (,?Q{Zl\% SEXY
(W) ER

- ) -z fem
/ (\l . AR\ )3 b"?“'\);h‘

?(7()?5 & Er(z) undebined 2 F O

/(,.;\) No aridvcol number
N | ) f(x) = V3sinx + cosx

& :'r . ;r: ks
v £y
SR | _ N
wma-.' r e Page 9 of 187 Unit 4 — Term 2 — Academic year 2022/2023 0503050917 "i"!; o 80
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Unit 4 — Term 2 — Academic year 2022 /2023

}:,;19) flx) = X314 _ 4y 1/4 "i}zg
= ’J ."‘f";
“‘\‘.?’
20) f(x) =|x* —4]
A= -2 ( \
%: O / :
21) f(x) = Vx3 — 3x2
_( sinx , T <x<T ~Yern Bl —dan
22) )= {— tan x , x| = m T e s
A ZNor LS~

3.
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2>*23) Find the critical numbers and local extrema of f(x) = sinx + cosx 7623
g - - T % iy
T in the interval [0, 2] and [—, n] o

: " 2 ! 2
24) Find the critical numbers and local extrema of f(x) = tan™! x?
in the interval [0,1] and [—3, 4]

& "r ; J"‘ 3

A e
] ot
ool " Y

:c "rc:";ra.f « . Page 11 of 187 Unit 4 — Term 2 — Academic year 2022 /2023 0503050917 = f‘{ro\‘ ?.);
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fro
L+]
J

\f“%”a . Al
o \Oj_) S " 4 J
Z:’:f; N : o 3x 7
-+ 24) Find the critical numbers-and local extrema of f(x) = = 1e

7.

A in the interval [0, 2] and [0, 6]

m.‘

X7,
el

nr\'l'
.., a7

25) Find the critical numbers and local extrema of f(x) = 2xvx + 1

— Notes:  on f(x) Domain

1- To find critical nombers of a fonction f(x)
Q find the valve(s) of x where f'(x) =0 and f'(x) is ondefined.
f(x) ol as =t slasd sleyy
LayS3 Gese G S el s Asa0 e A2kl of yasall digbue 2521l 2asd Lavie 0S5 &I X 0ub gl
2- To find critical nombers from the graph of the function f(x)
Q find the valve(s) of x where f(x) has maximom or minimom valves.
o o (lasipud adie Al O9Ss 1 X oud gt () Whald Sladl ooyl o Ayl sl sleyy
3- To find critical nombers from the graph of the fonction f'(x)
O find the valoe(s) of x where f'(x) intersect with x-axis.

1% ssmme o f7 () WNdhmia plolazy 1 X b azss () Dall Glead) oIl o0 A poell Sl sl

AN ade <555 Yol & )
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J: The frame extends from 6 feet to 8 feet above the

“* floor. A person whose eyes are 5 feet above the

ground stands x feet from the wall and views the

painting, with a viewing angle A formed by the ray

from the person’s eye to the top of the frame and

the ray from the person’s eye to the bottom of the

bottom of the frame.

A)Find the value of x that maximizes the viewing
angle A.

B) What changes if the person’s eyes are 6 feet
above the ground? ‘

to. Show that your viewing angle is

a = cot™? (i) — cot™? (E)
15 3

if you are x ft from the front wall.

&y

0w

: 4,._\J

,.
Q
N
)
o
S

33 %
AN

X %?s”
2;}_-' Suppose a painting hangs on a wall as in the figure.

You are sitting in a classroom next to the wall looking at
the blackboard at the front of the room. The blackboard 1s
12 ft long and starts 3 ft from the wall you are sitting next

3 e Page 13 of 187 Unit 4 — Term 2 — Academic year 2022 /2023
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